
Article

Nano and microscale contact 
characteristics of tribofilms derived from 
fully formulated engine oil

Umer, Jamal, Morris, Nick, Leighton, Michael, Rahmani, Ramin, 
Balakrishnan, Sashi and Rahnejat, Homer

Available at http://clok.uclan.ac.uk/32087/

Umer, Jamal, Morris, Nick, Leighton, Michael, Rahmani, Ramin, Balakrishnan, 
Sashi and Rahnejat, Homer ORCID: 0000-0003-2257-7102 (2019) Nano and 
microscale contact characteristics of tribofilms derived from fully formulated 
engine oil. Tribology International, 131 . pp. 620-630. ISSN 0301-679X  

It is advisable to refer to the publisher’s version if you intend to cite from the work.
http://dx.doi.org/10.1016/j.triboint.2018.11.007

For more information about UCLan’s research in this area go to 
http://www.uclan.ac.uk/researchgroups/ and search for <name of research Group>.

For information about Research generally at UCLan please go to 
http://www.uclan.ac.uk/research/ 

All outputs in CLoK are protected by Intellectual Property Rights law, including
Copyright law.  Copyright, IPR and Moral Rights for the works on this site are retained
by the individual authors and/or other copyright owners. Terms and conditions for use
of this material are defined in the policies page.

CLoK
Central Lancashire online Knowledge
www.clok.uclan.ac.uk

https://clok.uclan.ac.uk/policies.html
http://www.uclan.ac.uk/research/
http://www.uclan.ac.uk/researchgroups/


This item was submitted to Loughborough's Research Repository by the author. 
Items in Figshare are protected by copyright, with all rights reserved, unless otherwise indicated.

Nano and microscale contact characteristics of tribofilms derived from fullyNano and microscale contact characteristics of tribofilms derived from fully
formulated engine oilformulated engine oil

PLEASE CITE THE PUBLISHED VERSION

https://doi.org/10.1016/j.triboint.2018.11.007

PUBLISHER

© Elsevier

VERSION

AM (Accepted Manuscript)

PUBLISHER STATEMENT

This paper was accepted for publication in the journal Tribology International and the definitive published
version is available at https://doi.org/10.1016/j.triboint.2018.11.007.

LICENCE

CC BY-NC-ND 4.0

REPOSITORY RECORD

Umer, Jamal, Nick Morris, Michael Leighton, Ramin Rahmani, Sashi Balakrishnan, and Homer Rahnejat.
2019. “Nano and Microscale Contact Characteristics of Tribofilms Derived from Fully Formulated Engine Oil”.
figshare. https://hdl.handle.net/2134/36042.

https://lboro.figshare.com/
https://doi.org/10.1016/j.triboint.2018.11.007


Tribology International, 10.1016/j.triboint.2018.11.007 (Accepted Manuscript) 

Nano and microscale contact characteristics of tribofilms derived from 

fully formulated engine oil 

 

Jamal Umer
1
, Nick Morris

1*
, Michael Leighton

1
, Ramin Rahmani

1
, Sashi Balakrishnan

2
, Homer Rahnejat

1
 

 
1 
Wolfson school of Mechanical, Electrical and Manufacturing Engineering, Loughborough University, 

Leicestershire, UK 

2 
Castrol Ltd., BP Technology Centre, Whitchurch Hill, Pangbourne, Berkshire, UK 

* 
Corresponding author: N.J.Morris@lboro.ac.uk 

Abstract 

A systematic approach is required in order to determine the frictional characteristics of a contacting 

pair in the presence of a tribofilm. Despite the clear benefits in functionality and in reducing wear, the 

generation of ZDDP-based tribofilms often lead to increased frictional losses. Such an increase is also 

observed in the tribometric tests reported here, as well as in open literature. This paper investigates 

the underlying mechanics for the rise in friction using an integrated methodology, based upon Atomic 

Force Microscopy (AFM) and X-ray Photoelectron Spectroscopy (XPS). The use of an analytical 

contact mechanics model demonstrates that the pressure coefficient of boundary shear strength, 

measured using lateral force microscopy, provides an explanation for the observed increase in 

measured friction at micro-scale.  

Keywords: AFM in Lateral Force Mode (LFM); Tribo-film; ZDDP; Friction 

Nomenclature 

𝐴  Apparent contact area [m
2
] 

𝐴𝑎  Asperity contact area [m
2
] 

𝑏  Axial contact face-width of the sliding strip [m] 

E  Young’s modulus of elasticity [Pa] 

𝐸∗  Composite (effective) Young’s modulus of elasticity of the contact [Pa] 

𝐸𝑎  Activation energy [J] 

𝐹  Applied force [N] 

𝐹5 2⁄ , 𝐹2  Statistical Functions [-] 

𝐹𝑎  Adhesive force [N] 

𝑓  Total friction [N] 

𝑓𝑏  Boundary friction [N] 

𝑓𝑣  Viscous friction [N] 

ℎ0  Minimum film thickness [m] 
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𝑘  Growth Rate [ms
-1

] 

𝑘𝑏  Boltzmann Constant [J/K] 

𝑙  Lateral width of the contact [m] 

𝑝  Contact pressure [Pa] 

P̅  Dimensionless load parameter [-] 

𝑅  Radius of curvature of the slider face-width or AFM tip [m] 

𝑇  Absolute temperature [K] 

𝑈  Sliding velocity [ms
-1

] 

𝑊  Total applied load/total contact reaction force [N] 

𝑊𝑎  Load carried by the asperity tips [N] 

𝑊ℎ  Hydrodynamic reaction [N] 

𝑤  Work of Adhesion [Jm
-2

] 

𝑧0  Atomic equilibrium separation [m] 

Greek Letters 

휀  Convergence criteria [-] 

𝛿  Elastic compression of contacting pair [m] 

Δ𝑉  Activation volume [m
3
] 

휁  Number of asperity peaks per unit area [m
-2

] 

휂  Lubricant dynamic viscosity [Pa.s] 

𝜅  Average radius of curvature of asperity tips [m] 

𝜇  Elasticity parameter [-] 

𝜆  Stribeck oil film parameter [-] 

𝜈  Poisson’s ratio [-] 

𝜎  Composite surface roughness of counter face surfaces [m] 

𝜍  Pressure coefficient of boundary shear strength [-] 

𝜍𝑑𝑟𝑦  Pressure coefficient of boundary shear strength measured under dry LFM [-] 

𝜍𝑤𝑒𝑡  Pressure coefficient of boundary shear strength measured under wet LFM [-] 

