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A COMPARATIVE STUDY OF DISPLACED NON-KEPLERIAN
ORBITS WITH IMPULSIVE AND CONTINUOUS THRUST

Jules Simo∗

A study of novel families of highly non-Keplerian orbits (NKO) for spacecraft
utilizing either solar sail or solar electric propulsion (SEP) at linear order are in-
vestigated in the circular restricted three-body problem (CRTBP). In addition to a
detailed investigation of the dynamics and control of highly NKO, effort will be
devoted to develop a strategy that uses maneuvers executed impulsively at discrete
time intervals. Thus, impulse control is investigated as a means of generating
displaced orbits. In order to compare the continuous thrust and impulse control
orbits, linearized equations of motion will be considered for small displacements.
The requirements for impulse control and continuous thrust for different values of
out-of-plane distance are presented.

INTRODUCTION

The use of solar electric propulsion (SEP) technology becomes a realistic option for designing
trajectories in interplanetary missions. The topics covered in this paper are the results of displaced
periodic orbits in the Earth-Moon system in which the third body uses a hybrid solar sail. The
hybrid sail model is composed conjointly with the two low thrust propulsion, namely a solar sail
and a solar electric propulsion.

Also a solar sail is propelled by reflecting solar photons and therefore can transform the momen-
tum of the photons into a propulsive force. Solar sailing technology appears as a promising form
of advanced spacecraft propulsion, which can enable exciting new space-science mission concepts
such as solar system exploration and deep space observation. Although solar sailing has been con-
sidered as a practical means of spacecraft propulsion only relatively recently, the fundamental ideas
are by no means new (see McInnes1). Solar sails can also be utilised for highly non-Keplerian or-
bits, such as closed orbits displaced high above the ecliptic plane (see Waters and McInnes2). Solar
sails are especially suited for such non-Keplerian orbits, since they can apply a propulsive force
continuously over indefinitely long periods, although only capable of very low thrust. This form of
propulsion utilizes the pressure of sunlight and can provide energy changes greater than are possible
with either ion or chemical propellants. This allows some exciting and unique trajectories (see Simo
and McInnes3, 4, 5, 6, 7, 8, 9, 10, 11, 12). In such trajectories, a sail can be used as a communication satellite
for high latitudes. For example, the orbital plane of the sail can be displaced above the orbital plane
of the Earth, so that the sail can stay fixed above the Earth at some distance, if the orbital periods
are equal. Orbits around the collinear points of the Earth-Moon system are also of great interest
because their unique positions are advantageous for several important applications in space mission
design (see e.g. Szebehely13, Roy,14 Vonbun,15 Thurman et al.,16 Gómez et al.17, 18).
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In the recent years several authors have tried to determine more accurate approximations (quasi-
Halo orbits) of such equilibrium orbits19. The orbits were first studied by Farquhar20, Farquhar and
Kamel19, Breakwell and Brown21, Richardson22, Howell23, 24. Halo orbits near the collinear libra-
tion points in the Earth-Moon system are of great interest, particulary around the L1 and L2 points
because their unique positions. However, a linear analysis shows that the collinear libration points
L1, L2, and L3 are of the type saddle× center× center, leading to the instability in their vicinity,
whereas the equilateral equilibrium points L4, and L5 are stable (center × center × center).

Due to the fact that the same face of the Moon always faces the Earth, a relay station is needed
for communications with the far side of the Moon. Thus, Farquhar suggest to position one commu-
nications sattelite in a halo orbit near the L2 point.

If the orbit maintains visibility from Earth, a spacecraft on it (near the L2 point) can be used
to provide communications between the equatorial regions of the Earth and the lunar poles25, 26, 27.
Moreover, if another communications satellite is located at the L1 point, there could be continuous
communications coverage between the equatorial region of the Earth and the lunar surface.

The establishment of a bridge for radio communications is crucial for forthcoming space mis-
sions, which plan to use the lunar poles. McInnes28 first investigated a new family of displaced solar
sail orbits near the Earth-Moon libration points. In Baoyin and McInnes29, 30, 31 and McInnes28, 32,
the authors describe the new orbits which are associated with artificial lagrange points in the Earth-
Sun system. These artificial equilibria have potential applications for future space physics and Earth
observation missions33. In McInnes and Simmons34, the authors investigate large new families of
solar sail orbits, such as Sun-centered halo-type trajectories, with the sail executing a circular orbit
of a chosen period above the ecliptic plane. In our study, we will demonstrate the possibility of
such trajectories in the Earth-Moon system. As will be shown in the present study, there exist a new
family of solar sail displaced periodic orbits in the Earth-Moon restricted three-body problem.

