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Textured surfaces have been shown to provide enhanced tribological performance in a variety of contacts. Numerical analysis and optimisation methods are combined for application-oriented texture optimisation. However,
an analytical approach is advantageous in providing more generic in-depth understanding of the nature of the
relationships between texture parameters and objective functions, such as enhanced load carrying capacity and
reduced friction. The paper outlines such an approach to obtain a set of global optimum design parameters for
partially textured surfaces. The optimised results are expressed in dimensionless form, which enables their use for
a variety of applications. The performance of optimised partially textured sliding surfaces is compared with the
other conventional bearing geometries in their optimum state.

1. Introduction
Surface textures introduced on contacting surfaces act as microreservoirs of lubricant under operating conditions which do not otherwise yield a coherent ﬁlm of lubricant. Such conditions include, inter
alia, poor contact kinematics as in stop-start and reciprocating motions,
high contact loads and poor conjunctional geometrical proﬁles. Surface
textures create micro-wedges, acting as micro-bearings on their own
accord. There has been an increasing volume of research on tribological
performance of textured surfaces since the late 1990's [1,2] due to the
advances made in their relatively cost-effective manufacture. These
include laser surface texturing (LST) [3–7], which has attracted much
interest. Owing to the diversity of load bearing conjunctions and operating conditions, there has been a plethora of reported research focused
on particular applications such as journal bearings [8–11], thrust bearings [12,13], piston ring and cylinder liners [4–6,14,15], mechanical
seals [1,2,16] and rolling element bearings [17,18] among other cases.
There have also been studies on optimisation of the textured surfaces for
speciﬁc applications [19]. However, due to a relatively large number of
texture design parameters and operational conditions, a uniﬁed set of
guidelines for the optimisation process for any given application has not
hitherto emerged despite several in-depth contributions [20–23].
Rahmani et al. [24,25] proposed an analytical approach for investigation of tribological performance of partially textured sliding surfaces
under hydrodynamic regime of lubrication. The objectives were to
maximise hydrodynamic load carrying capacity and minimise viscous
friction or the required ﬂow rate. Their results provided a set of local

optima, where for a given texture length ratio an optimum set of textured
length and depth ratios could be speciﬁed for any given number of
texture features. Alternatively, optimum values of texture length and
depth ratios could be determined for a given number of textures at
various texture length ratios. These characteristic ratios are deﬁned in
Section 2.
The advantage of the analytical approach is in providing an in-depth
understanding of the relationships between the texture design parameters and stated measures of performance. Therefore, the underlying
physical relationships can be readily obtained through an analytical
approach. In addition, analytical solutions provide time-efﬁcient solutions when compared with the numerical computations, using iterative
techniques. The inherent error in the numerical method is also a factor
that originates from its approximate nature. The advantage of numerical
approach is dealing with complex geometries or those caused by any
thermo-elastic effects. Furthermore, more complex texture shapes or
patterns may be studied using numerical approaches.
The current study builds upon the analytical approach in Ref. [25] to
provide a global set of optimum parameters, which would maximise the
attainable load carrying capacity. It also provides a comparison between
the performance of textured surfaces with other commonly used slider
geometries, all with their optimum design; wherever analytically feasible.
2. Geometrical features of a textured contact
Fig. 1 shows a two-dimensional schematic representation of a
textured sliding surface. The parameters used to characterise a textured
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surface are: (i)- the number of textures, (ii)- the location of the textured
area within the overall contact, (iii)- geometrical properties of texture
features including their cross-sectional proﬁle, maximum depth and
width, and (iv)- the axial interspatial spacing between successive textures (pitch).
Using the notations in Fig. 1, the following dimensionless parameters
are deﬁned [26,27]:
- Texture depth ratio: This is the ratio of the maximum to the minimum
gap between the counter face surfaces.

ξ¼

hm þ hd
hd
¼1þ
hm
hm

(1)
Fig. 1. Schematic of a textured contact subject to sliding motion and corresponding
geometrical parameters.

[30] and ball bearings [31]. Therefore, an average effective contact
temperature may be assumed. The dimensionless relationships provided
in Refs. [25–27] are independent of the lubricant viscosity. Therefore,
when converting the results into dimensional parameters such as load
carrying capacity and friction an adjusted lubricant viscosity for the
contact operating temperature can be used. Furthermore, the current
study is a comparative study of texture parameters for contact conjunctions which are assumed to be subjected to the same operating conditions
in each studied case, with the differences accounting for the various
texture parameters.
The analytical relationships provided in Ref. [25] for textures of
rectangular and isosceles triangular proﬁles are used in the current study.
For clarity, these relationships are restated here.
The dimensionless performance parameters in terms of load carrying
capacity and friction are deﬁned as:

- Leading and trailing edge ratios: These are the ratios of the leading
and the trailing edges of the textured region to the overall bearing
axial length:

l0
ln
α0 ¼ ; αn ¼
L
L

(2)