𝜏  Shear stress [Pa] 
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𝜏𝑎  Shear stress of asperity junctions [Pa] 

𝜏0  Eyring shear stress [Pa] 

Γ  Pre-exponential factor [m/s] 

Abbreviations 

AFM  Atomic Force Microscope  

AISI  American Iron and Steel Institute  

ASTM  American Society of Testing Materials 

DMT  Derjaguin-Muller-Toporov 

EHL  Elastohydrodynamic Lubrication 

JKR  Johnson-Kendall-Roberts 

LFM  Lateral Force Microscopy 

MD  Maugis-Dugdale 

MoDTC Molybdenum Dialkyldithiocarbamate 

RMS  Root Mean Square 

TMR  Trace Minus Retrace 

VI  Viscosity Index 

XPS  X-ray Photoelectron Spectroscopy 

ZDDP  Zinc Dialkyldithiophosphates 

1. Introduction 

An overarching challenge for the automotive industry is the improvement of fuel efficiency and the 

reduction of harmful emissions. The frictional losses in internal combustion engines used to power 

commercial passenger vehicles account for 15-20 % of the total engine losses [1,2]. Under particular 

harsh operating conditions, experienced in urban driving, these losses can increase to 20-30%. Of the 

aforementioned losses, 45% are attributed to the piston-cylinder system [1], with the piston 

compression ring-bore interface accounting for 7-8% of all the losses within the engine [3-5]. This 

clearly presents a significant opportunity to improve system efficiency through reducing in-cylinder 

frictional losses [6]. 

The top piston compression ring has the primary function of acting as an effective seal between the 

piston and the cylinder wall [7]. It is pressed onto the wall through a combination of gas pressure 

loading and elastic ring tension. Inevitably the loaded conjunction generates friction when subjected 

to relative sliding motion [7,8]. At piston mid-stoke the interfacial friction is palliated due to the 

generation of a hydrodynamic film. However, at piston reversals, lubricant entrainment ceases 

momentarily and direct interaction of rough contiguous surfaces occurs. The role of surface-active 

lubricant additives and the tribofilm formation is critical in controlling friction and wear [9]. The 



Tribology International, 10.1016/j.triboint.2018.11.007 (Accepted Manuscript) 

synergistic and antagonistic behaviour of additive species at the contacting surfaces is determined 

through the competitive process of tribofilm formation [10,11].  

One of the most common chemical compounds added to automotive engine lubricants is zinc 

dialkyldithiophosphates (ZDDP). In the period 1930s-1950s, ZDDP was used for its anti-oxidation 

and corrosion-inhibiting properties [12]. By the mid-1950s the anti-wear benefit had become 

apparent, particularly in the cam-tappet conjunction [13, 14]. Whilst providing excellent anti-wear, 

corrosion and oxidation resistance, ZDDP has been shown frequently to promote increased friction 

[15-17]. 

There have been many studies investigating the mechanism(s) through which a ZDDP tribofilm 

increases friction. The studies have largely used tribometry [15-17]. Muraki et al [15] used a two 

roller machine to investigate the influence of surface chemical composition and frictional 

characteristics at various slide-roll ratios. It was noted that when ZDDP is added to a base oil, in 

isolation, it reduces surface wear whilst increasing friction. However, in combination with 

Molybdenum Dialkyldithiocarbamate (MoDTC), the undue effect of generated friction is somewhat 

mitigated. Several mechanisms have been suggested to account for increased friction in the presence 

of ZDDP films in mixed and boundary regimes of lubrication. Taylor et al [16] conducted 

experimental elastohydrodynamic lubrication (EHL) analysis using optical interferometry, using a 

steel sphere against an optically flat glass disc. They demonstrated that the increased propensity for 

boundary lubrication was due to the roughening of the contiguous surfaces as a ZDDP tribofilm 

grows. It is this process which was proposed to be responsible for the associated increase in friction. 

Later, Taylor and Spikes [17], using a similar experimental configuration, suggested that ZDDP 

inhibits the entrainment of lubricant at the inlet of an EHL contact, leading to a reduction in lubricant 

film thickness, and thus increased boundary friction. 

The use of nano-scale testing using nano-indentation techniques and Atomic Force Microscopy 

(AFM) has become an important method for investigating ZDDP-based tribofilms [18-23]. Pidduck 

and Smith [18] demonstrated the use of an AFM in Lateral Force Microscopy (LFM) as a viable 

method to investigate tribofilms generated during tribometric tests. Later, analysis of the nano-

mechanical properties of thermally [19] and thermo-mechanically [20,21,23] activated ZDDP films 

were conducted. All the studies showed that the generated tribofilm had a lower elastic modulus than 

the steel substrate to which it was bonded.  

Carpick et al [24] showed that the nano-scale frictional properties, measured by AFM in lateral force 

mode (LFM), are a function of AFM probe’s tip radius, reduced elastic modulus of the contact, 

adhesion and interfacial shear strength of the film. They used a platinum coated silicon nitride tip with 

a radius of 140 nm on a mica surface in ultra-high vacuum (< 5×10−10 Torr) at room temperature. 

Enaschescu et al [25] and Lantz et al [26] showed that friction measured through LFM is linearly 

proportional to the contact area. Enaschescu et al [25] used atomic force microscopy in an ultra-high 

vacuum chamber to remove residual moisture and oxygen. A silicon cantilever (0.23𝑁/𝑚) was 

employed with a tungsten carbide tip (20 𝑛𝑚), whilst the sample material was made from a single 

artificial diamond crystal (111) terminated with hydrogen, and slightly doped with Boron.  The 

linearity of the frictional measurement and contact area were demonstrated for normal loads of up to 

12 𝑛𝑁 . Enaschescu et al [25] investigated the use of DMT [27] and JKR [28] models. For the 

conditions investigated they found that the DMT theory provides a better agreement with the 

measurements. Lantz et al [26] also used ultra-high vacuum AFM on a cleaved NbSe2 sample with a 

12 𝑛𝑚 radius Silicon tip (1.1 𝑁/𝑚). The sample and tip were transferred to a vacuum chamber and 

heated to 120℃ for 30 minutes before each test. The normal load range during friction measurements 
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were between -20 𝑛𝑁 to 50 𝑛𝑁. Lantz et al [26] used the MD theory [29] because of the sharp profile 

of the tip and the existence of intermediate levels of elastic deformation. Umer et al [30] used lateral 

force microscopy and nano-scale elasticity measured by AFM for six-cylinder liner bore materials and 

coatings including Cast Iron, Nickel-Silicon carbide, Diamond Like Carbon (DLC), Plasma 

Electrolytic Oxide, Iron Molybdenum and Titanium Dioxide. An AFM probe with radius of 20 𝑛𝑚 

and spring constant of 0.06 𝑁/𝑚 was used for LFM, and for nano-scale modulus of elasticity an AFM 

probe of spring constant 200 𝑁/𝑚 with tip radius of 8 𝑛𝑚 was used. Umer et al [30] showed that 

friction is dependent on elastic modulus, surface energy and interfacial shear strength. Carpick et al 

[24], Enaschescu et al [25], Lantz et al [26] and Umer et al [30] all describe friction measured through 

LFM as dependent on the real contact area.  