The first-order approximation is introduced for the linearized system of equations. The Laplace
transform is used to produce the first-order analytic solution of the out-of plane motion. This paper
investigates displaced periodic orbits at linear order in the circular restricted Earth- Moon system
(CRTBP), where the third massless body utilizes a hybrid of solar sail and a solar electric propulsion
(SEP). In particular, periodic motions in the vicinity of the Lagrange points in the Earth-Moon
system will be explored along with their applications. The idea of combining a solar sail with an
auxiliary system (SEP) to obtain a hybrid sail system is important especially due to the challenges of
performing complex trajectories. The hybrid sail Earth-Moon system differs greatly from the Earth-
Sun system as the Sun line direction varies continuously in the rotating frame and the equations of
motion of the sail are given by a set of nonlinear non-autonomous ordinary differential equations.
Firstly we describe the dynamic model of the hybrid sail. The study of the behaviour of dynamical
system by means of appropriate feedback laws in control theory Then, a feedback linearization
control scheme is proposed and implemented. The main idea of this approach is to cancell the
nonlinearities and to impose a desired dynamics. Nevertheless, the internal dynamics of the system
is not always stable, therefore, we introduce a linear force opposing the velocity for damping the
oscillations.

SYSTEM MODEL

In this work, we will assume thatm1 represents the larger primary (Earth),m2 the smaller primary
(Moon) and the motion of the hybrid sail which has a negligible mass will be considered. These
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Figure 1 Schematic geometry of the Hybrid Sail in the Earth-Moon circular re-
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Figure 2 Angle γ between the Hybrid Sail surface normal n and the Sun-line direction
S, and SEP thrust vector direction m.

two massive bodies (primaries) are assumed to rotate about their common center of mass and the
mass of the third body is too small to affect the motion of the two more massive bodies. The system
is normalized such that the total mass (m1 + m2) is the unit mass, and the unit of length is the
distance between the primaries. Thus, the orbital period of the system becomes 2π. The dashed line
in Figure 1 is a line parallel to the Sun-line direction. The angle γ between the hybrid sail surface
normal n and the Sun-line direction S can be seen in Figure 2.

Equations of Motions in Presence of the Hybrid Sail

The nondimensional equation of a motion of a hybrid sail in the rotating frame of reference is
described by

d2r
dt2

+ 2ω × dr
dt

+∇U(r) = aS + aSEP , (1)

where ω = ωẑ (̂z is a unit vector pointing in the direction z) is the angular velocity vector of the
rotating frame and r is the position vector of the hybrid sail relative to the center of mass of the
two primaries. Again, the small annual changes in the inclination of the Sun-line with respect to
the plane of the system will not be considered. The three-body pseudo-potential U(r), the solar
radiation pressure acceleration aS and the nondimensional acceleration due to the SEP thruster
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aSEP are defined by

U(r) = −
[

1
2
|ω × r|2 +

1− µ
r1

+
µ

r2

]
,

aS = a0(S · n)2n, (2)

aSEP = aSEPm, (3)

where µ is the mass ratio for the Earth-Moon system. The hybrid sail position vectors w.r.t. m1 and
m2 respectively (see Figure 1), are defined as r1 = [x+ µ, y, z]T and r2 = [x− (1− µ), y, z]T , a0

is the magnitude of the solar radition pressure acceleration exerted on the hybrid sail and the unit
vector n denotes the thrust direction, aSEP is the acceleration from the SEP system and the unit
vector m denotes the thrust direction. The sail is oriented such that it is always directed along the
Sun-line S, pitched at an angle γ to provide a constant out-of-plane force. The unit normal to the
hybrid sail surface n and the Sun-line direction are given by

n =
[

cos(γ) cos(ω?t) − cos(γ) sin(ω?t) sin(γ)
]T
, (4)

S =
[

cos(ω?t) − sin(ω?t) 0
]T
, (5)

where ω? is the angular rate of the Sun-line in the corotating frame in a dimensionless synodic
coordinate system.

