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Abstract 

���Š�‡���“�—�ƒ�•�–�‹�ˆ�‹�…�ƒ�–�‹�‘�•���’�”�‘�„�Ž�‡�•���‘�ˆ�� �”�‡�…�‘�˜�‡�”�‹�•�‰���–�Š�‡���‘�”�‹�‰�‹�•�ƒ�Ž���•�ƒ�–�‡�”�‹�ƒ�Ž���†�‹�•�–�”�‹�„�—�–�‹�‘�•���ˆ�”�‘�•���•�‡�…�‘�•�†�ƒ�”�›���‹�‘�•��
�•�ƒ�•�•���•�’�‡�…�–�”�‘�•�‡�–�”�›�����������������†�ƒ�–�ƒ���‹�•���…�‘�•�•�‹�†�‡�”�‡�†���‹�•���–�Š�‹�•���’�ƒ�’�‡�”�ä�����–���‹�•���ƒ�•���‹�•�˜�‡�”�•�‡���’�”�‘�„�Ž�‡�•�á���‹�•���‹�Ž�Ž�æ�’�‘�•�‡�†��
�ƒ�•�†�� �Š�‡�•�…�‡�� �‹�–�� �”�‡�“�—�‹�”�‡�•�� �ƒ�� �•�’�‡�…�‹�ƒ�Ž�� �–�‡�…�Š�•�‹�“�—�‡�� �ˆ�‘�”�� �‹�–�•�� �•�‘�Ž�—�–�‹�‘�•�ä�� ���Š�‡�� �“�—�ƒ�•�–�‹�ˆ�‹�…�ƒ�–�‹�‘�•�� �’�”�‘�„�Ž�‡�•�� �‹�•��
�‡�•�•�‡�•�–�‹�ƒ�Ž�Ž�›�� �ƒ�•�� �‹�•�˜�‡�”�•�‡�� �†�‹�ˆ�ˆ�—�•�‹�‘�•�� �‘�”�� ���…�Ž�ƒ�•�•�‹�…�ƒ�Ž�Ž�›���� �ƒ�� �„�ƒ�…�•�™�ƒ�”�†�� �Š�‡� ƒ� –� � � …� ‘� •� †� —� …� –� ‹� ‘� •� � � ’� ”� ‘� „� Ž� ‡� •� ä� � � �� •� � � –� Š� ‹� •� �
�’�ƒ�’�‡�”���ƒ�•���‘�’�‡�”�ƒ�–�‘�”�æ�•�’�Ž�‹�–�–�‹�•�‰���•�‡�–�Š�‘�†�����–�Š�ƒ�–���‹�•���’�”�‘�’�‘�•�‡�†���‹�•���ƒ���’�”�‡�˜�‹�‘�—�•���’�ƒ�’�‡�”���„�›���–�Š�‡���ˆ�‹�”�•�–���ƒ�—�–�Š�‘�”���ˆ�‘�”��
�–�Š�‡�� �•�‘�Ž�—�–�‹�‘�•�� �‘�ˆ�� �‹�•�˜�‡�”�•�‡�� �†�‹�ˆ�ˆ�—�•�‹�‘�•�� �’�”�‘�„�Ž�‡�•�•���� �‹�•�� �†�‡�˜�‡�Ž�‘�’�‡�†�� �ˆ�‘�”�� �–�Š�‡�� �•�‘�Ž�—�–�‹�‘�•�� �‘�ˆ�� �–�Š�‡�� �’�”�‘�„�Ž�‡�•�� �‘�ˆ��
�”�‡�…�‘�˜�‡�”�‹�•�‰�� �–�Š�‡�� �‘�”�‹�‰�‹�•�ƒ�Ž�� �•�–�”�—�…�–�—�”�‡�� �ˆ�”�‘�•�� �–�Š�‡�� ���������� �†�ƒ�–�ƒ�ä�� ���� �†�‡�–�ƒ�‹�Ž�‡�†�� �†�‡�˜�‡�Ž�‘�’�•�‡�•�–�� �‘�ˆ�� �–�Š�‡��
�“�—�ƒ�•�–�‹�ˆ�‹�…�ƒ�–�‹�‘�•���•�‡�–�Š�‘�†���‹�•���‰�‹�˜�‡�•���ƒ�•�†���‹�–���‹�•���ƒ�’�’�Ž�‹�‡�†���–�‘���–�›�’�‹�…�ƒ�Ž���†�ƒ�–�ƒ���–�‘���†�‡�•�‘�•�•�–�”�ƒ�–�‡���‹�–�•���‡�ˆ�ˆ�‡�…�–�‹�˜�‡�•�‡�•�•�ä��
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1. Introduction 

���Š�‡�”�‡���‹�•�� �ƒ���‰�”�‘�™�‹�•�‰���†�‡�•�ƒ�•�†���‹�•���–�Š�‡���•�‡�•�‹�…�‘�•�†�—�…�–�‘�”���‹�•�†�—�•�–�”�›�� �ˆ�‘�”���ƒ���Š�‹�‰�Š���†�‡�’�–�Š���”�‡�•�‘�Ž�—�–�‹�‘�•�� �ƒ�•�ƒ�Ž�›�•�‹�•��
�‘�ˆ���•�‘�Ž�‹�†���•�ƒ�–�‡�”�‹�ƒ�Ž�•�ä�����Š�‡���–�‡�…�Š�•�‹�“�—�‡���–�Š�ƒ�–���™�‹�Ž�Ž���„�‡���ˆ�‘�…�—�•�•�‡�†���—�’�‘�•���‹�•���–�Š�‹�•���’�ƒ�’�‡�”���‹�•��secondary ion mass 