A key parameter controlling the contact area between nanometre radius spheres and flat sample 

surfaces is the elastic modulus. The nano-scale elasticity of the tribofilm formed in sliding contacts is 

therefore a useful parameter to characterise the tribofilm behaviour [21,31,32]. Aktary et al [21] used 

nano-indentation with a maximum load of 100 𝜇𝑁  to measure nano-scale elasticity of a ZDDP 

tribofilm, generated by rubbing a stainless-steel pin on a 52100-steel sample in the presence of a 

lubricant. They showed that the average nano-scale elasticity of tribofilm is 92.6 𝐺𝑃𝑎 and is relatively 

independent of the rubbing period, but varies spatially with variations of local asperity contact 

pressure. Pereira et al [31] used a high frequency wear tester to generate a ZDDP tribofilm on 52100-

steel samples at temperature range: 25℃ -200℃. The nano-scale elasticity measured for the tribofilm 

was fairly consistently 100 𝐺𝑃𝑎, until a temperature of 150℃, after which it dropped to 75 𝐺𝑃𝑎 at 

200℃. Nicholls et al [32] used A319 aluminium and AISI 52100-steel samples and a Cameron-Plint 

high frequency friction tester in the presence of an oil containing 1.2% ZDDP. The tribofilm is 

generated by sliding for 1ℎ at 100℃. The nano-scale elasticity was measured at edges and centre of 

discs with values of 53.7±14.7 𝐺𝑃𝑎 and 112.4±18.5 𝐺𝑃𝑎 respectively.  

Friction as a major source of power loss in tribological contacts should be minimised for enhanced 

performance in most applications. Due to the scale-dependent nature of friction [33-35], it is crucial to 

investigate the origin sources of friction at nano-scale. Thus, a multi-scale approach should be 

developed to fundamentally understand the observed/measured micro-scale friction. The properties of 

tribofilms formed in tribological contacts and measured at asperity level interactions strongly 

influence the frictional behaviour at higher system level interactions. 

In the current paper a reciprocating tribometer is used to activate the lubricant additives to form 

surface films. The main aim is to examine the interfacial shear strength of the additives adsorbed onto 

the surfaces and quantify their effect. Test conditions were chosen to focus upon tribofilms derived 

from a fully formulated engine oil, formed primarily through mechanical activation. The nano-scale 

elasticity of the surface films were shown to be in good agreement with published literature 

[21,31,32]. In addition, LFM is used to characterise the interfacial shear strength of the adsorbed film. 

The nano-scale characteristics, such as the interfacial shear strength of the tribofilm, are explained 

through micro-scale relations for organic films [36]. Furthermore, the significance of measured 

interfacial shear strength in determining the boundary friction in micro-scale is highlighted. 

2. Methodology 

A multi-stage procedure is followed in order to investigate the performance of tribofilm derived from 

the fully formulated engine oil (figure 1). The experimental procedure is divided into three stages: 

lubricated (wet), pre-tribometry test (dry) and post-tribometry test (dry). In a pre-tribometry test (dry), 

the virgin surfaces are characterised and benchmarked before the formation of a tribofilm. The 
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characterisation of surfaces is carried out through infinite focus variation microscopy, atomic force 

microscopy, force-displacement analysis by AFM and x-ray photoelectron spectroscopy. In lubricated 

(wet) stage, a tribo-film is generated and the frictional performance at the micro-scale is determined 

through use of a precision sliding-strip tribometer. Then, lateral force microscopy is performed to find 

the frictional characteristics at nano-scale in the presence of the lubricant. In the post-tribometry test 

(dry) stage, the lubricant layer is removed and the remaining tribofilm is characterised and compared 

with the previously benchmarked samples. The nano-scale investigation is conducted through use of 

AFM and XPS in order to ascertain the evolved changes to the surface elasticity and shear strength. 

The parameters measured from each experimental technique are also shown in figure 1. The measured 

parameters for the single asperity nano-scale conjunction are shown to be influential at micro-scale 

through their inclusion in an analytical contact mechanics model which includes the interfacial shear 

strength. 

 

Figure 1: Experimental procedure and measured parameters 

2.1 Micro-scale tribometry 

A reciprocating sliding-strip tribometer, shown in Figure 2, is used to reproduce specific piston 

compression ring-liner contact conditions at top dead centre reversal in transition from compression to 

power stroke [37-39]. Generated friction is measured using a floating plate, mounted upon ultra-low 

friction bearings. A flat test sample with characteristics similar to the piston liner surface is mounted 

upon the floating plate. The floating plate experiences a force generated by the loaded contact friction 

between the sliding strip (of the same face-width geometrical profile as a compression ring) and 

driven through a backlash free leadscrew with the test sample. The resulting inertial force is measured 

directly by high precision piezoelectric load cells. 1 ml of lubricant was supplied onto the surface of 

the test specimen and uniformly spread upon its surface by a few initial strokes of the loaded sliding 

strip. Subsequently, a total of 40 strokes were conducted for each test. This number of strokes was 

chosen to prevent any significant change to the surface topography, isolating the effect of the formed 

tribofilm on the frictional performance (table 2). 

Additive Film 
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Characterisation
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Alicona: Infinite Focus 

Variation Microscope 

LFM: Lateral Force 

Microscopy 

FD: Force-Displacement 

analysis  

Elemental 

Composition 

XPS: X-ray photoelectron 

Spectrometer 

ζ, κ, σ, R, b, l 

f, Fa , R ,w, μ, ς dry   

E*

Elements

h, Wa , Wh , f, fv , fb 

f,  , ς wet  



Tribology International, 10.1016/j.triboint.2018.11.007 (Accepted Manuscript) 

 

Figure 2: The sliding strip tribometer 

At elevated temperatures, a thermally activated tribofilm is expected to form on the surface of the test 

specimen [40]. Significant differences in mechanical performance of thermally and mechanically 

activated films have been reported by Gosvami et al [41]. To allow for the investigation of the 

generated films solely due to mechanical activation process at the contacting asperities with the 

potential to influence boundary friction, the experiments were conducted at the ambient room 

temperature of 20°𝐶.  

