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Abstract 

If giant planets form by disc fragmentation early on during disc evolution, then they interact 

with the gas in the disc and as a result they will likely migrate, i.e. drift inwards or outwards. This 

study aims to explore the migration patterns of giant planets in unstable discs using radiative 

hydrodynamic simulations. More specifically we examine the migration of planets within 

different mass discs and at different orbital radii. We find that planets initially migrate inwards 

quickly. They are able to open up a gap and the migration stops and turns to a slow outward 

migration. Therefore, planets forming early on are able to survive on wide orbits. However, 

many of these planets accrete enough mass to become brown dwarfs. This could explain the 

observations of giant planets at wide orbital radii from the host star.  
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Chapter 1 

Introduction 

1.1 The Formation of a Disc 
 

Before a planet forming, protoplanetary disc can be formed, an initial molecular cloud must first 

be present. These molecular clouds are cool in temperature allowing for presence of molecules, 

rather than ionised gases which are present in higher temperature clouds. Protoplanetary discs 

are primarily made up of molecular gas (mostly molecular hydrogen) with heavier elements also 

present in the disc. From the planets present in our Solar system the minimum mass of the 

nebula which is required to produce these planets can be derived. This is known as the Minimum 

Solar Mass Nebula and is approximately 0.01 M. 

The disc is formed quickly after the collapse of the initial molecular cloud. This collapse could 

happen due to shock waves from other events such as a relatively near-by supernova. The disc 

shape forms due to the angular momentum of its parent cloud.  

The parent molecular cloud has a very low rotational velocity but its angular momentum is large 

(~1054 g cm2 s-1; Armitage 2007).  This value of angular momentum is far greater than the angular 

momentum of the solar system. This problem is referred to as “the angular momentum 

problem” of star formation (Armitage 2007).  

Protostellar discs have masses of a few percent of  M


  (up to 0.1-0.2 M


 in some cases) and 

typical radii of ~100 AU. Most discs are flared (Figure 1.1a), i.e. they get thicker as the radius 

increases. The higher the mass of the disc, the more its own gravity will cause it to flatten, giving 

it a less flared appearance (Figure 1.1b). 
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Figure 1.1: (a) Left: An example of a low mass, flared disc as seen edge-on. (b) Right: An example of a less flared, more 
massive disc. As the mass of the disc is proportional to the mass of the star at its centre, a more massive disc with a 
more massive star will not only have the increased self-gravity giving it a less flared profile but also will have a greater 
vertical component of the star’s gravity pulling it towards the mid-plane.  
 

 
The conditions that exist in the region of the disc closest to the central star are rather extreme. 

The high temperatures turn the gas into a charged plasma. A gap will be opened up between 

the disc and the star due to the stellar magnetic field and gas will accrete onto the star along the 

magnetic field lines towards the north and south poles (Figure 1.2). This gap is then increased 

further when the intense UV radiation from the star causes photoevaporation of the disc from 

the inside outwards. There can still be accretion across this gap however, rather than being 

continuous, it is likely that gas will cross this gap in bursts. 

The problem with this form of accretion is that it does not account for the loss in angular 

momentum caused by the disc material falling onto the star and the star does not rotate as 

quickly as it should in order to account for this gain in angular momentum. The solution to this 

is likely jets at the poles of the star spiralling some of the material outwards into space and 

thereby conserving angular momentum.  

Figure 1.2: A diagram showing how accretion occurs due to accretion columns close to the star, Hartmann (2009) – 
Not to scale. At a certain radius from the star the disc is ionised into a plasma. This plasma can then be accreted onto 
the disc by following the strong magnetic field lines surrounding the star.  
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1.2 The Formation of Planets 
 

 

There are currently two main scenarios which may explain the formation of planets within a 

protoplanetary disc: the core accretion model and the gravitational fragmentation model. Core 

accretion is the likely method for the formation of lower mass, rocky planets and gravitational 

fragmentation could be the method responsible for the creation of massive planets which form 

at distances of greater than around 20 AU from the central star (Boss 2011).  

 

1.2.1 The Core Accretion Model 
 

 

In the core accretion model dust particles collide and stick together within the disc, gradually 

getting larger. Not all collisions produce a growth however, as, if their relative velocities are too 

great, the particles will fragment into smaller grains rather than stick together to form a larger 

particle; in fact, very few bodies are able to grow past a metre in size (Garaud et al. 2013). The 

presence of water ice acts as a sort of glue which “sticks” the dust together, therefore this 

process is more efficient at radii far enough away from the star that the intense stellar radiation 

does not sublimate the ice away. From this process dust grows from sub-micron size to 

planetesimals (km-sized objects). Larger planetesimals are able to sweep up more dust from the 

disc and a few of them dominate.  It has been suggested by Pollack et al. (1996) that this is the 

first of three stages required to build a stable planet and this part of the process takes planet 

with a timescale in the region of 0.5 Myr.  

Once this initial phase has been completed the planet has removed material from its orbit and, 

therefore, can only, very slowly, accrete more mass from the surrounding disc. During this time 

the planet is in a precarious hydrostatic equilibrium (Phase II).  

Once a planetesimal reaches a critical mass (~10 MEarth) it is able to accrete a gaseous envelope 

rapidly (Phase III). This sudden increase in mass gives the planet a larger potential well causing 

more material to accrete on to the planet and eventually causes a runaway phase in which rapid 

planet growth takes place.  

The final phase of core accretion usually occurs within 7.5 Myr, when the mass of the core and 

the mass of the surrounding gaseous envelope is approximately equal in mass and hydrostatic 

equilibrium has once again been reached. 
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1.2.2 Gravitational Fragmentation 
 

 

At radii greater than around 30 AU there is not enough material present to form a several Jupiter 

mass planet if building a planet by colliding dust particles together to form larger and larger 

bodies. According to the disc fragmentation theory a massive disc can become gravitationally 

unstable and fragment to form gas giant planets at large distances from the central star.  

This method requires the disc to be massive enough to be gravitationally unstable and to be able 

to cool fast enough. The first condition is described by the Toomre criterion (Toomre 1964):  

Q =
𝑐𝑠𝑘

𝜋𝐺Σ
< 1 

(1.1) 
 

where Q is the Toomre parameter, cs is the local speed of sound, k is the epicyclic frequency 

(which is equal to the rotational velocity for Keplerian discs), G is the gravitational constant and 

Σ is the surface density of the disc. For the second condition to be fulfilled the disc needs to be 

able to cool on a dynamical timescale, i.e. within a few orbital periods. Numerical studies (e.g. 

Gammie 2001; Rice et al. 2003) suggest that the cooling rate needs to be: 

 

𝑡𝑐𝑜𝑜𝑙~(0.5 − 2)𝑡𝑜𝑟𝑏 
(1.2) 

 
 

The most frequent outcome of disc fragmentations are brown dwarfs but planets may also form 

(Stamatellos & Whitworth 2009). A planet becomes a brown dwarf at masses above 13 MJ. At 

this point the mass is great enough that the pressure and temperature within the core will allow 

deuterium fusion to take place. Observations suggest that only 10% of giant planets may form 

by this method however, with the remaining being formed by core accretion (Matsuo et al. 

2007). The mass of the central protostar also has an effect on the formation of a planet via 

gravitational fragmentation. This is likely because the mass of the star is proportional to the 

mass of the disc. Therefore, a larger star will have a larger disc and the fragments produced may 

be more massive than planets or even brown dwarfs.  

Originally it was presumed that most planets would form via core accretion. However, our 

understanding of the process suggested that the timeframes required for the larger planets to 

form was greater than the observed lifespans of protostellar discs; giant planets are forming far 

more quickly than the original core accretion method would allow. Observations have shown 

that many giant planets have been found in the regions of the disc which are cool enough for 
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ice to be present. As the timescale of planet formation is dependent on the amount of material 

available to create the planet, it follows that giant planets would form most quickly in this region 

(Armitage 2007).  Planets with masses of several Jupiters were also discovered close to their 

host star at distances <1 AU (51 Peg b is the first hot Jupiter to be discovered; it has an orbital 

period of 4.2 days; Mayor & Queloz 1995). Such planets could not have been formed in these 

locations due to the lack of material available at such small orbital radii. The conditions at these 

radii would also make the formation of such massive planets impossible due to the very large 

temperatures associated with close proximity to a star. At a thousand Kelvin the dust particles 

themselves would sublimate. Observations have shown that hot Jupiters tend to be the lone 

planet in orbit of a star whereas stars which do not have a giant planet in very close proximity 

to the star will usually have multiple giants in their planetary system (Hartman et al. 2014).  

 

1.3 The Migration of Planets 
 

 

Core accretion had initially not taken into account the migration of planets within the disc. This 

inward movement of a planet during its formation may remove a few of the barriers which the 

model had come up against when dealing with objects of mass in the order of several Jupiters. 

If a planet formed at large distances from its star and then migrated inwards, it would have a 

constantly replenished supply of disc material which to accrete as it moved towards the central 

star (Lin et al. 1996). 

 

1.3.1 Type I Migration 
 

 

Smaller-mass planets within a system undergo Type I migration due to interactions within the 

protoplanetary disc. Type I migration occurs for planet masses of around 0.1 of Jupiter’s mass 

(Bate et al. 2003). During type I migration the low mass planet remains embedded within the 

disc and does not open up a gap. Torques develop at the inner and outer edges of the planet’s 

orbit as it moves through the viscous disc. The rate of migration is dependent on the difference 

between the inner and outer torque. If the difference is in the region of 0 then the planet will 

remain at a constant radius from the star as the planet would act as a source of angular 

momentum transport within the disc (Goodman & Rafikov 2001). In the case of a small-mass 

planet the torque results in inward migration (Type I). Type I migration is at its most rapid at the 
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point which a smaller-mass planet gains enough mass, through accretion, to start to open up a 

gap on its orbit. As this gap first starts to form (Figure 1.3) Type I migration is at its peak. 