spectrometry� � � �� �� �� �� �� �� á� � � •� ‹� •� …� ‡� � � –� Š� ‹� •� � � ‹� •� � � •� ‘� ™� � � ™� ‹� †� ‡� Ž� ›� � � —� •� ‡� †� � � ˆ� ‘� ” � †� ‘� ’� ƒ� •� –� � � †� ‡� ’� –� Š� � � ’� ”� ‘� ˆ� ‹� Ž� ‹� •� ‰� ä� � � �� •� � � �� �� �� �� á� � � –� Š� ‡� �
�„�‘�•�„�ƒ�”�†�‹�•�‰�� �‘�”�� �’�”�‹�•�ƒ�”�›�� �’�ƒ�”�–�‹�…�Ž�‡�• �ƒ�”�‡�� �•�‘�•�‘�‡�•�‡�”�‰�‡�–�‹�…�� �‹�‘�•�•�� �ƒ�•�† �–�Š�‡�� �•�‡�…�‘�•�†�ƒ�”�› �’�ƒ�”�–�‹�…�Ž�‡�•�� �–�Š�ƒ�– �ƒ�”�‡��
�‡�•�‹�–�–�‡�†���‘�”�� �•�’�—�–�–�‡�”�‡�†���ƒ�”�‡���•�‘�•�‹�–�‘�”�‡�† �ƒ�•���–�Š�‡���•�—�”�ˆ�ƒ�…�‡���‡�”�‘�†�‡�•�ä�����•���’�”�‹�•�…�‹�’�Ž�‡���–�Š�‡���‘�”�‹�‰�‹�•�ƒ�Ž �†�‹�•�–�”�‹�„�—�–�‹�‘�•��
�‘�ˆ�� �•�ƒ�–�‡�”�‹�ƒ�Ž�� �…�ƒ�•�� �„�‡�� �”�‡�Ž�ƒ�–�‡�†���–�‘�� �–�Š�‡�� �•�‡�…�‘�•�†�ƒ�”�›�� �’�ƒ�”�–�‹�…�Ž�‡ �’�”�‘�ˆ�‹�Ž�‡�•�ä�� �	�‘�”�� �‡�š�ƒ�•�’�Ž�‡�á�� �–�Š�‡�� �…�ƒ�Ž�‹�„�”�ƒ�–�‡�†�� �›�‹�‡�Ž�†��
�˜�‡�”�•�—�•���†�‡�’�–�Š���‘�ˆ���–�Š�‡���•�’�—�–�–�‡�”�‡�† �’�ƒ�”�–�‹�…�Ž�‡�•���…�ƒ�•���‹�–�•�‡�Ž�ˆ���„�‡���–�ƒ�•�‡�•���–�‘���„�‡���ƒ�•���‹�•�‹�–�‹�ƒ�Ž���‡�•�–�‹�•�ƒ�–�‡���‘�ˆ���–�Š�‡ �‘�”�‹�‰�‹�•�ƒ�Ž��
�•�ƒ�–�‡�”�‹�ƒ�Ž���•�–�”�—�…�–�—�”�‡�ä 

���—�”�‹�•�‰�� �–�Š�‡�� �–�‡�•�–�á���–�Š�‡�� �†�‡�’�‘�•�‹�–�‹�‘�•�� �‘�ˆ�� �„�‘�•�„�ƒ�”�†�‹�•�‰�� �’�ƒ�”�–�‹�…�Ž�‡�•�� �ƒ�•�†�� �‡�•�‡� ”�‰�›� � �™�‹�–�Š�‹� •� � �–�Š�‡� � � •� ‘�Ž� ‹�†� � � •� ‹�š�‡�•� � �–�Š�‡� �
�ƒ�–�‘�•�‹�…�� �…�‘�•�•�–�‹�–�—�‡�•�–�•�� �ƒ�•�†�� �–�Š�‡�� �”�‡�•�—�Ž�–�‹�•�‰�� �’�ƒ�”�–�‹�…�Ž�‡�� �›�‹�‡�Ž�†�� �…�ƒ�•�� �‘�•�Ž�›�� �’�”�‘�˜�‹�†�‡�� �ƒ�� �„�Ž�—�”�”�‡�†�� �ƒ�•�†�� �†�‹�•�–�‘�”�–�‡�†��
�‹�•�ƒ�‰�‡���‘�ˆ���–�Š�‡���‘�”�‹�‰�‹�•�ƒ�Ž���•�ƒ�–�‡�”�‹�ƒ�Ž���•�–�”�—�…�–�—�”�‡�ä�����‡�˜�‡�”�–�Š�‡�Ž�‡�•�•�á���‹�•���•�ƒ�•�›���…�ƒ�•�‡�•�á���’�ƒ�”�–�‹�…�—�Ž�ƒ�”�Ž�›���–�Š�‘�•�‡���‹�•���™�Š�‹�…�Š��
�˜�‡�”�›���Ž�‘�™���…�‘�•�…�‡�•�–�”�ƒ�–�‹�‘�•���Ž�‡�˜�‡�Ž�•���ƒ�”�‡���‹�•�˜�‘�Ž�˜�‡�†�á���–�Š�‡���•�’�—�–�–�‡�”���›�‹�‡�Ž�†���’�”�‘�ˆ�‹�Ž�‡�•���ƒ�”�‹�•�‹�•�‰���ˆ�”�‘�•�������������’�”�‘�˜�‹�†�‡��
�–�Š�‡���•�‘�•�–���˜�ƒ�Ž�—�ƒ�„�Ž�‡���‹�•�ˆ�‘�”�•�ƒ�–�‹�‘�•���ƒ�˜�ƒ�‹�Ž�ƒ�„�Ž�‡���‘�•���–�Š�‡���•�–�”�—�…�–�—�”�‡���‘�ˆ���–�Š�‡���‘�”�‹�‰�‹�•�ƒ�Ž���•�‘�Ž�‹�†�ä�����Š�‡���’�—�”�’�‘�•�‡���‘�ˆ���–�Š�‡��
�™�‘�”�•� � �‹�•� � �–�Š�‹�•�� � ’�ƒ�’�‡�”�� �‹�•� � �–�‘� � �ƒ�—�–�‘�•�ƒ�–�‡���–�Š�‡���†�ƒ�–�ƒ���ƒ�•�ƒ�Ž�›�•�‹�•� � � ‘�ˆ� � �–�Š�‡��� ‘�—�–�’�—�–���ˆ�”� ‘�•� ��–�Š�‡�� � �� �� �� �� � �‡�š�’�‡�”�‹�•�‡�•�–�� �‹�•� �
�‘�”�†�‡�”�� �–�‘�� �‘�„�–�ƒ�‹�•�� �ƒ�� �ˆ�‡�ƒ�•�‹�„�Ž�‡�� �‡�•�–�‹�•�ƒ�–�‡�� �‘�ˆ�� �–�Š�‡�� �‘�”�‹�‰�‹�•�ƒ�Ž�� �•�ƒ�–�‡�”�‹�ƒ�Ž�� �†�‹�•�–�”�‹�„�—�–�‹�‘�•�â�� �–�Š�‡��quantification 
problem.��

1.1 Statement of the quantification problem in operator notation 

� �� Š� ‡� � � ƒ� –� ‘� •� ‹� …� � � •� ‹� š� ‹� •� ‰� � � –� Š� ƒ� –� � � ‘� …� …� —� ”� •� � � ‹� •� � � �� �� �� �� � � ‹� •� � � ˆ� —� •� †� ƒ� •� ‡� •� –� ƒ� Ž� Ž� ›� � � ƒ� � � †� ‹� ˆ� ˆ� —� •�‹�‘�•�� �’�”�‘�…�‡�•�•�ä�� ���•�� �‰�‡�•�‡�”�ƒ�Ž�á�� �ƒ��
�†�‹�ˆ�ˆ�—�•�‹�‘�•�� �‘�’�‡�”�ƒ�–�‘�”��K � …� ƒ� •� � � „� ‡� � � •� ƒ� ‹� †� � � –� ‘� � � „� ‡� � � ƒ� ’� ’� Ž� ‹� ‡� †� � � –� ‘� � � ƒ� •� � � ‘� ”� ‹� ‰� ‹� •� ƒ� Ž� � � •� –� ”� —� …� –� —� ”� ‡� �f� � � –� ‘� � � ”� ‡� –� —� ”� •� � � ƒ� � � •� ’� —� –� –� ‡� ”� �
�’�”�‘�ˆ�‹�Ž�‡��g�ã����
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���•���–�Š�‹�•���•�‘�–�ƒ�–�‹�‘�•���–�Š�‡���‘�’�‡�”�ƒ�–�‘�”��K���‹�•���‡�“�—�‹�˜�ƒ�Ž�‡�•�–���–�‘���–�Š�‡���‡�ˆ�ˆ�‡�…�–���‘�ˆ���ƒ�������������‡�š�’�‡�”�‹�•�‡�•�–�ä�����Š�‡���ƒ�’�’�Ž�‹�…�ƒ�–�‹�‘�•��
�‘�ˆ���–�Š�‡���‘�’�‡�”�ƒ�–�‘�”��K���–�‘���ƒ���‰�‡�•�‡�”�ƒ�Ž���ˆ�—�•�…�–�‹�‘�•��f�����–�‘���”�‡�–�—�”�•���ƒ���ˆ�—�•�…�–�‹�‘�•��g�����‹�•���–�‡�”�•�‡�†���–�Š�‡���ˆ�‘�”�™�ƒ�”�†���‘�’�‡�”�ƒ�–�‹�‘�•�ä��
���Š�‡�� �’�”�‘�„�Ž�‡�•�� �‘�ˆ�� �•�‹�•�—�Ž�ƒ�–�‹�•�‰�� �–�Š�‡�� �ˆ�‘�”�™�ƒ�”�†�� �‘�’�‡�”�ƒ�–�‹�‘�•�� �Š�ƒ�•�� �„�‡�‡�•�� �‘�ˆ�� �‹�•�–�‡�”�‡�•�–�� �ˆ�‘�”�� �•�‘�•�‡�� �–�‹�•�‡�� ���s�æ�v���ä�� ����
�…� ‘� •� ’�—�–�ƒ�–� ‹� ‘� •� ƒ�Ž� � � •� ‹� •�—�Ž�ƒ�–� ‹� ‘� •� � � „� ƒ� •�‡�†� � � ‘� •� � � –�Š� ‹� •� � � •� ‘� †�‡�Ž�á� � � •� •� ‘�™� •� � � ƒ� •� �IMPETUS,� � �Š�ƒ� •� � � ƒ�Ž� •� ‘� � � „� ‡�‡� •� � � †�‡� ˜�‡�Ž� ‘� ’� ‡�†�ä� �
���Š�‡��IMPETUS� � � …� ‘� †� ‡� � � ‹� •� � � „� ƒ� •� ‡� †� � � ‘� •� � � •� ‘� †� ‡� Ž� Ž� ‹� •� ‰� � � –� Š� ‡� � � …� ‘� •� …� ‡� •� –� ”� ƒ� –� ‹� ‘� •� •� � � „� ›� � � ƒ� � � •� ‡� –� � � ‘� ˆ� � � …� ‘� •� ˜�‡�…�–�‹�‘�•�æ�†�‹�ˆ�ˆ�—�•�‹�‘�•��
�’�ƒ�”�–�‹�ƒ�Ž���†�‹�ˆ�ˆ�‡�”�‡�•�–�‹�ƒ�Ž���‡�“�—�ƒ�–�‹�‘�•�•���ƒ�•�†���•�‘�Ž�˜�‹�•�‰���–�Š�‡�•���„�›���ˆ�‹�•�‹�–�‡���†�‹�ˆ�ˆ�‡�”�‡�•�…�‡���•�‡�–�Š�‘�†�•�����w�æ�y���ä����

���Š�‡�� �’�”�‘�„�Ž�‡�•�� �™�‡�� �ƒ�†�†�”�‡�•�•�� �‹�•�� �–�Š�‹�•�� �’�ƒ�’�‡�”�� �‹�•�� �–�Š�‡�� �„�ƒ�…�•�™�ƒ�”�†�� �‘�’�‡�”�ƒ�–�‹�‘�•�â�� �”�‡�–�—�”�•�‹�•�‰�� �ƒ�•�� �‘�”�‹�‰�‹�•�ƒ�Ž��
�•�–�”�—�…�–�—�”�‡��f � ˆ� ”� ‘� •� � � –� Š� ‡� � � ‰� ‹� ˜� ‡� •� � � �� �� �� �� � � ”� ‡� •� —� Ž� –� •� �g�ä�� ���Š�‡�� �„�ƒ�…�•�™�ƒ�”�†�� �‘�’�‡�”�ƒ�–�‹�‘�•�� �‹�•�� �•�•�‘�™�•�� �ƒ�•�� �ƒ�•��inverse 
problem�ä�����Š�‡���‰�‡�•�‡�”�ƒ�Ž���’�”�‘�„�Ž�‡�•���‘�ˆ���ˆ�‹�•�†�‹�•�‰���–�Š�‡���‹�•�˜�‡�”�•�‡���•�‘�Ž�—�–�‹�‘�•���–�‘���†�‹�ˆ�ˆ�—�•�‹�‘�•���‘�’�‡�”�ƒ�–�‘�”�•���Š�ƒ�•���”�‡�…�‡�‹�˜�‡�†��
�•�‘�•�‡���ƒ�–�–�‡�•�–�‹�‘�•���„�›���”�‡�•�‡�ƒ�”�…�Š�‡�”�•�ä�����—�…�Š���’�”�‘�„�Ž�‡�•�•���ƒ�”�‡���‘�ˆ�–�‡�•���…�Ž�ƒ�•�•�‹�…�ƒ�Ž�Ž�›���”�‡�ˆ�‡�”�”�‡�†���–�‘���ƒ�•��backward heat 
conduction���’�”�‘�„�Ž�‡�•�•�á���ƒ�•���–�Š�‡�›���ƒ�”�‡���ƒ�•�ƒ�Ž�‘�‰�‘�—�•���–�‘���”�‡�…�‘�˜�‡�”�‹�•�‰���–�Š�‡���‘�”�‹�‰�‹�•�ƒ�Ž���–�‡�•�’�‡�”�ƒ�–�—�”�‡���†�‹�•�–�”�‹�„�—�–�‹�‘�•��
�‹�•���ƒ���•�ƒ�–�‡�”�‹�ƒ�Ž���ˆ�”�‘�•�� �‹�–�•���–�‡�•�’�‡�”�ƒ�–�—�”�‡���†�‹�•�–�”�‹�„�—�–�‹�‘�•�� �ƒ�ˆ�–�‡�”���ƒ�•���‡�Ž�ƒ�’�•�‡�†���–�‹�•�‡���‹�•�–�‡�”�˜�ƒ�Ž�����•�‡�‡�����‡�…�•�����z���á���ˆ�‘�”��
�‡�š�ƒ�•�’�Ž�‡���ä�����–���‹�•���™�‡�Ž�Ž���•�•�‘�™�•���–�Š�ƒ�–���•�—�…�Š���’�”�‘�„�Ž�‡�•�•���ƒ�”�‡��ill-posed�â���–�Š�‡�”�‡���‹�•���•�‘�–���•�‡�…�‡�•�•�ƒ�”�‹�Ž�›���ƒ���•�‘�Ž�—�–�‹�‘�•��f��
�ˆ�‘�”�� �ƒ�� �‰�‹�˜�‡�•�� �‰�� �ƒ�•�†�á���‹�ˆ�� �–�Š�‡�”�‡���‹�•�� �‘�•�‡�á���‹�–���‹�•�� �—�•�—�ƒ�Ž�Ž�›���•�‘�•�æ�—�•�‹�“�—�‡�ä�����•� � �‰�‡�•�‡�”�ƒ�Ž�á���•�‡�–�Š�‘�†�•�� �ˆ� ‘�”� � �•� ‘�Ž�˜�‹�•�‰�� �•�—�…�Š��
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1.2 Quantification Methods 