The mechanical and thermal energy present in the contact can be shown to produce an appreciable 

tribofilm growth rate. Akchurin and Bosman [42] showed that the Arrhenius equation with an 

additional shear activation energy term can be used to describe the rate limiting step, controlling the 

growth of the tribofilm as:  

𝑘 = Γ𝑒
−(

𝐸𝑎−𝜏Δ𝑉

𝑘𝑏𝑇
)
          (1) 

where, 𝜏 is shear stress [Pa], 𝑘𝑏 is Boltzmann constant [J/K] and 𝑇 is absolute temperature [K]. The 

typical values for the factor Γ, activation energy, 𝐸𝑎 and activation volume, Δ𝑉 for growth of a ZDDP 

film are 0.01 𝑛𝑚/𝑠  ,  1.12 × 10−19 𝐽  and  3.80 × 10−29 𝑚3  respectively [41,42]. For new surface 

pairs (such as those in the current experiments) some of the asperities deform plastically through 

running-in conditions. Ignoring any wear/removal of the tribofilm for the purpose of initial 

calculations, the locations of plastic yield would have a growth rate of 0.1-1.0 𝑛𝑚/𝑠 for the typical 

values of Γ , 𝐸𝑎 and Δ𝑉 stated above. Therefore, it is reasonable to assume that the test conditions 

(described below) are suitable to induce growth of a tribofilm. This is confirmed later through 

elemental spectroscopy of the surfaces of the tested samples. 

Table 1 provides the operating conditions used in the tribometric tests. The load and sliding speeds are 

chosen to reproduce the operating conditions experienced by the top compression ring – liner contact 

in the vicinity of the top dead centre reversal in terms of contact pressure and sliding speed. The load 

intensity, typical of the beginning of the power stroke, was measured by Morris et al [6] to be in the 

range 500-852 𝑁/𝑚 for high performance race engines. The sliding speeds are representative of the 

piston (ring) speed during the first few crank angle rotations prior and post idling condition. However, 

it should be noted that the conditions in the sliding rig contact do not reflect some other in-situ engine 

conditions, such as the prevailing liner temperature and any lubricant squeeze film effect, as well as 
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any contact inlet lubricant starvation. Therefore, the focus is put upon the effect of contact pressure 

and sliding shear conditions only. 

Table 1: Experimental conditions 

Parameter Value Unit 

Load per unit length 777 ± 9 𝑁/𝑚 

Sliding speed (13.0-27.0) ± 0.2 𝑚𝑚 𝑠⁄  

Stroke length 23.0 ± 0.1  𝑚𝑚 

Strip width (𝑏) 1.00 ± 0.01 𝑚𝑚 

Strip length (𝑙) 32.00 ± 0.01 𝑚𝑚 

Profile radius (𝑅) 12.5 ± 0.3 𝑚𝑚 

 

The tribological conjunction under investigation comprises two ground surfaces: a flat AISI 4140 

steel test specimen and an AISI 440C steel sliding strip. The running surface of the sliding strip has a 

parabolic profile in the direction of sliding to simulate the barrel-shape profile of a piston compression 

ring. The flat test specimen and sliding strip were machined to represent surface topography in line 

with typical roughness parameters found in ring and liner surfaces [43]. However, no cross-hatching 

is carried out on the test specimen, which is usually used on liner surface. The existence of cross-

hatch features on the surface will add complexity to the measurements, particularly when using AFM 

in lateral force mode [44]. The surface roughness for the counter face surfaces before and after each 

test is provided in table 2. The errors associated with the roughness values are reduced to significant 

numbers. 

Table 2: Roughness of contacting surfaces 

RMS surface 

roughness 

Value Unit 

Before test After test  

Test specimen (Plate) 0.67 ± 0.02 0.68 ± 0.02 µ𝑚 

Sliding strip 0.33 ± 0.02 0.34 ± 0.03 µ𝑚 

 

A thorough cleaning procedure is carried out for each test specimen. Before mounting the specimen 

onto the tribometer, they were thoroughly cleaned for 10 minutes in an ultrasound bath with 

petroleum ether 40-60. After testing, the samples were again washed with petroleum ether 40-60 to 

remove any hydrocarbon residue, leaving only any bonded/adsorbed tribofilm. Although the 

petroleum ether evaporates rapidly at room temperature, samples were further dried with application 

of hot air flow to expedite the evaporation process. While it is possible that some residue of the 

petroleum ether may still reside on the surface, this is deemed to be trivial, particularly when 

considering that the engine oil does not include any residue of petroleum ether.  

A typical fully-formulated 5W30 engine lubricant and a base oil were used during the tests. The slider 

rig apparatus is designed to operate within the load range of 500-852 𝑁/𝑚 to produce the necessary 

conditions for boundary and mixed-boundary regimes of lubrication. Therefore, the hydrodynamic 

reaction plays a negligible role in affecting the overall load carrying capacity and generated friction 

[37-39]. The difference in the lubricant viscosities was incorporated into the model to further 

demonstrate this minor effect. A partial elemental composition of the 5W30 formulated lubricant is 

provided in table 3. The critical components are a calcium-based detergent and multi-functional 

ZDDP additive. The bulk rheological parameters of both the base oil and the fully formulated 
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lubricant are given in table 4. The viscosity data was measured through the standard ASTM D445 and 

VI [45]. The uncertainty of the lubricant density is indicated by the number of significant figures. 

Table 3: Fully formulated oil elemental composition 

Element Concentration Unit 

Calcium 1980 𝑝𝑝𝑚 

Phosphorus 780 𝑝𝑝𝑚 

Sulphur 2600 𝑝𝑝𝑚 

Zinc 900 𝑝𝑝𝑚 

 

Table 4: Bulk lubricant rheological parameters 

Oil type Parameter Value Unit 

 

Fully formulated 
Density at 15ºC 0.846 ± 0.001 g/ml 

Kinematic viscosity at 40ºC 52.05 ± 0.11 cSt 
Kinematic viscosity at 100ºC 9.48  ± 0.06 cSt 

Base Number 6.5 Mg/g KOH 

 

Base 

Density at 15ºC 0.835 ± 0.001 g/ml 
Kinematic viscosity at 40ºC 19.71 ± 0.10 cSt 
Kinematic viscosity at 100ºC 4.27 ± 0.10 cSt 

 

The test procedure also includes topographical measurement of all test specimens in order to ensure 

repeatability for all the tests. The measurements were carried out using an Alicona G4 applying focus 

variation technique. The Alicona G4 has a vertical resolution of 50 nm and a lateral resolution (along 

the surface) of 0.81 𝜇𝑚 for 20× optical zoom on a scanning area of 715 × 544 𝜇𝑚2. This area is 

much larger than the area scanned in LFM measurements; i.e. 1 × 1 𝜇𝑚2 . The smaller scanning 

length of AFM excludes longer wavelengths and hence reduces the RMS roughness measured using 

this technique to 8 ± 2  𝑛𝑚. This is typical of RMS roughness measured using AFM in the literature 

[46-49]. 