Eventually this gap will be fully open and Type I migration will stop.  

 

 
Figure 1.3: The figure shows a planet undergoing Type I migration. The planet has a small mass so it is not 
able to open up a gap. This figure (and Figure 1.4, below) are taken from simulations done by Armitage & 
Rice (2005). The average surface density is given in the graph in the bottom left corner and shows that 
the surface density of the disc is greatest towards the centre and has lower values as radius increases. 
The planet can be identified as the yellow area above the centre. The wake of the planet can also be seen 
in the disc as a spiral, both internally and externally of the planet.  
 

1.3.2 Type II Migration 
 

The Hill Sphere of a planet is given by: 

(
𝐺𝑀∗

𝛼3
)

1
2

=  (
𝐺𝑀𝑝

𝑟ℎ
3 )

1
2

 

(1.3) 
 

Where M* is the mass of the star, Mp is the mass of the planet, 𝛼 is the semi major axis  and 𝑟ℎ 

is the Hill radius. This radius defines the planet (or star’s) gravitational sphere of influence. 

Larger-mass planets (with a Hill sphere radius in the same order as the disc thickness) tend to 

undergo Type II migration. As their Hill radius is around the same size as the thickness of the 

disc, they will rapidly accrete all material reaching out to the upper and lower edges of the disc. 

As a planet forms it carves out a gap within the disc as it adds that material to its own mass 
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(Figure 1.4). In order for a gap to be produced the tidal torque must remove material from the 

gap faster than the disc viscosity and thermal pressure can fill it back in again (Goldreich & 

Termaine 1980). The exchange of angular momentum in the disc due to viscous forces moves 

the gas in the disc and the gap within it, along with the planet that created it, inwards. The 

efficiency of the angular momentum transfer within the disc is the factor that determines the 

rate of migration of a planet in the Type II regime. This type of migration is much slower than 

Type I migration. 

 

 

Figure 1.4: An image from a simulation showing a planet undergoing Type II migration. A gap is clearly visible between 
the inner and outer regions of the disk with a region of high density around the planet. The surface density is plotted 
in the graph in the bottom left of the imagine. It shows the surface density dropping to around zero, at the inner edge 
of the gap, a small increase around the planet, a zero value on the other side of the planet before the surface density 
increases greatly at the outer edge of the disc. In the main image the density variations are very pronounced in the 
form of spirals, both internally and externally of the gap. 

 
Type II migration allows for planets with several Jupiter masses to exist at small distance from 

the host star. 

Type I and Type II migration can only occur if a disc is present. Migration will therefore stop once 

the disc has dispersed. Theoretically the disc should slowly be evaporated, accreted or otherwise 

dispersed gradually over a large time frame.  

There are other types of migration which can occur once the disc itself has dissipated due to 

interactions between planets in a multi-planet system or collisions between planets before 

they have settled in to stable orbits. This migration can be both inwards and outwards and in 

some cases can eject a planet from a system. It is likely that the current position of Neptune 

was caused by such migration (Gomes et al. 2005). 
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1.4 Thesis outline 
 

 

The goal of this thesis is to study the migration of giant planets that are initially on wide orbits 

(~50 AU) in newly formed protostellar discs. Such planets may have formed by disc 

fragmentation very early after the formation of the disc. At this early phase, protostellar discs 

may be relatively massive (~0.1-0.3 M


) and, therefore, close to being gravitationally unstable 

(e.g. Stamatellos et al. 2011) 

In Chapter 2, we describe the background of the computational method that we use for the 

simulations (Smoothed Particle Hydrodynamics). 

In Chapter 3, we discuss in detail how the initial conditions of the discs that we use for our 

simulations are constructed. 

In Chapter 4 we test the code and compare our findings to those of previous studies (Ayliffe & 

Bate 2010; hereafter AB2010). We compare the migration timescales of giant planets in low-

mass discs with the ones found by AB2010 for locally isothermal discs and for discs where the 

radiative transfer is taken into account. 

In Chapter 5, we simulate the evolution of giant planets that are initially on wide orbits in 

massive protostellar discs. We examine how planet migration is affected by the initial orbital 

radius of the planet and by the mass of the protostellar disc. 

Finally, in Chapter 6 we summarize our conclusions. 
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Chapter 2 

Smoothed Particle 

Hydrodynamics 

 

2.1 Introduction  
 

 

Smoothed Particle Hydrodynamics (SPH; see reviews by Monaghan 1992, 2012) is a way of 

modelling the dynamics of a fluid by viewing it as an ensemble of particles. The larger the 

number of particles that are used the better the representation of the fluid. Each of the particles 

representing the fluid experience forces due to viscosity, pressure and gravity, from the other 

particles within the system.  

The two main ideas of SPH have been summarised by Martin et al. (1993) as: 

1. The properties of the fluid at any point are estimated by taking a weighted average of 

those properties over the surrounding volume. 

2. The continuum is approximated by a finite number of particles which are free to move 

under their mutual interaction and the action of any external body forces. 
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SPH solves the following equations for a gaseous, viscous disc: 

Continuity Equation: 

𝛿𝜌

𝛿𝑡
+ 𝑣   ∇ρ =  −ρ∇ 𝑣 

(2.1) 

Momentum Equation: 

𝛿𝑣

𝛿𝑡
+  𝑣  𝛻𝑣 = − 

𝛻𝑃

𝜌
− ∇ϕ + 𝐹𝑣𝑖𝑠𝑐𝑜𝑢𝑠 

(2.2) 

Energy Equation: 

𝛿𝑢

𝛿𝑡
+ 𝑣   𝛻𝑢 =  − 

𝑃

𝜌
 𝛻 𝑣 +  

𝛤 −  𝛬

𝜌
 

(2.3) 
 

 
where ρ is density of the fluid, v is the velocity, P is the pressure, φ is the gravitational potential, 

𝐹𝑣𝑖𝑠𝑐𝑜𝑢𝑠 is the viscous force per unit mass, u is the thermal energy per unit mass, Γ is the heating 

function and Λ is the cooling function of the fluid.   

An equation of state is also required to close the equations. This is based on the degree of 

dissociation and ionisation of hydrogen and helium within the simulation as in Stamatellos et. al 

(2007). For densities up to approximately 0.03g cm-3, the ideal gas approximation will hold true 

and is given by: 

𝑃𝑖 =  
𝜌𝑖𝑘𝐵𝑇𝑖

𝜇𝑖𝑚𝐻
 

(2.4) 

 
 

2.2 Smoothing Kernels 
 

 

In SPH a smoothing kernel is used which gives a weighted mean of a specific property over a 

local volume of a set radius.  The radius of this kernel, or smoothing length, h, is varied so that 

the same number of particles in a sphere of radius 2h around each particle is used to calculate 

the weighted mean. The smoothing volume, V, is therefore 

V =  
𝑁𝑚𝑗

𝜌̃ 
=

4

3
𝜋(2ℎ)3 

(2.5) 
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In a densely packed region of a disc, for example close to the central star, the value of h will be 

small, whereas at several hundred AU the smoothing length will be much greater as to include 

the same number of particles within 2h. The varying value of h allows the model to have high 

resolution in areas where it is required, optimising the use of computing power.  

The most commonly used kernel is the Beta-Spline kernel (Monaghan & Lattanzio 1985): 

 

𝑊 (𝑟, ℎ) =  
𝜋

ℎ3 {
4 − 6𝑥2 + 3𝑥3     0 ≤ 𝑥 < 1
(2 − 𝑥)3                1 ≤ 𝑥 < 2

0                      𝑥 ≥ 2

 

(2.6) 

 
where x=r/h. 
   

2.3 Time Steps 
 

SPH calculations need to have an appropriate time step in order to achieve an accurate 

simulation. There are a series of conditions which must be satisfied in order to calculate an 

appropriate time step for the simulation. Each particle has a maximum time step as given by the 

equation: 

∆𝑡𝑚𝑎𝑥
𝑖 =  𝛾 min(∆𝑡𝑣

𝑖 , ∆𝑡∇𝑣
𝑖 , ∆𝑡𝑎

𝑖 , ∆𝑡𝑐𝑣
𝑖 ), 

(2.7) 
 

where 𝛾~0.2 − 0.3 is a proportionality constant.  

The four terms in the above relation are responsible for ensuring that the length of a time step 

is never great enough to allow changes in particle positions to be greater than smoothing length, 

h, the changes in relative velocity and local density are small for any given time step, and that 

viscous forces do not change by much between successive time steps. Ideally the time step for 

any given simulation would be the smallest assigned time step for any of the particles within the 

disc. In real terms this is impractical due to the time each simulation would take to run, therefore 

a minimum time step is defined, as are several larger multiple time steps that are appropriate 

for different particles. 
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2.4 The Barnes-Hut Tree 
 

 

As each particle has a mass, it has gravitational influence over all the other particles within the 

system. If every particle were treated as an individual particle in relation to all other particles, 

irrespective of distance, then the simulation would take an exceptionally long time to complete, 

as gravitational forces will need to be computed from all particles individually. A way to get 

around this problem is to use a recursive spatial tessellation octal tree as developed by Barnes 

and Hut (1986). Other types of trees can be used in SPH but the Barnes – Hut tree is used in the 

SEREN code, which will be used for this project.  