Linearized System

The dynamics of the hybrid sail in the neighborhood of the libration points will now be in-
vestigated. The coordinates of the equilibrium point are defined as rL = (xLi , yLi , zLi)

T with
i = 1, · · · , 5. Let a small displacement in rL be δr such that r → rL + δr. The equations for the
hybrid sail can then be written as

d2δr
dt2

+ 2ω × dδr
dt

+∇U(rL + δr) = aS(rL + δr) + aSEP (rL + δr), (6)

and retaining only the first-order term in δr = (ξ, η, ζ)T in a Taylor-series expansion, the gradient
of the potential and the acceleration can be expressed as

∇U(rL + δr) = ∇U(rL) +
∂∇U(r)
∂r

∣∣∣∣
r=rL

δr +O(δr2), (7)

aS(rL + δr) = aS(rL) +
∂aS(r)
∂r

∣∣∣∣
r=rL

δr +O(δr2). (8)

aSEP (rL + δr) = aSEP (rL) +
∂aSEP (r)

∂r

∣∣∣∣
r=rL

δr +O(δr2). (9)

It is assumed that ∇U(rL) = 0, and the accelerations aS and aSEP are constant with respect to
the small displacement δr, so that

∂aS(r)
∂r

∣∣∣∣
r=rL

= 0, (10)

∂aSEP (r)
∂r

∣∣∣∣
r=rL

= 0. (11)

4



The linear variational system associated with the libration points at rL can be determined through
a Taylor series expansion by substituting Eqs. (7) and (8) into (6) so that

d2δr
dt2

+ 2ω × dδr
dt
−Kδr = aS(rL) + aSEP (rL), (12)

where the matrix K is defined as

K = −
[
∂∇U(r)
∂r

∣∣∣∣
r=rL

]
. (13)

Using matrix notation the linearised equation about the libration point (Equation (12)) can be repre-
sented by the inhomogeneous linear system Ẋ = AX + b(t), where the state vector X = (δr, δṙ)T ,
and for which b(t) (a 6 × 1 vector) is equal to the sum of control accelerations of the sail and the
SEP.

The Jacobian matrix A has the general form

A =
(

03 I3

K Ω

)
, (14)

where I3 is a identity matrix, and

Ω =

 0 2 0
−2 0 0

0 0 0

 . (15)

Again, the sail attitude is fixed such that the sail normal vector n, which is the unit vector that is
perpendicular to the sail surface, points always along the direction of the Sun-line with the following
constraint S · n ≥ 0. Its direction is described by the pitch angle γ relative to the Sun-line, which
represents the sail attitude. By making the transformation r→ rL + δr and retaining only the first-
order term in δr = (ξ, η, ζ)T in the Taylor-series expansion where (ξ, η, ζ) are axes attached to the
libration point as shown in Figure 1 (a), the linearized nondimensional equations of motion relative
to the collinear libration points can be written as

ξ̈ − 2η̇ − Uoxxξ = aξ + aSEPξ , (16)

η̈ + 2ξ̇ − Uoyyη = aη + aSEPη , (17)

ζ̈ − Uozzζ = aζ + aSEPζ , (18)

where Uoxx, U
o
yy, and Uozz are the partial derivatives of the gravitational potential evaluated at the

collinear libration points, and the solar sail acceleration is defined in terms of three auxiliary vari-
ables aξ, aη, and aζ . The solar sail acceleration components are again given by

aξ = a0 cos(ω?t) cos3(γ), (19)

aη = −a0 sin(ω?t) cos3(γ), (20)

aζ = a0 cos2(γ) sin(γ), (21)

where a0 is the characteristic acceleration. The SEP acceleration components aSEP are used for
feedback control as described later.
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TRACKING BY FEEDBACK LINEARIZATION

From equation (1) the motion of the hybrid solar sail in the CRTBP is described by the scalar
equations in the form

ξ̈ = 2η̇ + (xL2 + ξ)− (1− µ)
(xL2 + ξ) + µ

r3
1

− µ(xL2 + ξ)− 1 + µ

r3
2

+ aξ + uξ, (22)

η̈ = −2ξ̇ + η −
(

1− µ
r3

1

+
µ

r3
2

)
η + aη + uη, (23)

ζ̈ = −
(

1− µ
r3

1

+
µ

r3
2

)
ζ + aζ + uζ , (24)

where the vector
u(t) =

[
uξ uη uζ

]T (25)

is the applied control acceleration due to the SEP thruster, such that u(t) , aSEP .