2.2 Nano-scale experimental approach 

AFM has been used extensively for tribological investigations as it allows for highly sensitive 

measurements of surface forces at a scale similar to those of a single asperity [50-56]. The pressure 

coefficient of boundary shear strength of a surface, 𝜍 relates the boundary shear stress at the AFM tip-

sample conjunction to the applied load. This was required for the predictive analysis of boundary 

friction described in section 2.4. The nano-scale measurements are carried out using a Veeco 

Dimension 3100 AFM. 

Measurement of two parameters is of particular importance when using an AFM to determine 

adhesive friction at the tip-specimen surface contact. One is the pressure coefficient of boundary shear 

strength, 𝜍 and the other is the reduced (effective) elastic modulus of the contacting surfaces, 𝐸∗; 

taking into account the effect of any tribo-film present. This makes a significant difference to the 
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accuracy of predicted boundary friction [30] as it affects the calculated asperity load carrying capacity 

through equation (9). 

LFM was used to measure the lateral (friction) forces on a scanning tip, using the Trace Minus 

Retrace (TMR) method [53]. LFM applies TMR by raster scanning the tip across the surface, with the 

scan direction perpendicular to its cantilever length. The local surface roughness effects can then be 

filtered from the contact friction data by taking the difference between the trace and retrace scans and 

averaging the same. The tip radius was measured using a calibrated artefact of known geometry and 

applying a deconvolution procedure prior to each measurement. Prior to measurements, the AFM 

probe was calibrated using the “blind” calibration method, by scanning a surface with known 

frictional properties in order to determine a general calibration factor [57]. 

The LFM measurements were conducted at 6 different locations for each sample, with each scanned 

area being 1 × 1 𝜇𝑚2. All scans were conducted with a DNP-10 𝑆𝑖3𝑁4 tip with a nominal tip radius 

of 20 𝑛𝑚 and a cantilever spring constant of 0.12 𝑁/𝑚. The applied contact loads were in the range 

20 – 120 𝑛𝑁. The humidity was controlled at a relative humidity of 50 ± 5%.  

To obtain the reduced elastic modulus of the contact, a force displacement analysis was conducted. 

The tip radius was measured by taking topographical measurements of a calibration artefact. The 

AFM was then operated as a nano-indenter by loading the tip-surface contact and measuring the 

distance when the probe is lowered towards the surface, as well as the deflection of its cantilever 

support. More information on this procedure is reported by Umer et al [30]. The indentation 

measurements were conducted using RTESP-525 𝑆𝑖3𝑁4 tips with a cantilever stiffness of 200 𝑁/𝑚 

and a nominal tip radius of 8 nm (measured to be 11.1 nm). Measurements were conducted in 4 

locations across the surface before tribometric tests (section 2.1). A total of 9 positions were measured 

after tribometry. This allowed for the detection of any potential variations in measurements resulting 

from the formation of an intermittent tribo-film.  

By using contact mechanics theory, measured force-distance curves and TMR data from LFM, the 

two stated key parameters, 𝜍 and 𝐸∗ are determined. The procedure is described in section 2.3 

2.3 Nano-Scale analytical contact mechanics model 

It is necessary to determine the most applicable model to approximate the mechanics of tip-surface 

contact. The adhesive forces are promoted by the close-range surface energy of the materials, for 

which the continuum contact mechanics models proposed by Bradley [58], Johnson et al [28] (JKR), 

Derjaguin et al [27] (DMT) and the broader variant by Maugis [29] may be employed. To determine 

the applicability of these models, two non-dimensional parameters are commonly used [59].  

Firstly, an elasticity (Tabor) parameter 𝜇 was used, which represents the ratio of elastic deformation 

resulting from an adhesive disengagement from a surface to the range of surface forces as [60]: 

𝜇 = (
𝑅𝑤2

𝐸∗2
𝑧0

3
)

1/3

           (2) 

where, 𝑤 is the work of adhesion, 𝑅 is the reduced radius of a pair of non-conforming contacting 

ellipsoidal solids (in this case a hemispherical tip contacting a semi-infinite elastic half-space: a flat 

specimen). Therefore, 𝑅  is simply the tip radius of the AFM probe. 𝑧0  is the atomic equilibrium 

separation between the two surfaces and the reduced elastic modulus, 𝐸∗ of the contact is:  

𝐸∗ = (
1−𝜈1

2

𝐸1
+  

1−𝜈2
2

𝐸2
)

−1

          (3) 
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The second dimensionless parameter is the load parameter, �̅� which is the ratio of applied normal load 

to the adhesive force: 

�̅� =
𝐹

𝜋𝑤𝑅
           (4) 

The Tabor parameter and the dimensionless load parameter indicate the importance of the adhesive 

forces relative to the elastic deformation forces of the surface. This can be seen graphically on the 

Greenwood adhesion map [59]. In this study the DMT model was found to be the most suitable 

contact mechanics model for the prevailing conditions. This outcome is in line with the findings of 

Enachescu et al [25] who used a similar analysis for DLC coated surfaces. The DMT model has been 

used to predict the tip-sample contact area as [30]: 

𝐴 = 𝜋 [
3𝑅(𝐹−𝐹𝑎)

4𝐸∗ ]
2 3⁄

          (5) 

where, 𝐹𝑎 is the adhesive force and in the case of measurements in dry contact conditions it includes 

adhesion as well as the effect of meniscus force caused by a condensed layer of a water film. It should 

be noted that a mono-layer of water is condensed on any surface in 25 𝜇𝑠, even in low relative 

humidity environments [61,62]. Therefore, the meniscus force contribution should be considered. For 

lubricated contacts (fluid cell AFM), the pull-off force and adhesion are negligible and meniscus 

forces are kept at a sufficient distance from the tip to ensure their effect is negligible. Under such 

conditions, equation (5) simplifies to the classical Hertzian condition with 𝐹𝑎 = 0. 