All of the particles within the disc are contained within a virtual root cell, which is then split into 

eight subcells of equal size. These cells are then subdivided once more until each subcell contains 

no more than one particle. The gravitational forces acting on each of the particles are calculated 

by measuring its distance from the centre of each cell. If the particle is close to the centre of a 

cell then that cell is opened into subcells. If a particle is a large distance away from the centre of 

a cell then the whole cell is taken to act as a single source of gravity, rather than the individual 

particles within the subcell. The single source is assumed to act from the centre of mass of the 

cell. It is in this way that subcells closest to a particle are opened and their individual gravitational 

influences are calculated for that particle and ones at greater distances are calculated en mass, 

with larger cells, and more particles being combined at greater distances from the particle in 

question.  

The other forces acting upon a particle, such as viscosity and pressure are only applied to any 

particle by the particles directly around it (within a distance of 2h). A second run is required to 

find the neighbours of each particle. In this tree, a series of cubes are created centred on a given 

particle. If the cells overlap, then they are opened into subcells and again if an overlap if found 

further sub cells are opened. This process is continued until the given particle is at the centre of 

the final cube and its neighbours have been found.  

2.5 Sink Particles 
 

 

In simulations in which high densities are attained (e.g. when stars or planets are forming), when 

the density exceeds a pre-defined value (~10-9 g cm-3) a gas particle is replaced by a sink particle 

which interacts only gravitationally with its environment. This is to avoid exceptionally small 

time steps that would make the simulation computationally time consuming.  Gas SPH particles 
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can be accreted onto a sink increasing its mass, if they are within the sink radius (~1AU) and are 

gravitationally bound to the sink (e.g. Bate et al. 1996). 

 

2.6 SEREN SPH Code 
 

We will model protostellar discs using the Smoothed Particle Hydrodynamics code SEREN 

(Hubber et al. 2011). The code uses an octal tree similar to the Barnes-Hut Tree (Chapter 2.4), 

multiple timesteps (Chapter 2.3), and a 2nd-order Runge-Kutta integration scheme. The code 

uses time-dependent artificial viscosity with parameters of sheer viscosity; αmin = 0.1 and αmax = 

1 and β (which stops a particle from passing through another particle) = 2α, which reduce time 

dependent viscosity in shock regions and artificial shear viscosity (Morris & Monaghan 1997).  

 

The chemical and radiative processes that regulate the gas temperature are treated with the 

approximation of Stamatellos et al. (2007). This approximation gives each SPH particle a pseudo 

cloud which allows the particle to heat and cool through a radiative transfer method. The 

method takes into account compressional heating, viscous heating, radiative heating by the 

background, and radiative cooling as laid out in Stamatellos, Hubber & Whitworth (2007). We 

can calculate this using: 

𝑑𝑢𝑖

𝑑𝑡
|

𝑅𝐴𝐷
=  

4𝜎𝑆𝐵(𝑇𝐵𝐺𝑅
4 −  𝑇𝑖

4)

Σ𝑖
2𝐾̅𝑅(𝜌𝑖, 𝑇𝑖) + 𝐾𝑃

−1 (𝜌𝑖, 𝑇𝑖)
 

(2.8) 

 

This equation ensures that the temperature of the SPH particle never drops below the 

background temperature, 𝑇𝐵𝐺𝑅 .  𝐾𝑃
−1 (𝜌𝑖, 𝑇𝑖) is the Planck-mean opacity, and 𝜎𝑆𝐵 is the Stefan-

Boltzmann constant. We use opacity tables which are appropriate for protostellar discs (Bell & 

Lin 1994). 
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Chapter 3 

 

Setting up the Disc 

Initial Conditions 
 

 

3.1 Introduction 
 

In order to run simulations using the SEREN code (Hubber et al. 2011) initial conditions need to 

be laid out for the disc. Here, we deal with the migration of giant planets and therefore use a 

sink particle placed within the disc to represent the planet as part of the initial conditions rather 

than allowing a planet to form self-consistently, e.g. by disc fragmentation (Stamatellos 2013). 

3.2 Disc surface density and mass 
 

In order to study the migration process of massive planets, a disc must first be set up. The 
surface density of the disc is given by 

∑(R)  = ∑0  (
𝑅0

2

𝑅0
2+𝑅2)

𝑝

2
 

(3.1) 

where Σ0 is the surface density when the radius is 0, R0 is a softening radius which is used to stop 

the density of the disc becoming unrealistically large close to the surface of the star and R is the 

mid plane distance from the star to the particle. p indicates how quickly the density drops with 

radius and is given a value of 1. 
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Figure 3.1 below shows these initial surface density conditions using 2 x105 particles. These 

conditions were used to test the code. 

Figure 3.1:  A simulation image showing the logarithmic column density profile (in g cm-2) of the initial 

conditions of a low mass disc (Mdisc= 0.005 M, Rdisc= 15.2 AU) such as the one we used to test our code. 

High density regions are shown in red with very low density regions shown in blue. The edge of the disc 

is very clear and well defined. 

Set in the x – y plane the mid-plane distance can be found by  

𝑅 =  √𝑥2 + 𝑦2 
(3.2) 

 
 

By integrating the surface density and substituting for Σ(R) the mass of the disc interior to that 

radius can be found. If the radius of the disc is used (Rdisc) then the mass of the entire disc can 

be calculated using 

 

𝑀𝑑𝑖𝑠𝑐 =  𝜋𝑅0
2∑0 [(

𝑅0
2 + 𝑅𝑑𝑖𝑠𝑐 

2

𝑅0
2 )

1−
𝑝
2

− 1] 

(3.3) 

 
 

As the total mass of the disc is an input parameter in solar masses, this equation can then be 

rearranged to find a value for Σ0 : 

Σ0 =
𝑀𝑑𝑖𝑠𝑐

𝑅0
2𝜋

[(
𝑅0

2 + 𝑅𝑑𝑖𝑠𝑐 
2

𝑅0
2 )

1−
𝑝
2

− 1]

−1

 

(3.4) 

 
p is set to a value of 1 as established from observations. 
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3.3 Disc Temperature Profile 
 

The temperature profile of a passive disc depends on the mass of the star M, the temperature 

of the star T, the radius of the star R and the luminosity of the star L. We parameterise the 

disc temperature profile as follows 

𝑇𝑑(𝑅) =  [𝑇0
2 (

𝑅2+𝑅0
2

𝐴𝑈2 )
−𝑞

+ 𝑇∞
2 ]

1/2



(3.5) 

 
This is an assumption based upon theory and observational data. In the above Equation, 𝑇0 is 

the temperature at a radius of 1AU and 𝑅0 is the softening radius which stops the temperature 

of the disc becoming unnaturally high at small distances from the star. 𝑇∞ is the background 

temperature set to 10 K. The value of q is set at 0.5; therefore, the temperature profiles of the 

discs we create will all be similar. The value of q is set at 0.5 as our disc is flared. If a flat disc 

were flat 𝑇~𝑟−3/4 would be the appropriate approximation. 

Figure 3.2: An example of a temperature profile created on a high mass disc with 1x106 particles. The temperature 

(given in Kelvin) follows an inverse square relationship as the main source of heat comes from the star. However, 

other considerations such as viscosity also play a part in the heating of the disc (as the disc evolves).  

 

3.4 Disc vertical density profile and disc thickness 
 

By balancing the forces it can be shown that the thickness of the disc (𝑧0) at a radius (R) is given 

by: 

𝑧0(𝑅) =  − 
𝜋Σ(𝑅)𝑅3

2𝑀


+ [(
𝜋∑(𝑅)𝑅3

2𝑀


)

2

+
𝑅3

𝐺𝑀


𝑐𝑠
2(𝑅)]

1/2

 

(3.6) 
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where 𝑐𝑠
. (𝑅) is the local speed of sound and is found by 

𝑐𝑠(𝑅) =  √
𝑘𝑇(𝑅)

𝜇𝑚𝐻
 

(3.7) 

 
𝑀 is the mass of the central star, G the gravitational constant, k is the Boltzmann constant, µ 

is the mean molecular weight (2.3) and mH is the mass of the hydrogen atom.  Discs are rather 

flat but they do have a thickness (usually this is around 10% of the disc radius). A lower mass 

disc (with mass in the order of 0.01 of the central star) will more flared, while a larger mass disc 

(in the order of 0.1 of the central star) will be flatter and less flared. This comparison can be seen 

in Figure 3.3 below. The thickness profile is found by balancing the force of the disc pushing 

vertically outwards, caused by thermal pressure, and force of gravity from the star pulling the 

disc vertically inwards. In reality a large mass disc of around 0.1 M☉ would also experience a 

significant vertically inward force caused by the weight of the disc itself. This further flattens the 

disc. 

Figure 3.3: SPH particle vertical positions against r for a low mass disc (0.005 M, left) and again for a high mass disc 
(0.1 M, right). The particles in the low mass disc have collapsed less under their own gravity and therefore produce 
a much more flared disc profile compared to the high mass disc on the right.  