To develop a feedback linearization scheme, the motion of the hybrid solar sail moving in the
CRTBP is separated into linear and nonlinear components, such that

ξ̈ = f ξNon−Linear + f ξLinear + aξ + uξ, (26)

η̈ = fηNon−Linear + fηLinear + aη + uη, (27)

ζ̈ = f ζNon−Linear + f ζLinear + aζ + uζ , (28)

where the f functions are defined as the linear and the nonlinear terms in the equations (22), (23)
and (24)

f ξNon−Linear = −(1− µ)
(xL2 + ξ) + µ

r3
1

− µ(xL2 + ξ)− 1 + µ

r3
2

, (29)

f ξLinear = 2η̇ + (xL2 + ξ), (30)

fηNon−Linear = −
(

1− µ
r3

1

+
µ

r3
2

)
η, (31)

fηLinear = −2η̇ + (xL2 + ξ), (32)

f ζNon−Linear = −
(

1− µ
r3

1

+
µ

r3
2

)
ζ, (33)

f ζLinear = 0, (34)

with r1 =
√

((xL2 + ξ) + µ)2 + η2 + ζ2 and r2 =
√

((xL2 + ξ)− 1 + µ)2 + η2 + ζ2.

The solar sail acceleration components are given in equations (19), (20) and (21). The SEP
control u(t) is then selected such that

u(t) =

 uξ
uη
uζ

 = U(t) + ũ(t), (35)
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where

U(t) = −



(xL2 + ξ)− (1− µ) (xL2
+ξ)+µ

r31
− µ (xL2

+ξ)−1+µ

r32
− Uoxxξ

−
(

1−µ
r31

+ µ
r32

)
η − Uoyyη

−
(

1−µ
r31

+ µ
r32

)
ζ − Uozzζ


(36)

is the canceling term and ũ(t) the stabilising term.

The equations (22), (23) and (24) then become

ξ̈ = 2η̇ + Uoxxξ + a0 cos(ω?t) cos3(γ) + ũξ, (37)

η̈ = −2ξ̇ + Uoyyη − a0 sin(ω?t) cos3(γ) + ũη, (38)

ζ̈ = Uozzζ + a0 cos2(γ) sin(γ) + ũζ . (39)

By removing the nonlinear dynamics from the system, the control acceleration vector ũ(t) is de-
termined such that the desired response characteristics of the linear time-invariant dynamics are
produced and so Eq. (37) - (39) are identical to the linear system defined by Eq. (16) - (18). In
particular, it can be ensured that the displacement distance of the periodic orbit is constant, which
provides key advantages for lunar polar telecommunications.

TRACKING A REFERENCE TRAJECTORY

After transforming the nonlinear dynamics into a linear form, one can easily design controllers
for either stabilization or tracking purposes.

Linear Feedback Control

Let us consider the nonlinear system described by

ẍ = f(x, ẋ) + u, (40)

where x ∈ R3 is the position. Let e(t) = x(t)− xref (t) denote the position error relative to some
reference solution, where the reference trajectory

xref (t) =
[
ξref ηref ζref

]T (41)

is given by the analytical solution

ξref (t) = ξ0 cos(ω?t), (42)

ηref (t) = η0 sin(ω?t), (43)

ζref (t) = ζ0. (44)

The term e(t) is then differentiated until the control appears so that

e(t) = x(t)− xref (t), (45)

ė(t) = ẋ(t)− ẋref (t), (46)

ë(t) = ẍ(t)− ẍref (t),
= f(x, ẋ) + u− ẍref (t),
= −λ1ė− λ2e, (47)
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Figure 3 (a) Magnitude of the total control effort about the L1 point; (b) Magnitude
of the total control effort about the L2 point.

and so
u(t) = −f(x, ẋ) + ẍref (t)− λ1ė− λ2e, (48)

where

f =

 f ξNon−Linear
fηNon−Linear
f ζNon−Linear

 (49)

and −λ1ė− λ2e is the stabilizing term.