Once friction is determined, the interfacial shear strength of the contact can be calculated. The 

reduced elastic modulus of the contact can be determined by combining the measured data from force 

distance curves and the DMT theory as [30]: 

𝐸∗ =
3

4

(𝐹−𝐹𝑎)

√𝑅𝛿3
           (6) 

The average contact pressure is obtained as:  

𝑝 =
𝐹−𝐹𝑎

𝐴
           (7) 

2.4 Micro-scale analytical contact model 

Nano-scale measurements of the pressure coefficient of boundary shear strength (section 2.3) were 

carried out and used in an analytical model representing the micro-scale tribometric tests. These 

provide data for prediction of friction at micro-scale which can then be compared with those directly 

measured through tribometry. 

The hydrodynamic load carrying capacity was calculated using a one-dimensional analytical solution 

of Reynolds equation, yielding [63]: 

𝑊ℎ =
4.9𝜂𝑙𝑈𝑅

ℎ𝑜
           (8) 

where, ℎ0 is the minimum film thickness and 𝑅 is the radius of curvature of the ring contact face 

profile. The one-dimensional assumption is deemed suitable as the length of the sliding strip 𝑙 in the 

lateral direction (i.e. transverse to the direction of entraining motion) is significantly longer than its 

face-width 𝑏 in the direction of entraining motion; providing a ratio of 𝑙 𝑏 > 30⁄ . Therefore, the side 

leakage flow along the strip length can be neglected [63]. The schematic representation of slider strip 

and flat specimen is shown in the figure 3.  
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Figure 3: Schematic representation of slider strip and flat specimen 

Considering the examined range of sliding speed and applied load combinations, it is anticipated that 

there would be a significant degree of boundary interactions. Asperity load carrying capacity and 

contact area can be evaluated using the Greenwood and Tripp [64] model. The roughness parameters 

휁𝜅𝜎 and the ratio 𝜎 𝜅⁄  were measured using 3D optical focus variation technique, yielding the values 

0.003 ± 0.001 and 0.06 ± 0.01  respectively. 휁 is the number of asperities per unit area, 𝜅 is the 

average radius of curvature of asperity tips and  𝜎 is the composite surface roughness of counter face 

surfaces. The statistical parameters 𝐹5 2⁄  and 𝐹2 are determined through a polynomial curve fit [65]. 

The 𝐹5 2⁄  and 𝐹2 polynomial functions for the measured test specimens are provided in the appendix. 

Bulk material properties provided by the material supplier are used for calculating the composite 

Young’s modulus of elasticity 𝐸∗ for the micro-scale analysis. This results in a value of the composite 

elastic modulus of 108 𝐺𝑃𝑎. The load carried by the asperities and the real contact area can be 

calculated as [64]: 

𝑊𝑎 =
16√2

15
𝜋𝑙(휁𝜅𝜎)2√

𝜎

𝜅
𝐸∗ ∫ 𝐹5 2⁄ (𝜆)

𝑏/2

−𝑏/2
 𝑑𝑥       (9) 

𝐴𝑎 = 𝜋2𝑙(휁𝜅𝜎)2 ∫ 𝐹2(𝜆) 𝑑𝑥
𝑏/2

−𝑏/2
         (10) 

where, 𝑊𝑎 is load carried by the asperity tips, 𝐴𝑎 is the asperity contact area and   is the Stribeck oil 

film parameter determined as:  = ℎ 𝜎⁄ . 

For instantaneous quasi-static equilibrium, the combined hydrodynamic reaction and the load carried 

by the asperities equilibrate the applied contact load, thus: 

𝑊 = 𝑊𝑎 + 𝑊ℎ           (11) 

where, 𝑊 is the total applied load and 𝑊ℎ is the hydrodynamic reaction. Since the gap between the 

two surfaces is not known a priori, an iterative approach is employed. An initial guess is made for the 

minimum film thickness, ℎ0, and the total contact reaction, 𝑊, is obtained. The convergence criterion 

is: 

𝑊−𝐹

𝐹
≤ 휀           (12) 

where, F is the applied load, and 휀 = 10−4 is the error tolerance. 

If the criterion is not met, then ℎ0 is adjusted as [66]: 

h0

b

Ring face
Flat Specimen

Sliding Direction
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ℎ0
𝑛 = (1 + 𝐵𝜗)ℎ0

𝑛−1          (13) 

where, 𝑛 is an iteration counter, and 𝐵 is a damping coefficient with a typical value of 0.005 for the 

current analysis, and 𝜗 = (𝑊 − 𝐹) max {𝑊, 𝐹}⁄ . 

The iterative procedure continues until the convergence criterion in equation (12) was satisfied. 

Once the lubricant film thickness and thus, the load carried through asperity interactions and 

hydrodynamic reaction are determined, together with the asperity contact area through equation (10), 

the generated friction can be predicted. The boundary shear stress is obtained as [67]: 

𝜏𝑎 = 𝜏0 + 𝜍𝑝           (14) 

where, 𝜍 is the pressure coefficient of boundary shear strength of surface asperities, measured through 

use of AFM in lateral force mode; LFM (see section 2.3). For many practical applications due to the 

magnitude of the pressures at asperity conjunctions the boundary friction is dominated by the pressure 

dependent term in equation (14). Therefore, for the current study it is assumed that the boundary 

friction takes the Coulombic form, thus:  

𝑓𝑏 = 𝜏0𝐴𝑎 + 𝜍𝑊𝑎 ≈ 𝜍𝑊𝑎         (15) 

In the overall contact domain any contribution due to viscous shear of lubricant film is as the result of 

Couette flow, thus:  

𝑓𝑣 = 𝑙 ∫
𝜂Δ𝑈

ℎ
𝑑𝑥

𝑏 2⁄

−𝑏 2⁄
          (16) 

Therefore, the total friction becomes:  

𝑓 = 𝑓𝑣 + 𝑓𝑏           (17) 

Micro-scale predictions have been compared with measured friction recorded from the sliding strip 

tribometer (section 3). 

3. Results and Discussion 

The test conditions in the sliding tribometric study promote predominantly mixed and boundary 

regimes of lubrication as the tribometer simulates the conditions pertaining to piston top dead centre 

reversals [4]. Each experiment was repeated 3 times, each time with a new sample. The measured data 

was then averaged. 

The results for the experiments carried out at operating parameters given in the table 1 are shown in 

figure 4. These are for lubricated conditions using the 5W30 fully formulated lubricant and a base oil. 

The value of coefficient of friction is indicative of mixed or boundary regimes of lubrication [4,38]. 