 
We set the volume density of the disc to decrease with distance from the mid-plane following 
a cosine profile given by  

𝜌(𝑅, 𝑧) =  
𝜋∑0

4𝑧0(𝑅)
(

𝑅0
2

𝑅0
2 + 𝑅2

)

𝑝/2

𝑐𝑜𝑠 [
𝜋𝑧

2𝑧0(𝑅)
] 

(3.8) 

This is similar to a Gaussian profile but with a value equal to zero at a finite distance. The rotation 

of the disc is considered to be independent of the vertical distance from the midplane. We 

consider that is no initial motion in the z direction and therefore the initial vertical velocities will 

all be equal to 0.  Figure 3.3 charts the difference between two similar discs, each with 104 

particles, a disc radius of 15.2AU and a central gap of 0.1 AU. The mass of the central star is set 

to 1 M


. The only difference is the mass of these two discs: the one on the left has 20 times the 

mass of the one on the left.  
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3.5 Disc velocity profile 
 

The velocity of the disc is set to be Keplerian, therefore for a particle i, 

𝑣𝑖 =  (
[𝐺𝑀+𝑀(𝑅𝑖)]

𝑅𝑖
)

1/2
, 

(3.9) 

 
with the velocity of each SPH particle (assuming anti-clockwise rotation) found from 

𝑣𝑥,𝑖 = −𝑣𝑖

𝑦𝑖

𝑅𝑖
 

(3.10) 

 

𝑣𝑦,𝑖 = + 𝑣𝑖

𝑥𝑖

𝑅𝑖
 

(3.11) 

 
Therefore, the velocity of each particle in the x – y plane can be found simply using 

𝑣𝑖 = √𝑣𝑥,𝑖
2 + 𝑣𝑦,𝑖

2  

(3.12) 

 
A more massive disc has a higher velocity (for a given radius) due to acceleration caused by the 

disc’s self-gravity whereas a lower mass disc will be mostly influenced by the acceleration due 

to the gravity of the star. Figure 3.4, below, shows the initial velocity profile of a large mass disc 

with a radius of 100AU.  

Figure 3.4: The initial rotational velocity of SPH particles (in Kms-1) for a 0.1 solar mass disc with 104 

particles. The rotational velocity of the particles is exceptionally high at very low orbital radii but relatively 

low at greater distances from the star.  

/AU 
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3.6 Setting up the positions and masses of the SPH particles 
 

 

In an SPH simulation particles are distributed using random numbers (ℛ1ℛ2ℛ3 ) to generate the 

required density profiles given by eq. (1) and (8) 

To calculate the distance R of a particle on the disc midplane we assume 

𝑀(𝑅)

𝑀𝑑𝑖𝑠𝑐
= ℛ1 

(3.13) 

 

The radius of each particle is set to 

𝑅 =  𝑅0𝜔1/2 
  (3.14) 

 
 

From equations (3.13), (3.14) and (3.3) we find: 

 

𝜔 = {(1 + 𝜔𝑖𝑛)1−(𝑝/2) + ℛ1[(1 + 𝜔𝑜𝑢𝑡)1−(𝑝/2) − (1 + 𝜔𝑖𝑛)1−(𝑝 /2)]}2/(2−𝑝) − 1 
(3.15) 

 

 
As this disc will have inner and outer boundaries, we assume  

 

𝜔𝑖𝑛 =  
𝑅𝑖𝑛

2

𝑅0
2  

(3.16) 

 
 

and 

𝜔𝑜𝑢𝑡 =  
𝑅𝑜𝑢𝑡

2

𝑅0
2  

(3.17) 

where 𝑅𝑖𝑛 is the inner radius of the disc and 𝑅𝑜𝑢𝑡 is the outer boundary of the disc. Thus, we set 

the azimuthal angle 𝜙 using a random number  ℛ2,  

𝜑 = 2𝜋ℛ2 
(3.18) 
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the x and y coordinates are 
 

𝑥 = 𝑅𝑐𝑜𝑠(2𝜋ℛ2) 
(3.19) 

𝑦 = 𝑅𝑠𝑖𝑛(2𝜋ℛ2). 
(3.20) 

To calculate the z-coordinate we set 

Σ(𝑅, 𝑧)

Σ(R, 𝑧0)
= ℛ3. 

(3.21) 

 
The z coordinate of the particle is found from: 

𝑧 = 𝑧0(𝑅)
2

𝜋
𝑠𝑖𝑛−1(2ℛ3 − 1) 

(3.22) 

 
The mass of an SPH particle (𝑚𝑖) is found by dividing the mass of the disc by the number of 

particles present in the disc for each simulation. 

3.7 Setting up the smoothing length of the SPH particles 
 

The smoothing length of the particles (ℎ𝑖) is found as each particle must have Nneigh=50±5 

neighbouring particles (𝑁𝑛𝑒𝑖𝑔ℎ) within a sphere of radius 2ℎ centred on the particle in question. 

Therefore, the smoothing length is found using: 

ℎ𝑖 = [
3𝑁𝑛𝑒𝑖𝑔ℎ𝑚𝑖

32𝜋𝜌(𝑅𝑖, 𝑧𝑖)
]

1/3

 

(3.23) 

Figure 3.5 below shows the smoothing length, h, of the SPH particles in the test disc initially. 

Figure 3.5: Smoothing length (h) of the SPH particles in a high mass disc as a function of radius (given in AU). As the 
density of the disc increases with radius on the midplane, the smoothing lengths of the particles also increases. The 
diagram shows that particles very close to the star have small smoothing lengths which cover a narrow range of 
values, but particles at large radii from the star tend to have larger smoothing lengths in general and a much larger 
range of values. 

/AU 
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3.8 Summary 
 

 

In this chapter we discussed how we set the disc density and temperature profiles. We assume 

that the density drops as ~R-p and the temperature as ~R-q with the distance from the central 

star, where the typical values for p and q are 1 and 0.5, respectively. The disc density also drops 

in the vertical direction, away from the midplane. We used random numbers to distribute 

particles in the disc so as to match the assumed density profile. The disc velocity profile is 

assumed to be Keplerian, i.e. the centripetal force on a mass element at a given radius is 

provided by the gravity of the central star and the gravity of disc within that specified radius.  
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Chapter 4 

Testing the Code 
 

 

4.1 Disc Set Up 
 

 

We test the code by running simulations with similar initial conditions with Ayliffe & Bate (2010) 

– AB2010.  We simulate the evolution of a Jupiter mass planet embedded in  disc around a 1 M 

star. The disc has an inner radius of 0.52 AU, an outer radius of 15.6AU and a mass of 0.005 M. 

A Jupiter mass planet is places at 5.2 AU from the central star. Unlike the AB2010 model we did 

not have a potential barrier to prevent accretion onto the planet. Accretion occurred onto the 

planet, thus changing the planet mass over time.  

 

4.1.1 Disc Surface Density Profile 
 

 

The disc surface density profile is set using  

 

Σ(r) = 2.2x10−4(
𝑟

𝑟0
)−1 MAU-2 

(4.1) 
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4.1.2 Temperature Profile 
 

 

AB2010 uses a local isothermal and a radiative hydrodynamic (RHD) method to model their discs. 

In order to test our code we also use the local isothermal aproximation and then compared this 

to a radiative transfer method of Stamatellos et al. (2007) The temperature profile that we use 

is: 

 

𝑇𝑑(𝑅) =  [3002 (
𝑅2+𝑅0

2

𝐴𝑈2 )
−0.5

+  102]

1/2

K 

(4.2) 
 
 

where R0=0.52 AU. 

 

In our disc there are no ghost particles around the outer edge of the disc (at 15.6 AU). In the 

AB2010 disc these particles added a second pressure barrier to the disc to stop the disc from 

spreading due to viscosity. Any particles which did pass through this barrier are then removed 

from further calculation. In the case of our test disc, there is no such barrier and as such particles 

can move beyond the initial outer edge of the disc and they are still be considered to be part of 

the disc. In these simulations, as in AB2010, we used 2 x 106 particles as it gives a good balance 

between resolution of the detail within the disc and the speed with which the simulation runs.  

 

4.2 Relaxing the Disc 
 

 

Before placing the planet into the disc, the disc is allowed to “relax” (Figure 4.1) i.e. to evolve 

for aproximately 180 yr which is equivalent to three complete orbits of the disc outer edge. After 

the relaxation period a planet of one Jupiter mass is added to the disc at an initial radius of 5.2 

AU. We then allow the disc to evolve for a further 2000 yr or aproximately 170 orbits of the 

planet. In order to accurately compare our disc to the AB2010 disc, we will compare migration 

rates during the first 50 orbits, once the planed has settled into the disc. 

 

 



24 
 

 

 

 

 

  

 

 
 
 
 
Figure 4.1: The plot above shows the initial logarithmic surface density (in units of g cm-2) of the Ayliffe & Bate (2010) 
disc and the one on the right shows the surface density of the disc after the outer edge has completed three orbits. 
We then add a planet to the relaxed disc. This disc was evolved using the local isothermal model. The initial disc, as 
set up from our initial conditions (left) has an artificial looking very defined edge. In the image on the right, once the 
disc has evolved, the edges are more diffuse and the change in density is more gradual, as shown by the colour gradual 
change in colour. This represents a more natural disc. 
 
 

4.3 Comparing simulations 
 

 

In AB2010 the planet is modeled in three ways. Firstly using a sink, for which any particles that 

come within a set radius of the planet would be simply removed from the calculations; secondly, 

using a treatment which creates a surface force on the planet and thereby allows particles to 

pile up on the surface of the planet, and thirdly, the method we use in our simulations, an 

accreting sink particle. This way the planet grows in mass and corresponds more appropriately 

to the behaviour of a real planet within a gaseous disc.   