Trajectory Tracking

Consider the system given by equation (40), where our objective is to make the output x ∈ R3

track a desired trajectory given by the reference trajectory xref ∈ R3 while keeping the position
bounded. Therefore, a control law for the input ũ ∈ R3 will be found, such that starting from any
initial position in a domain D ⊂ R3, the tracking error e(t) = x(t)− xref (t) goes to zero. Hence,
asymptotic tracking will be achieved if a state feedback control law is designed to ensure that e(t)
is bounded and converges to zero as t tends to infinity. Thus, the control law

ũ = −λ1ė− λ2e (50)

yields the tracking error equation

ë + λ1ė + λ2e = 0, (51)

where λ1 and λ2 are chosen positive constants.

EVALUATION OF HYBRID SAIL PERFORMANCE

Evaluation

Let us investigate the performance of a hybrid sail system, constituted by a solar sail combined
with solar electric propulsion. A minimum displacement distance of 1750 km has been considered
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Table 1. Parameters of reference trajectory.

ξ0[km] η0[km] ζ0[km] a0[mms−2]

L1 -422.849 -4108.13 1750 0.16
L2 282.613 -5525.23 1750 0.10

for the simulations, as given in Table 1. This allows the spacecraft to view both the lunar pole
and the Earth for communication applications. The simulation was performed around the collinear
libration points for a period of one month. The magnitude of the total control effort appears in
Figure 3. Thus, the control acceleration effort U(t) required to track the reference orbit while
rejecting the nonlinearities varies up to 0.004 (0.012 mm/s2) for the orbit about L1 and 0.005
(0.014 mm/s2) for the orbit about the L2 point. The control accelerations are continous smooth
signals. The acceleration derived from the solar sail (denoted by aξ, aη, aζ) is plotted in terms
of components for one-month orbits in Figure 4 (a) about L1, Figure 6 (a) about L2, and the SEP
acceleration components appears in Figure 4 (b) about L1, Figure 6 (b) about L2. The control
acceleration effort derived from the thruster (denoted by Uξ, Uη, Uζ) is order of 10−3 - 10−4, while
the acceleration derived from the solar sail is approximately 10−2. The small control acceleration
from the SEP thruster is then applied to ensure that the displacement of the periodic orbit is constant.
The solar sail provides a constant out-of-plane force. Figure 5 (critically damped motion) illustrates
the position error components with e(0) = (−42.28,−410.81, 175)T km, denoted by eξ, eη, eζ
and the velocity error components, denoted by eξd, eηd, eζd, under the nonlinear control and the
SEP thruster around L1. Figure 7 (critically damped motion) shows the corresponding errors in the
position with e(0) = (28.26,−552.52, 175)T km and velocity components around L2.

These figures show that the motion is bounded and periodic. This observation implies that the
augmented thrust acceleration ensures a constant displacement orbit. The orbit resulting from track-
ing the reference orbit using the nonlinear control and the SEP thruster around L1 are also depicted
in Figure 8 (a) and Figure 8 (b) for the orbit around L2 point.

The parameters of the reference trajectory used for the simulations are summarised in Table 1.
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Figure 4 (a) Acceleration derived from the solar sail about the L1 point; (b) Accel-
eration derived from the thruster about the L1 point.
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Figure 6 (a) Acceleration derived from the solar sail about the L2 point; (b) Accel-
eration derived from the SEP thruster about the L2 point.
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Figure 7 (a) Position error components about the L2 point; (b) Velocity Error com-
ponents about the L2 point.
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Propellant Usage

Propellant usage for the SEP thruster is proportional to the total ∆V , which is the integration
over time of the magnitude of the control acceleration produced by using the SEP thruster so that

∆V =
∫ 2π/ω?

0
|u|dt. (52)

The total ∆VTotal over a 5 year mission is given by

∆VTotal = ∆V per orbit× no, (53)

where no is the total number of orbits. Once the total ∆V is computed, the propellant usage can
be found using the rocket equation.

Let us define the mass m of the rocket at a time t, as a function of the initial mass mi, ∆V and
the effective exhaust velocity ve = Isp · g,

m = mie
−∆V/g·Isp . (54)

The mass of propellant is then the difference between the initial and the final masses

mprop = mi −m = mi(1− e−∆VTotal/g·Isp), (55)

where Isp is the specific impulse (≈ 3000 sec for an electric thruster).