� �� •� � �‰�‡� •�‡� ”�ƒ�Ž�á� � � –�Š�‡� � � ‹� •� ˜� ‡� ”� •� ‡� � � ’� ”� ‘� „�Ž�‡� •� � � ‘� ˆ� � � �� �� �� �� � � ‹� •� � � –� ‘� ‘� � �…� ‘� •� ’�Ž�‡�š� � � –� ‘� � � ‹� •� ˜� ‡� ”�–�� �‡�•�’�‹�”�‹�…�ƒ�Ž�Ž�›�� �ˆ�‘�”�� �ƒ�•�›�� �’�”�ƒ�…�–�‹�…�ƒ�Ž��
�‡�•�‡�”�‰�›�ä�� ���˜�‡�”�� �”�‡�…�‡�•�–�� �›�‡�ƒ�”�•�á�� �™�‘�”�•�� �Š�ƒ�•�� �„�‡�‡�•�� �…�ƒ�”�”�‹�‡�†�� �‘�—�–�� �‘�•�� �†�‡�˜�‡�Ž�‘�’�‹�•�‰�� �ƒ�—�–�‘�•�ƒ�–�‹�…�� �•�‡�–�Š�‘�†�•�� �‘�ˆ��
�‹�•�˜�‡�”�–�‹�•�‰����� �� �� �� � � ’�”� ‘�ˆ�‹�Ž�‡�•�ä��� �� � �”�‡�˜�‹�‡�™��� ‘�ˆ� � �•�—�…�Š���•�‡�–�Š�‘�†�•�� �‹�•� � �‰�‹�˜�‡�•�� �‹�•� � � ��ƒ�Ž�•�� � ��{� ��ä��� ��‡�”�Š�ƒ�’�•� � �–�Š�‡���•� ‘�•�–���™�‡�Ž�Ž�æ
�•�•�‘�™�•���‘�ˆ���•�—�…�Š���•�‡�–�Š�‘�†�•���‹�•���–�Š�‡���•�ƒ�š�‹�•�—�•���‡�•�–�”�‘�’�›���•�‡�–�Š�‘�†�����‘�ˆ�–�‡�•���•�Š�‘�”�–�‡�•�‡�†���–�‘��MaxEnt���ä�����ƒ�š���•�–��
�Š�ƒ�•�� �„�‡�‡�•�� �ƒ�’�’�Ž�‹�‡�†�� �–�‘�� �•�ƒ�•�›�� �’�”�ƒ�…�–�‹�…�ƒ�Ž�� �’�”�‘�„�Ž�‡�•�•�� �™�Š�‡�”�‡�‹�•�� �–�Š�‡�� �”�‡�•�—�Ž�–��� ‘� ˆ� � � ƒ� � � ’� ”� ‘� …� ‡� •� •� � � Š� ƒ� •� � � „� ‡� ‡� •� �
�‡�•�•�‡�•�–�‹�ƒ�Ž�Ž�›�� �ƒ���„�Ž�—�”�”�‹�•�‰�� �‘�ˆ�� �–�Š�‡�� �‹�•�ˆ�‘�”�•�ƒ�–�‹�‘�•�� �ƒ�•�†���–�Š�‡�� �•�‡�–�Š�‘�†���‹�•�� �—�•�‡�†�� �–�‘�� �–�”�›�� �–�‘�� �”�‡�…�‘�˜�‡�”�� �–�Š�‡�� �‘�”�‹�‰�‹�•�ƒ�Ž��
�†�‹�•�–�”�‹�„�—�–�‹�‘�•�ä�� ���Š�‡�� �•�‡�–�Š�‘�†�� �Š�ƒ�•�� �„�‡�‡�•�� �ƒ�’�’�Ž�‹�‡�†�� �–�‘�� �–�Š�‡�� �’�”�‘�„�Ž�‡�•�� �‘�ˆ�� �‹�•�˜�‡�”�–�‹�•�‰�� �–�Š�‡�� �•�’�—�–�–�‡�”�� �’�”�‘�ˆ�‹�Ž�‡�•��
�”�‡�•�—�Ž�–�‹�•�‰���ˆ�”�‘�•���������������•�‡�‡�á���ˆ�‘�”���‡�š�ƒ�•�’�Ž�‡�����Ž�Ž�‡�•���‡�–���ƒ�Ž�����s�r�����ä��

� ��Š�‡���“�—�ƒ�•�–�‹�ˆ�‹�…�ƒ�–�‹� ‘�•� � � ‘�ˆ� � �–�Š�‡�� � �� �� �� �� � � ’�”� ‘�ˆ�‹�Ž�‡���‹�•� � �‡�“�—�‹�˜�ƒ�Ž�‡�•�–���–�‘� � �ƒ�•�� �‹�•�˜�‡�”�•�‡���†�‹�ˆ�ˆ�—�•�‹� ‘�•� � � ’�”� ‘�„�Ž�‡�•�ä��� ��Š�‡�”�‡���Š�ƒ�•��
�„�‡�‡�•�� �…�‘�•�•�‹�†�‡�”�ƒ�„�Ž�‡�� �‹�•�–�‡�”�‡�•�–�� �‹�•�� �•�‡�–�Š�‘�†�•�� �ˆ�‘�”�� �•�‘�Ž�˜�‹�•�‰�� �‹�•�˜�‡�”�•�‡�� �†�‹�ˆ�ˆ�—�•�‹�‘�•�� �’�”�‘�„�Ž�‡�•�•�� �‹�•�� �”�‡�…�‡�•�–�� �›�‡�ƒ�”�•��
���s�s�æ�s�w���ä�����Š�‡���•�‡�–�Š�‘�†���–�Š�ƒ�–���™�‹�Ž�Ž���„�‡���ƒ�’�’�Ž�‹�‡�†���–�‘���–�Š�‡�������������“�—�ƒ�•�–�‹�ˆ�‹�…�ƒ�–�‹�‘�•���’�”�‘�„�Ž�‡�•���‹�•���–�Š�‹�•���’�ƒ�’�‡�”���‹�•���–�Š�‡��
Operator-Splitting Method, �†�‡�˜�‡�Ž�‘�’�‡�†�� �ˆ�‘�”�� �–�Š�‡�� �‹�•�˜�‡�”�•�‡�� �•�‘�Ž�—�–�‹�‘�•�� �‘�ˆ�� �‰�‡�•�‡�”�ƒ�Ž�� �†�‹�ˆ�ˆ�—�•�‹�‘�•�� �’�”�‘�„�Ž�‡�•�•�� �‹�•��
���‹�”�•�—�’�� �ƒ�•�†�� ���ƒ�†�•�™�‘�”�–�Š � �� s� s� �� ä� � � �� •� � � „� ”� ‹� ‡� ˆ� á� � � –� Š� ‡� � � •� ‡� –� Š� ‘� †� � � ‹� •� � � ‹� –� ‡� ”� ƒ� –� ‹� ˜� ‡� � � ™� ‹� –� Š� � � ‡� ƒ� …� Š� � � •� –� ‡� ’� � � ‹� •� ˜� ‘� Ž� ˜� ‹� •�‰�� �–�Š�‡��
�ˆ�‘�”�•�ƒ�–�‹�‘�•���‘�ˆ���ƒ�•���‡�•�–�‹�•�ƒ�–�‡��f(n) ���–�‘���–�Š�‡���‘�”�‹�‰�‹�•�ƒ�Ž���•�–�”�—�…�–�—�”�‡��f�á���ƒ�’�’�Ž�›�‹�•�‰���–�Š�‡���†�‹�ˆ�ˆ�—�•�‹�‘�•���‘�’�‡�”�ƒ�–�‘�”��K���–�‘��f(n) ��
�–�‘���‘�„�–�ƒ�‹�• g(n)���ä�����Š�”�‘�—�‰�Š���…�‘�•�’�ƒ�”�‹�•�‰��g(n) ���™�‹�–�Š��g�á���ƒ�•���‹�•�’�”�‘�˜�‡�†���ƒ�’�’�”�‘�š�‹�•�ƒ�–�‹�‘�•����f(n+1) ���–�‘��f ���‹�•���‘�„�–�ƒ�‹�•�‡�†�ä������

���›�’�‹�…�ƒ�Ž�Ž�›���™�‡���Š�ƒ�˜�‡���–�‘���•�ƒ�•�‡���ƒ�•�•�—�•�’�–�‹�‘�•�•���ƒ�„�‘�—�–���–�Š�‡���•�‘�Ž�—�–�‹�‘�•��f �–�‘���ƒ�—�‰�•�‡�•�–���–�Š�‡���‹�•�ˆ�‘�”�•�ƒ�–�‹�‘�•���–�Š�ƒ�–���™�‡��
�Š�ƒ�˜�‡���–�‘���„�‡���ƒ�„�Ž�‡���–�‘���î�•�‘�Ž�˜�‡�ï���–�Š�‡���‹�•�˜�‡�”�•�‡���’�”�‘�„�Ž�‡�•�ä�����•�����‹�”�•�—�’���ƒ�•�†�����ƒ�†�•�™�‘�”�–�Š�����s�s�����–�Š�‡���–�‡�”�•���î�„�‹�ƒ�•�ï���‹�•��
�—�•�‡�†���•�‹�•�…�‡���–�Š�‹�•���‹�•���’�Ž�ƒ�…�‹�•�‰���‡�š�’�‡�…�–�ƒ�–�‹�‘�•�•���‘�•���–�Š�‡���•�‘�Ž�—�–�‹�‘�•���–�Š�ƒ�–���ƒ�”�‡���•�‘�–���•�‡�…�‡�•�•�ƒ�”�‹�Ž�›���•�—�’�’�‘�”�–�‡�†���„�›���–�Š�‡��
�‹�•�ˆ�‘�”�•�ƒ�–�‹�‘�•���’�”�‡�•�‡�•�–�‡�†���‹�•���–�Š�‡���‹�•�˜�‡�”�•�‡���’�”�‘�„�Ž�‡�•�ä���	�‘�”���‡�š�ƒ�•�’�Ž�‡���™�‡���•�ƒ�›���‡�š�’�‡�…�–��f �–�‘���„�‡���…�‘�•�–�‹�•�—�‘�—�•���‘�”��
�•�•�‘�‘�–�Š�ä�����Š�‡���–�‡�”�•���î�”�‡�‰�—�Ž�ƒ�”�‹�•�ƒ�–�‹�‘�•�ï���‹�•���–�Š�‡���•�‘�•�–���‘�ˆ�–�‡�•���—�•�‡�†���‹�•���–�Š�‡���Ž�‹�–�‡�”�ƒ�–�—�”�‡���ˆ�‘�”���–�Š�‹�•�á���‡�š�…�‡�’�–���–�Š�ƒ�–���‹�•��
� –� Š� ‡� � � …� ƒ� •� ‡� � � ‘� ˆ� � � ”� ‡� ‰� —� Ž� ƒ� –� ‹� ‘� •� � � ƒ� � � •� ‘� Ž� —� –� ‹� ‘� •� � � ‹� •� � � •� ‘� ”� •� ƒ� Ž� Ž� ›� � � ˆ� ‘� —� •� †� � � „� ›� � � •� ‹� •� ‹� •� ‹� •� ‹�•�‰�� �–�Š�‡�� �•�‘�”�•�� �‘�ˆ�� �ƒ�•�� �‘�„�Œ�‡�…�–�‹�˜�‡��
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�•�‘�–�ƒ�–�‹�‘�•���‹�•�–�”�‘�†�—�…�‡�†���‡�ƒ�”�Ž�‹�‡�”�����ƒ�•�†���’�‡�•�ƒ�Ž�–�›���ˆ�—�•�…�–�‹�‘�•���–�Š�ƒ�–���’�”�‘�•�‘�–�‡�•���–�Š�‡���‹�•�’�‘�•�‡�†���’�”�‘�’�‡�”�–�‹�‡�•���‘�•���–�Š�‡��
�•�‘�Ž�—�–�‹�‘�•�ä��

���‹�•�…�‡�� �–�Š�‡�� �‘�’�‡�”�ƒ�–�‘�”�æ�•�’�Ž�‹�–�–�‹�•�‰�� �•�‡�–�Š�‘�†�� �‹�•�˜�‘�Ž�˜�‡�•�� �”�‡�’�‡�ƒ�–�‡�†�� �ƒ�’�’�Ž�‹�…�ƒ�–�‹�‘�•�� �‘�ˆ�� �–�Š�‡�� �ˆ�‘�”�™�ƒ�”�†�� �†�‹�ˆ�ˆ�—�•�‹�‘�•��
�‘�’�‡�”�ƒ�–�‘�”�� �–�Š�‡�•�� �–�Š�‡�� �•�‘�Ž�—�–�‹�‘�•�� �‹�–�‡�”�ƒ�–�‡�•�� �ƒ�Ž�Ž�� �–�‡�•�†�� �–�‘�� �„�‡�� �•�•�‘�‘�–�Š�á�� �ƒ�•�� �‘�ˆ�� �…�‘�—�”�•�‡�� �†�‘�‡�•�� �–�Š�‡�� �ˆ�‹�•�ƒ�Ž�� �•�‘�Ž�—�–�‹�‘�•�ä��
���‡�•�…�‡�á�� �—�•�Ž�‹�•�‡�� �•�‘�•�–�� �‘�–�Š�‡�”�� �‹�•�˜�‡�”�•�‹�‘�•�� �•�‡�–�Š�‘�†�•�á�� �–�Š�‡�� �‘�’�‡�”�ƒ�–�‘�”�æ�•�’�Ž�‹�–�–�‹�•�‰�� �•�‡�–�Š�‘�†�� �Š�ƒ�•�� �ƒ�� �•�ƒ�–�—�”�ƒ�Ž��
�”�‡�‰�—�Ž�ƒ�”�‹�•�ƒ�–�‹�‘�•�� �ƒ�•�†�� �†�‘�‡�•�� �•�‘�–���–�Š�‡�”�‡�ˆ�‘�”�‡�� �”�‡�“�—�‹�”�‡�� �ƒ�•�›�� �‹�•�’�‘�•�‡�†�� �”�‡�‰�—�Ž�ƒ�”�‹�•�ƒ�–�‹�‘�•�� �–�‡�…�Š�•�‹�“�‡�ä�� �� ���•�� ���‹�”�•�—�’��
�ƒ�•�†�����ƒ�†�•�™�‘�–�Š�����s�s���á���–�Š�‡���‘�’�‡�”�ƒ�–�‘�”���•�’�Ž�‹�–�–�‹�•�‰���•�‡�–�Š�‘�†���™�ƒ�•���•�Š�‘�™�•���–�‘���„�‡���‡�ƒ�•�›���–�‘���ƒ�’�’�Ž�›�á���™�ƒ�•���•�Š�‘�™�•���–�‘��
�„�‡���”�‘�„�—�•�–���‹�•���–�Š�ƒ�–���‹�–���…�‘�—�Ž�†���ƒ�’�’�”�‘�’�”�‹�ƒ�–�‡�Ž�›���†�‡�ƒ�Ž���™�‹�–�Š���•�‘�•�æ�Ž�‹�•�‡�ƒ�”���†�‹�ˆ�ˆ�—�•�‹�‘�•���’�”�‘�„�Ž�‡�•�ä�����Š�‹�•���’�ƒ�’�‡�”���‰�‹�˜�‡�•��
�—�•���–�‘���”�‡�˜�‹�‡�™���–�Š�‡���’�”�‘�’�‘�‡�”�–�‹�‡�•���‘�ˆ���–�Š�‡���‘�’�‡�”�ƒ�–�‘�”�æ�•�’�Ž�‹�–�–�‹�•�‰���•�‡�–�Š�‘�†���‹�•���ƒ���’�”�ƒ�…�–�‹�…�ƒ�Ž���•�…�‡�•�ƒ�”�‹�‘�ä��

���•�•�‡�•�–�‹�ƒ�Ž�Ž�›���„�‡�…�ƒ�—�•�‡���‘�ˆ���–�Š�‡���‹�Ž�Ž�æ�’�‘�•�‡�†�•�‡�•�•���‘�ˆ���–�Š�‡���‹�•�˜�‡�”�•�‡���†�‹�ˆ�ˆ�—�•�‹�‘���’�”�‘�„�Ž�‡�•�•�á���™�‡���Š�ƒ�˜�‡���–�‘���„�‡���…�ƒ�—�–�‹�‘�—�•��
�ƒ�„�‘�—�–�� �‘�—�”�� �‡�š�’�‡�…�–�ƒ�–�‹�‘�•�•�� �‹�•�� �–�Š�‡�� �•�‘�Ž�—�–�‹�‘�•�ä�� ���‹�•�‡�� �–�Š�‡�”�‡�� �‹�•�� �‡�ˆ�ˆ�‡�…�–�‹�˜�‡�Ž�›�� �‹�•�•�—�ˆ�ˆ�‹�…�‹�‡�•�–�� �‹�•�ˆ�‘�”�•�ƒ�–�‹�‘�•�� �‹�•�� �–�Š�‡��
�‘�”�‹�‰�‹�•�ƒ�Ž���’�”�‘�„�Ž�‡�•���–�‘���ˆ�‘�”�•���ƒ���—�•�‹�“�—�‡���•�‘�Ž�—�–�‹�‘�•���ƒ�•�†���ˆ�—�”�–�Š�‡�”���‹�•�ˆ�‘�”�•�ƒ�–�‹�‘�•���Š�ƒ�•���„�‡�‡�•���‹�•�’�Ž�‹�‡�†���‹�•���‘�”�†�‡�”���–�‘��
�‘�„�–�ƒ�‹�•���ƒ���•�‘�Ž�—�–�‹�‘�•�á���–�Š�‡�•���™�‡���ƒ�”�‡���•�‘�–���•�‘�”�•�ƒ�Ž�Ž�›���‡�š�’�‡�…�–�‹�•�‰���–�Š�‡���‘�”�‹�‰�‹�•�ƒ�Ž��f���–�‘���„�‡���”�‡�…�‘�˜�‡�”�ƒ�„�Ž�‡�á���‘�”���–�‘���Š�ƒ�˜�‡��
�ƒ�� �…�‘�•�˜�‡�”�‰�‡�•�…�‡�� �–�‘�™�ƒ�”�†�•�� �‹�–�ä�� ���Š�‡�� �‰�‘�ƒ�Ž�� �‹�•�� �”�ƒ�–�Š�‡�”�� �–�‘�� �‘�„�–�ƒ�‹�•�� �–�Š�‡�� �„�‡�•�–� � � ‡� •� –� ‹� •� ƒ� –� ‡� � � –� Š� ƒ� –� � � ™� ‡� � � …� ƒ� •� � � –� ‘� � � –� Š� ‡� �
�‘�”�‹�‰�‹�•�ƒ�Ž���†�‹�•�–�”�‹�„�—�–�‹�‘�•��f�ä����



  

1.3 The operator-splitting method 
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2. The Forward Operation : SIMS 
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2.1 Illustration of SIMS simulation using IMPETUS II 
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2.2 The mathematical and computational model for atomic mixing 
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3. The Inversion Method and its Implementation 
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3.2 Practical issues in the Quantification Problem 
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3.3 Calibration of the inversion data 
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3.4 Conversion between yield-dose to concentration-depth profiles 
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3.5 Noise in the SIMS data 
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4. Profile Inversion by the Operator-Splitting Method 
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4.2 Test on the noisy data 
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4.4 Test on more complicated profiles 
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5. Concluding Discussion 
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Figure Captions 
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