Figure 4.2 shows the logarithmic surface density plots of the two simulations that we have 

performed. Both have the parameters as set out in AB2010 however the temperature profiles 

are different for each. The left column uses a local isothermal model (as in AB2010) and the right 

column uses a radiative transfer model (Stamatellos et al 2007). Initially both discs evolve in a 

similar way but after 625 yr it is clear that the orbital periods of the two planets are not the 

same. After 2000 yr the gap formed by the plane in the RT disc is far more pronounced that the 

gap in the local isothermal disc, as in the RT case the disc is cooler. The density around the star 

is less in the RT disc and there are finer ripples within the disc itself. 
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Figure 4.2: The images show the surface density of the disc after 25 yr, 625 yr 1500 yr and 2001 yr after the planet 
has been added. The column to the left shows the local isothermal model and that to the right shows the radiative 
transfer model. In this simulation the RT model does not include the radiative heating from the star. After 2001 yr the 
RT run shows the planet has opened up a more defined gap and had therefore removed more of the disc from its 
orbital path.  The wakes of the planet are more refined in the RT models than in the local isothermal model. The local 
isothermal disc also becomes more extended over time.  
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4.4 Migration 
 

 The change in the orbital radius and the semi-major axis of the planets in the two test runs are 

shown in Figures 4.3 and 4.4. The planet migrates further inward in the RT case (green line). In 

order to calculate the migration rate of the planet we must compare the final semi-major axis 

of the orbit with the initial semi-major axis of the orbit. This allows us to calculate the average 

migration timescale of the planets, τ. According to Ward (1997) and Tanaka et al. (2002), τ should 

have a value of between 104 and 105 yr for Jupiter mass planets. When we calculate the average 

migration timescales of the radiative transfer method and the local isothermal method we get 

values of 0.25 x 105 yr and 0.51 x 105 yr, respectively.   

Figure 4.3: The planet orbital radius in the two runs with local isothermal shown in red and radiative transfer shown 
in green. The wobble which can be seen in each of the plots represents the eccentricity of the orbit. The rate of 
migration on the radiative transfer model is almost double that of the local isothermal model and therefore the total 
migration of the planet in the RT model is far greater.  

 
Figure 4.4: The semi-major axes of the planets in both the local isothermal and the radiative transfer methods with 
local isothermal shown in red and radiative transfer shown in green are plotted against time. In the local isothermal 
run the migration of the planet is slower than in the radiative transfer run despite both following the same rate of 
inward migration for the first few orbits. From the gradients of the curves we can see that at 2000 years the rate of 
migration of the radiative transfer run is still greater than that of the local isothermal case. 
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4.5 Eccentricity  
 

 

As the planet migrates its orbital eccentricity increases (Figure 4.5). This eccentricity is a measure 

of how elliptical the orbit has become. In both the AB2010 run and the RT run, the eccentricity 

of the planet starts at zero (indicating a circular orbit) and then increases before settling into an 

ellipse with an eccentricity of between 0.0012 and 0.0014. This is not much greater that the 

eccentricity of the Earth and implies that these planets have an almost circular orbit. (The 

eccentricity of the orbit of the Earth is in the order of 4x10-4 which is considered to be an almost 

circular orbit). 

 

Figure 4.5: The eccentricity of the planets plotted against time for the two runs with the local isothermal model shown 
in red and the RT model shown in green. Despite following the same initial trend the local isothermal model shows 

generally less eccentricity than the radiative transfer model. These very low values of eccentricity could be very well 

by noise from the smoothed hydrodynamics itself.  

 
 

4.6 Accretion  
 

 The rate of accretion onto the planet (shown in Figure 4.6 below) initially is large. In a disc a 

planet grows in mass by accreting gas from the disc in these simulations, a sink particle is placed 

within the disc representing an already formed planet with 1 Jupiter mass. During the first 

several orbits this planet carves its way through the disc accreting any matter which is in its path.  
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Figure 4.6: Accretion rates on the planets of the two test runs with local isothermal shown in red and the RT run 
shown in green. The general trend of accretion in each case is similar with the rate of accretion onto the planet in the 
local isothermal method being slightly higher overall.  
 

4.7 Comparison with Ayliffe and Bate 2010 
 

 

By comparing the results of the simulations presented in this chapter with the migration 

timescales obtained in AB2010 (Table 4.1) we can ascertain whether or not our code reproduces 

previous results, and therefore whether it is appropriate for the study of planet migration.  

 The average migration timescales and migration rates are calculated at different times during 

the evolution of the system using the semi-major axis the planet (see Table 4.1 below) from my 

results. 

 

Table 4.1: Table 4.1 shows the semi major axis (α), migration time scale (τ) and mass of the two planets in each of the 
runs at or between specific times in each simulation. By taking two values of α, the migration timescale can be 
calculated between those two points. The larger the migration timescale the slower the migration of the planet. We 
do not take very early values of migration timescale into account here as the planet has been placed in the disc rather 
than organically forming there which means that the opening of a gap for planet will produce and unnaturally rapid 
migration. 

Time (yr) 475 525 875 925 1475 1525 1875 1925 

 
α 1  

(AU) 
α 2  

(AU) 
α 3  

(AU) 
α 4  

(AU) 
α 5  

(AU) 
α 6  

(AU) 
α 7  

(AU) 
α 8  

(AU) 

Local Isothermal 5.10 5.10 5.06 5.06 5.03 5.02 5.01 5.00 

Radiative Transfer 5.02 5.01 4.92 4.91 4.84 4.84 4.81 4.81 

 τ1 (yr) τ2  (yr) τ3 (yr) τ4 (yr) 

Local Isothermal 3.7 x104 6.0 x104 8.8 x104 1.1 x105 

Radiative Transfer 1.9 x104 2.5 x104 4.8 x104 8.8 x104 

 m1 (Mj) m2 (Mj) m3 (Mj) m4 (Mj)  

Local Isothermal 1.66 1.94 2.25 2.42 

Radiative Transfer 1.61 1.87 2.12 2.23 
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The values of migration timescales for the two local isothermal treatments are similar (9-11) 

x104 yr for AB2010 and (3.71-10.6) x104 yr for our local isothermal run. The radiative transfer 

simulation produced a wider range of migration timescales but the migration timescales are 

consistent with the values obtained in AB2010. The migration rates of planets in the two local 

isothermal runs are very similar to the ones from AB2010 suggesting that our method/code is 

reliable.  

 

Table 4.2: Migration timescales of both simulations presented in this chapter and the values obtained in AB2010. The 

values we obtain are comparable with the ones from AB2010, which suggests that our code is reliable. Our radiative 

transfer values are likely different to those in AB2010 due to the increase in planet mass over the course of the run. 

In the AB2010 RT run the planet mass remained fixed at the initial mass which causes a change in migration timescale 

overall.  

 

 

4.8 Summary 
 

 

After running two test simulations using the parameters laid out by Ayliffe and Bate (2010), our 

similar rates of migration and migration timescales suggest that our code is both suitable and 

reliable for planet migration studies. AB2010 find values of migration timescale for their local 

isothermal model of between 9 and 11 x104 yr. In our simulations our migration timescales 

ranged from between 3.71 and 10.6 x104 yr. These differences are likely due to the different 

type of the sink particles used in AB2010 and this paper. The AB2010 model uses killing sinks, in 

which any particles which enter the radius of the sink are removed from the simulation, and we 

use accreting sinks, in which any particles which enter the sink radius have their mass added to 

that of the sink. This difference in the mass of the planets over the course of the run will give 

rise to slightly different interactions between the planet and the disc.  

 

 

 
 

AB2010 Local 
Isothermal 

AB2010 
Radiative 

transfer (Taken 

from a Graph) 

Local Isothermal 
Radiative 
Transfer 

Migration 
Timescale (yr) 

(9-11) x104 1.5  x104 (4-11) x104 (2-9)x104  
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Chapter 5 
 

Giant Planet Migration in 

Massive Discs 

 
The discovery of gaps in the disc of HL Tau (ALMA Partnership, 2015), a young pre-main 

sequence star still embedded in its parent envelope, opens up the possibility that planets form 

early on during the lifetime of a protostellar disc, while the disc is still relatively massive. In this 

Chapter we will examine the migration of giant planets in massive discs.  

 

5.1 Setting up the discs 
 

 

We produce two different discs in order to compare the migration of planets placed within them. 

Both discs are represented by 2x106 particles and the masses of the discs are set to be 0.07 M 

and 0.1 M, respectively. Each disc is evolved for 3000 yr before a planet is placed into it at 40 

AU initial orbiting radius or 80 AU initial orbital radius (Figure 5.1). We therefore examine a total 

of 4 cases (see Table 5.1). At these initial radii, planets in real protoplanetary discs could form 

due gravitational fragmentation (Rice 2004). The orbits of the planets are initially circular. We 

use accreting sinks for both the star and the planet and set the masses of the sinks to be 1 M 

and 1 MJ, respectively. The disc surface density profile is set using:  

Σ(r) = 3.2𝑥10−4(
𝑟

𝑟0
)−1 MAU-2 

(5.1) 
 

We use the radiative transfer model of Stamatellos et al. (2007) and set the pseudo-background 

temperature profile as: 

𝑇𝑑(𝑅) =  [𝑇0
2 (

𝑅2+𝑅0
2

𝐴𝑈2 )
−0.5

+  102]

1/2

K 

(5.2) 
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The original disc has a radius of R=100 AU with a softening radius set to R0=0.25 AU. The 

temperature at 1 AU is set to T0=250 K. 

 

Figure 5.1: The initial logarithmic surface density profiles of all four discs as a planet it added to them (units g cm-2). 
The planets on the bottom row are of the 0.07 M disc and those on the top row are of the 0.1 M disc. The left two 
plots are of planets initially placed at 40 AU and the right two plots are of planets initially placed at 80 AU. 