Assume a specific impulse of Isp = 3000 sec and an initial mass of mi = 500 kg, it is obtained
from equation (52) the average ∆V per orbit of approximately 23m/s. Then, the total ∆V per orbit
over 5 years is 1536 m/s. The consumed propellant mass is then mprop = 25 kg. The parameters
are summarized in Table 2.

Table 2. Summary of Parameters.

Parameter Description V alue

mi (kg) Initial Mass 500
Isp (sec) Specific Impulse 3000
∆VTotal (m/s) Total ∆V over 5 years 1536
mprop(kg) Propellant Mass Consummed (kg) 25

IMPULSE CONTROL

The displaced orbits investigated in the previous sections may also be generated using impulse
control. The out-of-plane displacement is then achieved by repeatedly reversing the vertical compo-
nent of the spacecraft velocity in a periodic manner. In order to compare the continuous thrust and
impulse control orbits, linearized equations of motion will now be considered for small displace-
ments, as shown in Figure 9. The representation of this technique can be seen in Figure 10. The
nondimensional linearized equations of motion near the collinear libration points are given by
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ξ

(0, 0, ζ0)

ζ

L2

η

∆V

Figure 9. Orbit reference frame for impulse control (Out-of-plane maneuvers).

ξ̈ − 2η̇ − Uoxxξ = aξ, (56)

η̈ + 2ξ̇ − Uoyyη = aη, (57)

ζ̈ − Uozzζ = aζ , (58)

where Uoxx, U
o
yy, and Uozz are the partial derivatives of the gravitational potential evaluated at the

collinear libration points.

For continuous thrust, the required acceleration components for displaced artificial equilibrium
solutions may be obtained from Eqs. ((56)-(58)) as

aξ = −Uoxxξ,
aη = −Uoyyη,
aζ = −Uozzζ.

Out-of-plane Maneuvers

In order to maintain an out-of-plane displacement, repeated vertical impulses are required such
that ζ(0) = ζ(T ) = ζ0, where T is the period between impulses. It is found that
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ζ
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Figure 10. Impulse control scheme.

cos(ωζT ) +
ζ̇0

ωζζ0
sin(ωζT ) = 1, (59)

ζ̇0

ωζζ0
=

1− cos(ωζT )
sin(ωζT )

, (60)

ζ̇0 = ωζζ0

[
1− cos(ωζT )

sin(ωζT )

]
. (61)

Thus, the required initial out-of-plane velocity reduces to

ζ̇0 = ωζζ0 tan
[
ωζT

2

]
. (62)

There is an important symmetry in these equations of motion given by ζ̇(T ) = −ζ̇(0). This
symmetry can thus be exploited, in a standard way, to obtain the effective out-of-plane acceleration
āζ by the repeated impulses. More explicitly

āζ ≈
∆Vζ
T

=
2ζ̇0

T
, (63)

and

āζ =
2ωζζ0

T
tan

[
ωζT

2

]
. (64)

Let us assume now that the time between impulses is small. In this case, the effective out-of-plane
acceleration can be approximated as
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ζ

L2

η

(ξ0, 0, 0)

(0, η0, 0)

∆V

∆V

Figure 11. Orbit reference frame for impulse control (in-plane maneuvers).

āζ ≈ ω2
ζζ0 +

1
12
ω4
ζζ0T

2 + . . . (65)

The relative displacement is given by

∆ζ = ζmax − ζ0,

= ζ

(
T

2

)
− ζ0,

= −ζ0

[
1− cos

(
ωζT

2

)]
+
ζ̇0

ωζ
sin
(
ωζT

2

)
,

= −2ζ0 sin2

(
ωζT

4

)
+
ζ̇0

ωζ
sin
(
ωζT

2

)
. (66)

By the use of equation (62), equation (66) can be rewritten as

∆ζ = ξ0

[
− 2 sin2

(
ωζT

4

)
+ sin

(
ωζT

2

)
tan

(
ωζT

2

)]
. (67)

In-plane Maneuvers

Assume that a radial displacement has been performed, then the following conditions will be used
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ξ(0) = ξ(T ) = ξ0, (68)

η(0) = η(T ) = η0. (69)

The representation of this technique is given in Figure 11. It is obtained for the in-plane motion,
respectively