Friction changes direction with motion reversal at end of outward and return strokes. At either end of 

stroke, the coefficient of friction attains its maximum static value because of momentary cessation of 

sliding motion at reversals. The average value of coefficient of friction from each of the 

measurements is calculated by averaging the steady friction values without any contribution from the 

static coefficient of friction observed during the motion reversals.  
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Figure 4: Measured coefficient of friction using the sliding strip tribometer with fully formulated 

5W30 lubricant and with a base oil 

Noticeably, the average kinetic coefficient of friction for the base oil without any additive is lower 

than that of the fully formulated lubricant. In fact, the average increase in coefficient of friction for the 

fully-formulated lubricant across the testing speed range of 13-27 𝑚𝑚/𝑠 is 0.02. 

After tribometric testing, residues of the base oil and the fully formulated lubricant were left on their 

respective specimen surfaces, prior to LFM measurements. The tip of the AFM probe was submerged 

into the fluidic residue using a fluid cell designed to keep the meniscus forces sufficiently far away 

from the contact [45]. Keeping the sample surface protected by a residual fluidic film protects any 

physically bonded film, such as an Alkyl phosphate precipitate.  
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Figure 5: LFM measurements in the presence of a lubricant after tribometer testing 

 

The variation of friction with applied contact load is shown in figure 5. Due to the intervening 

lubricant film, the surface energy is reduced drastically. As a result, the generated friction and contact 

area are both negligible at no load condition. Due to minimal adhesion in lubricated contacts, the 

DMT theory, used to calculate the contact area reduces to the case of classical Hertzian contact theory 

for point contact configuration as explained in detail in section 2.3. Thus, it is possible to calculate the 

contact area and the mean contact pressure.  

The combination of calculated contact pressure, contact area and measured friction is used to produce 

a graph showing the relationship between the interfacial boundary shear strength and the normal 

contact pressure as shown in figure 6. The interfacial boundary shear strength was calculated by the 

measured friction through LFM divided by the Hertzian contact area. The contact pressure is 

calculated by using equation (5) in the absence of adhesive forces (i.e. 𝐹𝑎 = 0). 
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Figure 6: Interfacial boundary shear strength variation with contact pressure with wet LFM 

 

The linear relationship between the interfacial shear strength and contact pressure has been known to 

apply to a multitude of confined organic molecules during sliding (equation (14) [36,67-70]. 

The limiting shear stress, 𝜏0 [71], in equation (14) is normally in the range 1-3 MPa for engine oils 

under elastohydrodynamic contact conditions. The high pressures in LFM lead to diminutive films 

subjected to non-Newtonian shear, dominated by contact pressures, inducing shear beyond 𝜏0. Thus:  

𝜏𝑎 ≅ 𝜍𝑃 [70]. Using the results of figure 6, the pressure coefficient of boundary shear strength, 𝜍 is 

the slope of the lines at high contact pressures. These are 0.29 for the fully-formulated lubricant and 

0.23 for the case of samples with base oil. Briscoe and Thomas [36] measured values of 𝜍 in the range 

0.10-0.95 for various poly (n-alkyl methacrylates). However, the molecular composition of the 

lubricants used in this study will be considerably different in this instance. The increased value of 𝜍 

for samples with the formulated lubricant indicates the increase in boundary friction contribution 

which is attributed to the formation of a tribo-film. This is further investigated by removing the 

lubricant residue from the surface of tested specimen, using petroleum ether 40-60 wash and air dried, 

then comparing the frictional performance of the pre and post tribometric specimen with nominally 

identical surface topographies (table 2). This was ascertained through precision topographical 

measurements of all samples at various stages of the investigation.  

The results of LFM measurements pre and post tribometry are shown in figure 7. Each of the 

nominally dry contact tests was carried out at 6 different locations, with an averaged value included in 

figure 7. The gradient of the lines represents the coefficient of friction. The coefficient of friction for 

the new surface (pre-tribometric) surface is 0.29 and 0.40 for post tribometry with the fully 

formulated lubricant. This is a further indication of the presence of a tribo-film, that increased friction, 

formed on the surface of the specimen subjected to mechanical activation through use of the sliding 

strip tribometer. 
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Figure 7: LFM measurements of nominally dry contact condition pre and post tribometry with the 

fully formulated lubricant 

To determine the underlying reason for the rise in nano-scale friction, the effective Young’s modulus 

of elasticity of the pre and post tribometric specimens determined by the procedure explained in 

section 2.2. These are listed in table 5. 

Table 5: Measured effective Young’s modulus of elasticity for the surfaces 

Reduced modulus (𝑬∗) Value Units 

Pre tribometry 121±6 𝐺𝑃𝑎 

Post tribometry with the fully formulated oil 107±7 𝐺𝑃𝑎 

 

The measured elastic modulus was then used to determine the contact area, contact pressure and 

interfacial shear strength of the AFM tip conjunction. For post-tribometric testing under dry LFM 

measurement, the DMT theory (section 2.4) was used to find the contact area which relates these 

parameters to those measured. Figure 8 shows linear variation between the boundary shear strength 

and the contact pressure, obtained through integrated LFM measurements and DMT contact 

mechanics. The boundary shear strength of the surface has clearly risen as a result of the formation of 

calcium-ZDDP tribofilm shown by X-ray Photoelectron Spectroscopy (XPS) of the surface (figure 9).  
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Figure 8: Interfacial boundary shear strength from integrated LFM measurements and DMT theory 

under nominally dry contact condition, pre and post tribometry with the fully formulated lubricant 

Figure 8 shows that the pressure coefficient of boundary shear strength (gradient), 𝜍 increases from 

0.33 for the dry new steel surface to 0.40 for the post tribo-test surface after cleaning.  

To determine the presence and composition of any tribo-film formed through activation of boundary 

active elements in the fully formulated lubricant, a Thermo-Scientific K-Alpha XPS was used to test 

all the samples before and after tribometry. A combination of tribometry and XPS is widely used by 

researchers to generate and characterise the tribofilm on contagious surfaces [72,73]. The purpose of 

the XPS analysis was confined to the identification of elements that signify the presence of common 

additive pack components on the sample surface. Whilst a more advanced measurement procedures is 

available [74-77], the following was deemed to be suitable for the purpose of the current analysis. The 

XPS scan was conducted at 9 different locations on each of the samples. The results in figure 9 show 

the change in the elemental composition before and after tribometry with the fully-formulated 5W30 

lubricant. The samples were washed with petroleum ether 40-60 prior to spectroscopy in order to 

remove any residual liquid lubricant traces. The presence of zinc, calcium, sulphur, phosphorous and 

nitrogen in the post-tribo test indicate the formation of a ZDDP/calcium sulphonate surface tribo-film. 