 

Run ID Disc mass (M) Planet mass (MJ) Planet initial radius (AU) 

Run 1 0.1 1 40 

Run 2 0.1 1 80 

Run 3 0.07 1 40 

Run 4 0.07 1 80 
 

Table 5.1: The initial parameters of all four runs and how they will be referred to from this point onwards. 
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5.2 – Planet migration within a 0.1-M disc 
 

5.2.1 Surface Density  
 

The density profiles of the two discs show a marked difference in evolution when a planet is 

placed at 80 AU rather than at 40 AU (Figure 5.2). In both cases the planet migrates inwards. The 

80 AU planet opens a gap in the disc that widens quicker that the gap formed by the 40 AU 

planet and the width of the gap in the disc with the 80AU planet is also wider after 15000 yr. 

After 5000 yr the disc with the planet at 80 AU also shows fewer regions of high density beyond 

the inner disc, with the disc with planet at 40 AU. 

 

Figure 5.2: The logarithmic surface density of  the 0.1 M mass disc with the planet initially placed at 40 AU to the 

left and the planet initially placed at 80 AU on the right (in units g cm-2). The density variations of the disc are apparent 
on the plots of the planet initially at 40 AU. Spiral arms can be seen with most prevalence at around 5000 yr. The gap 
opened by the planet at 80 AU is much wider than the gap opened by the planet at 40 AU. 
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5.2.2 Migration within the 0.1-M disc 
 

 

Initially we compare the migration of a planet placed at different initial orbital radii within two 

discs of the same parameters. Within the 0.1 M disc the planet initially at 80 AU shows a rapid 

inward migration within the first 3000 – 4000 years. The inward migration of the planet at 40 

AU is not as fast and after approximately 2000 yr this planet undergoes slight outward migration 

before apparently stabilising at an orbit just beyond its original orbital radius (see Figure 5.3). 

Figure 5.3: The semi-major axes of the two planets within the 0.1 M disc shows initial inward migration for both 
planets. The 80 AU planet (shown in green) has an initial rapid migration and then settles into a stable orbit. The 40 
AU planet (shown in red) initially migrates inwards before starting migrating outwards throughout the rest of the run. 

By looking at the orbits of the two planets (in Figure 5.4) it is clear that the 80 AU initial orbital 

radius planet, despite a large initial inward migration, settles into an almost circular orbit at 

around 55 AU. 

Figure 5.4:  Orbital radii of the two planets within a 0.1 M disc. The undulations in the radius indicate the eccentricity 
of the orbit and whilst these decrease for the 80 AU initial orbital radius planet (shown in green), the 40 AU initial 
orbital radius planet shows an increase in the eccentricity.  



34 
 

5.2.3 Eccentricities of planets within the 0. 1 M disc 
 

The eccentricities of the two planets within this massive disc are very different over the course 

of the 20,000 yr for which we simulate the disc (Figure 5.5). The 80 AU initial orbital radius planet 

settles into a stable orbit with an eccentricity of around 0.03. The 40 AU initial orbital radius 

planet (displayed in red in Figure 5.5 below) shows a very rapid increase in eccentricity especially 

during the final 5000 yr.  

Figure 5.5: The eccentricities of the two planets within the 0.1 M disc. The planet initially at 40 AU (shown in red) 
shows an eccentricity of 0.14 AU after 20 kyr. The decreasing and then almost constant eccentricity of the 80 AU 
initial orbital radius planet (shown in green) shows that it settles into a nearly circular orbit. 

The masses of the two planets both increase due to accretion as they move through the disc 

(Figure 5.6). The initial stages of this accretion should not be considered as being representative 

of a realistic planetary disc as the sink particles are artificially placed within a disc rather than 

being allowed to form self-consistently by one of the methods outlined in Chapter 1.  The levels 

of accretion seen initially are caused by the planet carving out a gap during its first few orbits.  

Figure 5.6: The masses (in M) of the two planets with the planet initially at 40 AU shown in red and the planet initially 
at 80 AU shown in green. Coincidentally both planets are the same mass after 20 kyr despite very different patterns 
of accretion. The pattern of the mass increase on the 40 AU planet indicates interactions with the disc as the bumps 
in the line indicate matter is added to the planet in bursts rather than a steady trickle. This is likely due to the areas 
of high and low density that the 40 AU initial radius planet passes through – see figure 5.8. 
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The accretion on both planets follows similar patterns (Figure 5.7). However, the 80 AU initial 

orbital radius planet is rapidly migrating inwards and takes more time to open up a gap with 

peak accretion taking place at around 2.5 kyr. The 40 AU initial orbital radius planet accretes 

relatively large amounts of mass in bursts, the largest of these occurs at 5 kyr. Despite these 

very different accretion profiles (Figure 5.7) after 20 kyr both planets have the same final mass. 

This is purely by coincidence. (In the 0.07 M disc the two planets show very different masses 

after 20000 yr, see Section 5.2). The peaks in the accretion rates are likely caused by the 

interaction with spiral arms that have formed in the disc due to its massive nature (Figure 5.8). 

The distance between the peaks coincides with the orbital period of the planet suggesting that 

once every orbit it interacts with an area of relatively high density which deposits a larger 

amount of matter onto the planet.  

Figure 5.7: The accretion rates onto planets in the two simulations. The initial peak (around 2.5 kyr) of the accretion 
rate onto the planet initially at 80 AU (shown in green) is caused by the rapid inward migration of the planet gaining 
access to fresh material as it moves through the disc. The peaks seen in the planet initially at 40 AU are caused by 
interactions with the wakes of the planet moving though the disc shown in Figure 5.8 below. 

Figure 5.8: The inner region of the 0.1M disc with a planet originally placed at 40 AU. The wakes caused by the planet 
moving through the disc can clearly be seen (indicated by the arrow), including an area of high density which 
intercepts the orbit of the planet causing increased accretion and sudden bursts of new mass being added to the 
planet as shown by the bumps in the line on the graph in figure 5.6. 



36 
 

Initially the accretion rate onto the star in the 0.1 M disc (Figure 5.9) follows the same pattern 

of decrease for both runs, however at around 2.5 kyr the rate of accretion on the star from the 

disc in which the planet is initially at 40 AU remains high and even increases halfway through 

the run. Due to the proximity of the 40 AU initial orbital radius planet to the star, it can drive 

accretion onto the central star. 

Figure 5.9:  Accretion onto the star in the 0.1 M disc with the planet initially at 40 AU shown in red and the planet 
initially at 80AU shown in green. The perturbations in the disc caused by the closer orbit of the 40 AU initial orbital 
radius planet cause more material to be accreted onto the star and the planet in closer proximity drives accretion as 
it forces matter inwards with its wake. The accretion onto the star in the disc of the planet initially at 80 AU continues 
to decrease throughout the course of the run. 

 

5.3 – Planet migration within a 0.07 M disc  
 

 

We now examine the migration of planet within a lower mass disc, i.e. with a mass of 0.07 M 

(Figure 5.10). The way that planets within a 0.07 solar mass disc (Figure 5.10) alter the disc’s 

evolution is markedly different depending on the location of the planet within the disc. At 5000 

yr the planet at 80 AU has already opened a gap in the disc (although it is not fully formed yet) 

whereas at the same time interval the planet at 40 AU has had a far less dramatic impact on the 

disc’s structure. Between 10,000 yr and 15,000 yr in both runs there is not a significant 

difference in the appearance of the disc, suggesting that it has reached a steady state and not 

much migration takes place. The 80 AU planet disc, has expanded considerably beyond its initial 

100 AU and has a less dense and less compact central region. The 40 AU planet disc has a region 

of high density outside the gap opened up by the planet. 
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Figure 5.10: Logarithmic surface density profiles (in g cm-2) of the runs with a 0.07 M disc. The two planets show 
different behaviours. The plots on the right are of the planet initially placed at 80 AU and show that the planet opens 
of up a very large gap between 5 and 10 kyr. The final density of the rest of the disc is also far lower than that in the 
disc with the planet initially at 40 AU. Unlike the planet initially at 40 AU in the 0.1 M disc strong wakes have not 
formed in this disc due to its smaller mass. The 80 AU planet disc has a far less dense, more diffuse disc exterior to 
the planet compared with the 40 AU planet disc. 

 

Within the 0.07 M disc, the planet initially at 80 AU shows a rapid inward migration over the 

next 2,500 yr of the run (Figure 5.11). The 80 AU initial orbit planet then gradually migrates 

outwards until the end of the simulation. Over the 20 kyr of the simulation, the total inward 

migration of this planet is less than 10 AU. The planet with an initial orbital radius of 40 AU shows 

very small changes in its orbital radius throughout the simulation. Despite some minor 

fluctuations in the semi major axis of the planet its orbit remains stable at just under 40 AU. 
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Figure 5.11: The semi major axes of the two planets over the duration of the runs. The planet initially at 80 AU (shown 
above in green) has rapid initial inward migration as it clears the disc in its immediate vicinity. Migration then becomes 

outward but slower. The planet initially at 40 AU (shown in red) has a total inward migration of about 2-3 AU.  
 

In both runs the oscillations in their orbits increase over time suggesting both planets obtain a 

slightly more elliptical orbit (Figure 5.12). This is most pronounced in the planet initially at 40 

AU.  