ξ(0) = A3 +A4 = ξ0, (70)

ξ(T ) = A3e
λ3T +A4e

λ4T = ξ0, (71)

and

η(0) = B3 +B4 = η0, (72)

η(T ) = B3e
λ3T +B4e

λ4T = η0. (73)

In matrix form the system of equations above can be written as

[
1 1

eλ3T eλ4T

] [
A3

A4

]
=
[
ξ0

ξ0

]
, (74)

and [
1 1

eλ3T eλ4T

] [
B3

B4

]
=
[
η0

η0

]
. (75)

Solving equation (74) (resp. equation (75)) for A3 and A4 (resp. for B3 and B4), yields the
coefficients A3, A4, B3 and B4

[
A3

A4

]
=

1
−eλ3T + eλ4T

[
eλ4T −1
−eλ3T 1

] [
ξ0

ξ0

]
, (76)

[
B3

B4

]
=

1
−eλ3T + eλ4T

[
eλ4T −1
−eλ3T 1

] [
η0

η0

]
, (77)

and

A3 =
ξ0

−eλ3T + eλ4T

(
eλ4T − 1

)
, (78)

A4 =
ξ0

−eλ3T + eλ4T

(
− eλ3T + 1

)
, (79)
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Table 3. Requirements for displaced lunar orbits.

Altitude(km) 1750 2000 2500

a0 (mms−2) 0.1 0.11 0.14
∆V a (ms−1) 23 26 32
∆V b (ms−1) 24.19 27.64 34.56

a Accumulated ∆V for low-thrust propulsion.

b Accumulated ∆V per orbit for impulse control (4 impulses per orbit).

B3 =
η0

−eλ3T + eλ4T

(
eλ4T − 1

)
, (80)

B4 =
η0

−eλ3T + eλ4T

(
− eλ3T + 1

)
. (81)

Thus, the required initial velocity components are given respectively by

ξ̇(0) = λ3A3 + λ4A4,

=
ξ0

−eλ3T + eλ4T

[
λ3(eλ4T − 1) + λ4(−eλ3T + 1)

]
, (82)

η̇(0) = λ3B3 + λ4B4,

=
η0

−eλ3T + eλ4T

[
λ3(eλ4T − 1) + λ4(−eλ3T + 1)

]
. (83)

If at time t = 0, the relative position ξ0, η0 and ζ0 is known, then the relative velocity components
ξ̇(0), η̇(0) and ζ̇(0) can be determined. The components of the initial velocity are given by

V (0) =
[
ξ̇(0) η̇(0) ζ̇(0)

]T
. (84)

The terms ξ̇(T ), η̇(T ) and ζ̇(T ) are then the velocity components at time t = T imparted along
the ξ, η and ζ respectively, and denoted by

V (T ) =
[
ξ̇(T ) η̇(T ) ζ̇(T )

]T
. (85)

Thus, the magnitude of the velocity impulse vector ∆V in all directions is given by

|∆V | = |V (T )− V (0)|,

=
√

(ξ̇(T )− ξ̇(0))2 + (η̇(T )− η̇(0))2 + (ζ̇(T )− ζ̇(0))2. (86)
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The requirements for impulse control and continuous thrust for different values of out-of-plane
distance are shown in Table 3. For example a constant displacement distance of 1750 km requires
an acceleration of 0.1 mm−2, which correspond to a ∆V of 23 ms−1 per orbit for the continuous
thrust control. Similarly, for impulse control using 4 impulses per orbit, the required ∆V is 24.19
ms−1 per orbit.

CONCLUSIONS

A hybrid concept for displaced periodic orbits in the Earth-Moon system has been developed.
A feedback linearization was used to perform stabilization and trajectory tracking for nonlinear
systems. The idea of this control is to transform a given nonlinear system into a linear system by use
of a nonlinear coordinate transformation and nonlinear feedback. The augmented thrust acceleration
is than applied to ensure a constant displacement periodic orbit, which provides key advantages for
lunar polar telecommunications. A stabilizing approach is then introduced to increase the damping
in the system and to allow a higher gain in the controller. Theoretical and simulation results show
good performance, with modest propellant mass requirements (mprop = 25 kg). Impulse control
has also been investigated as an alternative to continuous thrust control.
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