These elements were not present on the surface prior to tribometry. The presence of calcium and 

nitrogen on the surface indicates the low base synthetic alkyl benzene calcium sulphonate detergent 

and the high molecular weight polyisobutylene (PIB) succinimide dispersant respectively [78-80]. 

The detergent component within the lubricant is surface active and competes with other like 

components. Meanwhile, it is also likely that the high molecular weight dispersant could be entrapped 

in the sliding reciprocating contact in the mixed regime of lubrication and potentially, in a way, 

explains the presence of nitrogen. It is, therefore, clear that the increase in measured friction and 

boundary shear strength of the specimen surfaces, post tribometry using the fully-formulated 

lubricant, is as the result of a tribo-film containing ZDDP/Calcium sulphonate. This is in line with the 

findings of other research workers [12,15-17,81]. 
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Figure 9: XPS of flat steel plate specimens for pre and post tribometry 

The measured pressure coefficients of boundary shear strength are used to predict the frictional 

performance at the micro-scale tribometry as explained in section 2.4. The highlighted predictive 

methods provide a varying degree of accuracy, depending on the measurement technique used to 

determine the requisite input to the analysis, including the pressure coefficient of boundary shear. The 

measured pressure coefficient of boundary shear strength for each method of measurement is listed in 

table 6.  

Table 6: LFM measurements of 𝜍 

LFM Measurement condition Base Oil  Fully Formulated 

Pressure coefficient of boundary shear strength for 

Lubricant contacts 𝜍(𝐿𝐹𝑀−𝑤𝑒𝑡) 
0.23 0.29 

Pressure coefficient of boundary shear strength for 

nominally post tribometric dry contacts 𝜍(𝐿𝐹𝑀−𝑑𝑟𝑦) 
0.32 0.40 

 

𝜍 measured with LFM is analogous, but distinct from the coefficient of friction measured by the 

sliding strip tribometer (section 2.1). This is because of higher contact pressures with LFM, leading to 

thin films in non-Newtonian shear. With the sliding strip tribometry, the regime of lubrication is 

predominantly mixed hydrodynamics. However, it is instructive to ascertain the degree of 

conformance of micro-scale predictions, based on measured 𝜍  values with the measured friction 

through inertial dynamics of the floating plate arrangement of the tribometer. In fact, the results in 

figure 10 clearly show that the measured value of 𝜍 in the presence of a lubricant is more pertinent for 

predicting micro-scale tribometric conditions. The error bars indicate ±1 standard deviation in the 

experimental data. When the measured value of 𝜍 for nominally dry surfaces is used, it leads to an 

over-estimated prediction of micro-scale conditions. 

It has been shown that under severe conditions, where physically-adsorbed layers may be removed 

completely or partially during the sliding process, the results obtained from dry LFM for the pressure 

coefficient of boundary shear strength may be more deemed to be more appropriate [82]. However, 

the changes in the frictional behaviour in micro-scale can also be linked to the changes in the surface 

topography resulting from the removal of the surface-adsorbed layers. 
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(a) 

 

(b) 

Figure 10: Predicted and measured coefficient of friction variation with sliding velocity using LFM 

measured 𝜍 in the presence: (a) fully formulated lubricant, and (b) base oil 

4. Concluding Remarks 

This paper explains the development of a combined experimental and analytical procedure to 

investigate frictional characteristics of generated tribofilm derived from a fully formulated engine oil 

at both micro and nano-scales. The paper also highlights the importance of boundary shear strength of 

a tribofilm in providing an explanation for the observed rise in friction due to adsorbed ZDDP-based 

tribofilms, as well as linking the frictional characteristics at nano-scale to measured friction in the 

micro-scale. It is demonstrated that the fluid cell method is a useful tool in determining the pressure 

coefficients of boundary shear strength of wetted surfaces. In this study both dry and wet LFM are 

used to measure the pressure coefficient of boundary shear strength specific for the generated 

tribofilm. It is shown that this parameter is crucial in predicting friction in the micro-scale contact 

analysis, and can be measured directly using LFM in the nano-scale. LFM measurements in the 

absence of a fluid (dry LFM) are shown to over-predict the pressure coefficient of boundary shear 

strength. 
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The tribofilm derived from the fully-formulated engine oil is measured on the surface using XPS, 

showing a slight increase in friction during the tests with the LFM in comparison with the virgin steel 

sample. The results also show higher friction for the fully-formulated lubricant in comparison with the 

base oil in both LFM and the tribometric tests. This explains the measured high friction for the 

ZDDP-based tribofilms in the current study and more widely in the literature [12, 13, 15-17], 

particularly when it is coupled with a decrease in the composite Young’s modulus of elasticity of the 

surface as well as an increase in the pressure coefficient of boundary shear strength of the contact 

reported here. 
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Appendix 

The statistical functions (F2 and F5/2) required for the Greenwood and Tripp model have been applied 

using a curve fit to the measured peak height distributions. Two 6
th
-order polynomials of the form 

𝐹𝑛(𝜆) = 𝑎6𝜆6 + 𝑎5𝜆5 + 𝑎4𝜆4 + 𝑎3𝜆3 + 𝑎2𝜆2 + 𝑎1𝜆 + 𝑎0 were used to accurately fit the entire range 

between the lubricant film ratios (𝜆) of 2 and 6. The coefficients are provided below: 

Table 7: 𝐹2 and 𝐹5/2 polynomial curve fit parameters 

 𝑭𝟓/𝟐 for 𝟐 > 𝝀 > 𝟒. 𝟏 𝑭𝟓/𝟐 for 𝟒. 𝟏 > 𝝀 > 𝟔 𝑭𝟐 for 𝟐 > 𝝀 > 𝟒. 𝟏 𝑭𝟐 for 𝟒. 𝟏 > 𝝀 > 𝟔 

𝒂𝟎 4.39 1.22 3.01 1.27 

𝒂𝟏 5.77 -1.37 -3.60 -1.41 

𝒂𝟐 3.20 0.64 1.75 0.65 

𝒂𝟑 -0.95 -0.16 -0.43 -0.16 

𝒂𝟒 0.16 2.22× 10−2 5.54× 10−2 2.27× 10−2 

𝒂𝟓 -1.43× 10−2 -1.67× 10−3 -3.07× 10−3 -1.69× 10−3 

𝒂𝟔 5.32× 10−4 5.20× 10−5 2.55× 10−5 5.26× 10−5 
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