 

Figure 5.12:  A comparison of the orbital radii of both planets when placed into a 0.07 M disc. The 40 AU initial 
orbital radius planet (red) shows greater undulations on the graph above. Overall the migration of the 40 AU planet 
is very minimal with almost no overall migration from its original 40 AU radius. The initial inward migration of the 
planet initially at 80 AU (green) can also be seen for the first 2-3 kyr of the simulation. The undulations in both lines 
represent the eccentricity of the planets. 
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When we compare the eccentricities (Figure 5.13) of the two planets there are peaks in the 

eccentricity of the planet initially at 80 AU for the first 5,000 yr. These are due to the relatively 

rapid inward migration experienced by this planet once it is established within the disc. The 

planet initially at 40 AU shows an exceptionally low value of eccentricity before rising relatively 

sharply to a value of approximately 0.08.  

Figure 5.13: The eccentricities of the two planets in the lower mass disc with the planet initially at 40 AU shown in 
red and the planet initially at 80 AU shown in red. The 40 AU planet’s eccentricity becomes relatively high after being 
exceptionally low for the first half of the run. Despite this rapid rise these are still low values for eccentricity and 
represent an almost circular orbit.  

 

The masses of both planets (Figure 5.14) increase. The planet initially at 80 AU showing a much 

greater mass increase that the planet initially at 40 AU. As the planet at 80 AU initial radius is 

migrating inwards it is constantly encountering new material which accretes onto it. Due to the 

minimal migration of the 40 AU initial orbital radius planet it quite quickly accretes all the matter 

on its orbit and thereafter the accretion rate onto it slowly decreases. 

Figure 5.14: The increase in masses of the two planets over the course of the simulations. The increase in mass of the 
planet initially at 40 AU (shown above in red) is steady and has an almost constant gradient throughout. The 80 AU 
initial orbital radius planet has a rapid increase in mass between around 2,000-5,000 yr, before settling to a rate of 
mass increase very similar to that of the 40 AU initial orbital radius planet. 
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The accretion rates (Figure 5.15) show a large increase during the gap opening phase and then 

rapid decrease for the planet initially at 80 AU. This aligns with both the mass increase of the 

planet (Figure 5.14) and the migration of the planet (Figure 5.11). As the 80 AU initial orbital 

radius planet migrates inwards and carves through the disc it has access to more material than 

would have been available if no migration took place. As the 40 AU initial orbital radius planet 

does not migrate much, it does not have access to the larger amounts of disc material and 

therefore shows lower accretion rates (at least for the initial phases). 

Figure 5.15: The logarithmic accretion rates of the planets within the lower mass disc with the planet initially at 40 
AU shown in red and the planet initially at 80 AU shown in green. Both show artificially high rates of accretion at the 
very early stages of the simulation due to the planets being placed within a relaxed disc rather than being created 
within the disc.  Over the first 3 – 4 kyr the 80 AU planet undergoes a very large accretion rate before steadily 
declining. The 40 AU planet has a much more erratic accretion pattern, especially over the last 5000 yr of the run. 

In the 0.07 M disc (as with the 0.1 M disc) the pattern of accretion on to the star (Figure 5.16) 

is initially almost identical for both the planets initially at 80 AU and for the planet initially at 40 

AU. The disc with the 40 AU initial orbital radius planet however maintains a relatively much 

higher rate of accretion onto the star. This is likely because the planet is driving accretion onto 

the central star due to its orbit being much closer to the star.  

 
Figure 5.16: Accretion onto the star in the disc with a planet placed at 40 AU (shown about in red) is almost double 
that of the disc with a planet initially placed at 80 AU (shown above in green). As with the 0.1M discs the disc with 
the planet at a smaller orbital radius sustains a higher rate of accretion, likely due to the planet driving matter inwards 
towards the star. 
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5.4 - Comparison of the simulations of planet migration in 

massive discs. 
 

 

We will refer to the simulations as outlined in Table 5.1. There are many similarities between 

discs in all simulations, however the evolved discs look very different after 20 kyr (Figure 5.19). 

The more massive discs have more evident spiral structure; this is especially the case in the Run1 

disc where spiral arms are the more pronounced. In the lower mass discs, Run4 opens a huge 

gap as it migrates inwards. The gap opened by the Run3 planet is considerably smaller as the 

planet barely undergoes any migration and therefore cannot accrete much gas. 

Figure 5.17: Surface density plots of the four simulations after 500 yr (with units g cm-2). The plots on the left are 

the 0.1 M disc and on the right are the 0.07 M. The top two plots are of the planets initially at 40 AU and the bottom 

two are for the planets initially at 80 AU. There are many similarities between the discs with the planets with similar 

initial orbital radii although the disc in the top left shows the most defines wakes of all four of the runs at this stage.  
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Figure 5.18: The four simulations after 12,500 yr (surface density in units g cm-2). The plots on the left are the 0.1 

M disc and on the right are the 0.07 M. The top two plots are of the planets initially at 40 AU and the bottom two 
are for the planets initially at 80 AU. Gaps are starting to form along the orbits of the planets. In the plots of planets 
initially at 40 AU the weak outline of spiral arms can be seen. 

Figure 5.19: The four simulations after 20,000 yr (surface density in units g cm-2). The plots on the left are the 0.1 

M disc and on the right are the 0.07 M. The top two plots are of the planets initially at 40 AU and the bottom two 

are for the planets initially at 80 AU. Gaps are now fully formed and there is a significant difference between them. 

The higher mass disc plots show more structure within the disc and the lower mass discs show less pronounced dense 

regions. 
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The semi-major axes (Figure 5.20 and Table 5.2) of the two planets with an initial orbital radius 

of 80 AU follow a very similar pattern of migration. However, both the rate of migration and the 

decrease in radius of the Run2 planet is greater than that of the Run4 planet. The 0.1 M disc 

will be denser than the 0.07 M disc as there is more mass in the same disc volume. This allows 

a better transfer of angular momentum through the disc for the Run2 planet and also will cause 

an increased torque on the inner edge of the gap compared to the Run4 planet. Both planets 

stabilise and very slowly start to migrate outwards from around 3 kyr to the end of the 

simulations. The planets initially at 40 AU do not show a similar pattern to each other (or to the 

planets initially at 80 AU.) The migration of the Run3 planet is minimal; however, the migration 

of the Run4 planet is erratic, initially showing a relatively quick inward migration before 

migrating outwards beyond its original orbit (shown in Figure 5.20 in red).  

Figure 5.20: A comparison of all four planets’ semi major axes over 20 kyr. All planets show initial inward migration, 

as they open up a gap, and all but the run3 planet show gradual outward migration over the remainder of the 
simulation. (Colours: Run1  Red, Run2  Green, Run3 blue, Run4Purple). 

 

Table 5.2: The semi-major axis, α, of the planets in the four different runs at set time intervals throughout the 20 kyr 

evolution of the disc. The Run1 planet shows an overall trend towards outward migration with the semi major axis of 

this planet being greater at the end of the simulation that it was at the start of the run. All other runs show overall 

inward migration. However, both Run2 and Run4 show slight outward migration after 6000 yr.  

 

Time (yr) 1000 2000 3000 4000 6000 8000 15000 17000 

 
α 1  

(AU) 
α 2  

(AU) 
α 3  

(AU) 
α 4  

(AU) 
α 5  

(AU) 
α 6  

(AU) 
α 7  

(AU) 
α 8  

(AU) 

Run1 37.6 34.9 35.5 34.9 37.1 38.3 41.2 41.6 

Run2 75.7 63.8 52.9 53.1 52.7 53.9 55.4 55.5 

Run3 38.9 38.7 38.4 38.4 38.6 38.9 38.4 38.4 

Run4 77.3 69.8 67.1 68.2 68.6 68.6 69.6 70.0 
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The eccentricity of all four planets increases over time (Figure 5.21). The Run1 planet shows the 

greatest eccentricity. The spiral arms consist of regions of relatively high density which form due 

to the massive nature of the disc. The variation between these high density and lower density 

regions (the regions of the disc which follow the general density profile) will be greatest at 

smaller radii from the centre of the disc which means that the Run1 planet will be most strongly 

influenced by these regions and their gravitational pull. As the planet interacts with the spiral 

arms of the disc its orbit will be pulled into a more elliptical shape.  

Figure 5.21: The eccentricities of all four planets over the course of the simulations. The two planets initially at 80 AU 
(shown here in blue and green) show the least change in eccentricity with the Run1 planet (shown in red) showing 
the greatest increase in orbital eccentricity. Despite this seemingly large increases, these values are very low and 
represent a near circular orbit.  

 

As we would expect the planets placed within the 0.1 M disc show the greatest mass increase 

(Figure 5.22); over the course of 20 kyr their mass becomes 26 times its original value. Due to 

the disc being more massive the planet can accrete more gas during each orbit. The planets 

within the 0.07-M disc show a smaller increase in mass as the disc mass is smaller. The final 

masses of the planets are shown in Table 5.3. When we compare the final masses, we see that 

the only two planets showing similar masses are the Run2 and the Run4 planets.  

The overall pattern of mass increase (Figure 5.22) is similar for these two planets and as 

expected the planet within the 0.1 M disc has a larger mass after 20 kyr than the planet within 

the 0.07 M disc simply due to more material being available to accrete onto the planet. Whilst 

most planets have a smooth increase in mass with the largest increase happening at the 

beginning of each run, the Run1 planet has sections of exceptionally quick increase in mass (this 

is especially clear at around 5,000 yr – Figure 5.22). The amount of migration which the Run1 

planet experiences would not lead to such a large increase in mass if it were not for the regions 

of relatively very high density it interacts with.  
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Figure 5.22: The mass of all 4 planets increases markedly throughout the simulation. The two planets initially at 80AU 
show a similar pattern to their mass increase, with the greatest rate of change being during their migration phase. All 
planets except that in Run1 have a similar mass-gradient from around 10 kyr, indicating that the accretion rates of 
gas onto them are similar. The Run1 planet is likely different due to it having the greatest interaction with its own 
wakes in the more massive of the two discs.  
 
The masses of many of these planets by the end of the simulation suggest that they may be 

massive enough to be considered brown dwarfs. Runs 1, 2 and 4 “planets” all have masses above 

13 MJ suggesting that they would be capable of deuterium fusion (The IAU considers an object 

with a mass above the limiting mass for thermonuclear fusion of deuterium to be a brown 

dwarf). Above about 0.08M the object can fuse hydrogen and is considered a star.  Table 5.3 

shows the final masses of the planets of all four runs.  

 

 

 

 

Table 5.3: The final masses of the four planets it is purely coincidental that the two planets in run1 and run2 have 
such similar final mass values. In figure 5.22 these two runs appear to end at the same value however using the data 
directly it can be seen that there is a difference of around 1Mj (to two significant figures) between them. 

 

The accretion rates of all four planets (Figure 5.23) show a similar initial pattern of a large peak 

followed by lower accretion rates for the rest of the simulations. The planets that migrate the 

most show the highest amounts of accretion during their phases of migration. Once again the 

exception to this rule is the Run1 planet which has a very erratic pattern of accretion. These 

  Mfinal (Mj)  

run1 25 

run2 26 

run3 10 

run4 16 
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peaks occur at regular intervals in line with the orbital period of the planet. As the Run1 planet 

orbits it will regularly interact with the spiral arms that have formed in the disc. This also takes 

place in the Run3 planet’s orbit but as the mass of the disc is much lower the spiral arms are 

considerably less defined, so they produce a weaker effect (Figure 5.23). 

Figure 5.23: The mass of the disc and the initial radius of the planet has a very marked difference on the accretion 
rates of the planets. Despite all having peaks within 5,000 yr, due to their initial migration and gap opening, the 
accretion patterns of the planets are very different. 

The accretion onto the central star in the four simulations (Figure 5.24) shows a very similar 

pattern between the two discs. In the case of both discs with planets initially at 40 AU the 

accretion rate onto the star is greater than it is in the case of the discs with the planets initially 

at 80 AU. This is because the relatively closer orbits drive accretion onto the star. The planets at 

80 AU have far less influence over the material at the centre of the disc and therefore do not 

drive as much material towards the star. 

Figure 5.24: The accretion rate onto the star for all four simulations. The rates of accretion for the star in the lower 
mass disc (shown in purple and blue) are less than those in the higher mass disc (shown in red and green). This is 
simply due to less material being available for accretion in the lower mass disc. In both of the discs with the smaller 
orbital radius planet, accretion onto the star is greater than in the discs with a more distant planet and the planet 
cannot drive accretion from such distances. 

           40AU 
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Comparing the migration timescales (Table 5.4) and the rates of migration (Table 5.6) for each 

of the four runs shows that initially the migration is inwards but after a gap is opened up is 

mostly outwards. However, only in one case does this lead to a final orbital radius greater than 

the initial orbital radius. Run2 shows the most rapid migration which takes place right at the 

start of the run (between 1 and 2 kyr) at a rate of approximately 0.12 AU / yr. 

 

 

 

Table 5.4: The migration timescales at the times listed in Table 5.3 of the four planets show that the migration is 
mostly outwards after an initial burst of inward migration. Inward migration is shown in green and outward migration 
is shown in red. These are the migration timescales of each of the planets taken at the same four times after the initial 
2000 yr of the run. This is done so the planet and disc are settled into their orbit and the sudden, very high accretion 
rates caused by the planet being placed into a fully formed disc aren’t taken into account.   
 
 
 
 
 
 
 
 
 
 
 
 
 
Table 5.5: The rates of migration at the times listed in Table 5.3 for each of the runs shows both inward (shown in 
green) and outward (shown in red) migration throughout the simulation. These rates of migration are calculated by 
dividing the change in semi-major axis between two times by the amount of time that has passed. Each of the 
migration rates in the table above are averages taken over 1000 yr timeframe. The minus sign simply indicates the 
direction of migration is not inwards. Initially Run2 shows the highest rate of migration, moving inwards at a rate of 
0.01 AU per year.  
 
  

5.5 Comparisons with other studies 
 

The findings in all four of our runs are in line with findings of previous studies however this is 

the first time such studies have been carried out using the radiative transfer method in massive 

discs. Migration timescales are similar to those of previous studies, with values between 6 x 103 

and 2 x 105 initially.  Studies by Stamatellos (2015), Baruteau et al. (2011) and Michael et al. 

(2011) found initial migration time scales to be in the order of ∼ 104 years. We find that our 

planets initially migrate inwards as predicted by previous studies with a migration timescale 

between 1.7 and 2.6 × 104 yr as in Stamatellos 2015 where radiative transfer is included (as in 

this study). In contrast with previous studies (e.g. Michael et al. 2011, Baruteau et al. 2011) we 

find that the planet is able to open gap and the migration slows downs and even reverses to an 

  τ1 (yr) τ2  (yr) τ3 (yr) τ4 (yr) 

Run1 1 x104 5 x104 - 6 x104 - 2 x105 

Run2 6 x103 - 3 x105 - 9 x104 - 7 x105 

Run3 2 x105 - 7 x106 - 3 x105 - 2 x107 

Run4 1 x104 - 6 x104 - 7 x106 - 4 x105 

  Rate of migration AU / yr 

Run1 3 x10-3 -6 x10-4 7 x10-4 -1 x10-3 -6 x10-4 -4 x10-4 -2 x10-4 

Run2 1 x10-2 2 x10-2 -2 x10-4 2 x10-4 -6 x10-4 -2 x10-4 -8 x10-5 

Run3 2 x10-4 3 x10-4 -6 x10-6 -9 x10-5 -1 x10-4 6 x10-5 -3 x10-6 

Run4 8 x10-3 3 x10-3 -1 x10-3 -2 x10-4 -1 x10-5 -1 x10-4 -2 x10-4 
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outward migration. Therefore, planets forming early on are able to survive on a wide orbits. 

However, many of them accrete enough mass to become brown dwarfs. 

 

5.6 Summary 
 

After running four simulations we found that planets will show the greatest inwards migration 

during the first few kyr. In all cases this migration slows and reverses leading to a steady outward 

migration for the rest of the run. Initial migration timescales were in the same order as those 

found in previous studies ~104 yr, however after around 5 kyr these migration timescales 

became negative ie the migration is outwards. We also see a significant mass increase of all 

planets, with most becoming brown dwarfs of mass greater than 13Mj.  
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Chapter 6 

Conclusions 
 

 

We used SPH to study giant planet migration in massive protostellar discs. Our main goal was to  

study the migration of giant planets that are initially on wide orbits (~50 AU) in newly formed 

protostellar discs. Such planets may have formed by disc fragmentation very early after the 

formation of the disc. At this early phase protostellar discs are relatively massive (~0.1 - 0.3 M


) 

and therefore are close to being gravitationally unstable (e.g. Stamatellos et al. 2011). 

 

We set up the disc by balancing vertically to the disc midplane the thermal pressure of the disc 

with the gravity of the star and the disc self-gravity. The disc is then evolved using the SEREN 

Smoothed Particle Hydrodynamics code for three orbits of the outer edge of the disc. This 

creates a more random and natural distribution of SPH particles. A second sink particle is then 

added to act as the planet and the disc is then further evolved using SEREN. From this we can 

calculate the migration profile of the planets. 

 

We tested our code by comparing our findings to those of previous studies (Ayliffe & Bate 2010). 

We then compared the migration timescales of giant planets in low-mass discs with the ones 

found by AB2010 for locally isothermal discs and for discs where the radiative transfer is taken 

into account. The values which are calculated in our runs are within the same range as those 

calculated in AB2010, suggesting that our code is suitable for use with this study.  

 

We studied the giant planet migration in massive discs and the effect of disc mass and planet 

initial orbital radius, by comparing two initial orbital radii and then two different disc masses to 

see what affect this has on the final mass, location and migration timescale of the planets.  
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All planets showed rapid initial inward migration. At this point the planets were completely 

surrounded by the disc and underwent Type I migration inwards. In all cases, a gap is opened 

due to the planet accreting gas material within its orbit. Once this gap is opened, we see a very 

slow outward migration.  Therefore, planets are able to survive on a wide orbits but they may 

accrete enough mass to become brown dwarfs. This is in contrast with previous studies that find 

that planets do not open up a gap and migration does not stop.  

 

As this study only ran simulations for 20 kyr, we cannot say that this outward migration would 

continue for the rest of the life span of the disc, however this outward migration could help to 

explain the existence of giant planets in very wide orbits ~100 AU, which are currently being 

observed in our Galaxy (e.g. Bailey et al. 2014; Rameau et al. 2013; Galicher et al. 2014; Kraus et 

al. 2014).  

 

We find that a planet initially at a large orbital radius will migrate rapidly inwards due to Type I 

migration and direct interaction with the disc. The more massive the disc, the more rapidly the 

planet migrates inwards. In this study, the planets initially at a radius of 80 AU undergo the 

highest rate of migration whilst the planet, initially at 40 AU in the lower mass disc, undergoes 

very little inwards migration. In comparison the 40 AU initial orbital radius planet in the 0.1 M 

disc shows a rapid inward migration, followed by an outward migration which leaves it at a final 

orbit greater than its initial orbit; an overall outward migration. 
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