- Texture length ratio: This is the ratio of the texture length at the base
to the interspatial space between successive texture features:

ε¼

dx
lx

(3)

- Textured length ratio: This is the ratio of the length of textured area to
the overall bearing axial length:

κ ¼ 1  ðα0 þ αn Þ

Λw ¼ W

(4)

 2
1 hm
ηU L

(5)

and

3. Governing relationships

Λf ¼ f

Reynolds equation is commonly used to model lubricated conjunctions
comprising textured surface(s). To model textured features of ﬁnite lateral
width (e.g. pores or chevrons), a two-dimensional form of Reynolds
equation should be used, along with numerical solution techniques such as
ﬁnite difference methods in order to obtain the generated pressure distribution [26,28]. For cases where the lateral texture widths may be
considered large in comparison with their lengths, use of one-dimensional
Reynolds equation is justiﬁed as in the case of inﬁnite-width microbearings. Consequently, explicit analytical relationships for load carrying
capacity and viscous friction can be derived and used to calculate the
tribological performance of the given textured contact. As a result, a
thorough parametric study can be conducted, through which the optimum
geometrical parameters for the texture features may be determined. In
such an approach, the extent to which any performance criterion may be
inﬂuenced by any chosen design parameter can be ascertained. This enables the designers to identify design features with a greater degree of
conﬁdence, as well as identify the underlining physical principles.
The analytical methodology and associated boundary conditions are
speciﬁed in Rahmani et al. [25–27] in some detail. The current analysis
assumes an incompressible lubricant under iso-viscous condition. In
addition, it is assumed that there is negligible thermal gradient in the
contact domain. This is generally the case in many applications including
for piston rings and cylinder liner conjunction [29], big-end bearings

 
1 hm
ηU L

(6)

where, W and f are load carrying capacity and friction per unit lateral
width of the contact. In addition, η and U represent lubricant dynamic
viscosity and sliding speed respectively, while hm and L denote the
minimum ﬁlm thickness and the overall contact length (in the
axial direction).
The ratio of dimensionless friction to dimensionless load carrying
capacity is indicative of the coefﬁcient of friction when it is purely based
on texture geometrical parameters:

Ω¼

 
Λf
f L
L
¼
¼μ
hm
Λw W h m

(7)

As it can be seen Ω is a scaled-up representation of the coefﬁcient of
friction, μ, by the ratio of contact length over the minimum ﬁlm thickness. Hereinafter, Ω is referred to as scaled coefﬁcient of friction and is
used in the comparison of numerical results of various bearing conﬁgurations later in Section 4.
In the case of rectangular shape texture features the dimensionless
load carrying capacity and friction become:

Λw ¼




m2 ε2 κ2 ðξ  1Þ4 þ ξðm þ ε  1Þ ðm þ ξ  1Þξ3  2mεκðξ  1Þ ξ2  ξ þ 2



Λf ¼
ξðm þ ε  1Þ ðm þ ε  1Þξ3  mεκ ξ3  1
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3mεκð1  κÞðξ  1Þ


ðm þ ξ  1Þξ3  mεκ ξ3  1

(8)

(9)
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relations, a variable (e.g. κ) remains constant, then the value of ξ,
resulting in the maximum load carrying capacity (as the objective function) can be considered as a localised extremum. The determined value of
the objective function is thus regarded as a local maximum. However,
when searching for the global maximum, the optimum for the effects of
both variables (i.e. κ and ξ) is sought.
Unlike for load carrying capacity, no speciﬁc extremum point for
friction can be found based on any of the deﬁned texture parameters. In

For the case of triangular shape texture features, the corresponding
dimensionless load carrying capacity and friction are:

Λw ¼

3mεκð1  κÞðξ  1Þ
2ðm þ ξ  1Þξ2  mεκð2ξ þ 1Þðξ  1Þ

(10)





2 ðm þ ε  1Þ ðm þ ε  1Þξ2  2mεκ ξ2 þ 2ξ  1 þ m2 ε2 κ 2 ðξ þ 5Þðξ  1Þ
4mεκ



ln ξ þ
Λf ¼
ðξ  1Þðm þ ε  1Þ
ðm þ ε  1Þ 2ðm þ ε  1Þξ2  mεκ 2ξ2  ξ  1

(11)

this case, the obtained roots of the derivative functions prove to be
inﬂexion points. Examining the corresponding relationships for the
deﬁned scaled coefﬁcient of friction reveals the existence of optima for κ
and ξ similar to the case for Λw , however, this is not explored further in
this study.
Following the foregoing approach, the optimisation for the global
maximised load carrying capacity for both rectangular texture and
triangular shaped textures can now be determined.

In the above relationships, it is assumed that the trailing edge ratio,
αn , is diminutive since it has a negligible effect. Therefore, it can be
ignored in the evaluation of bearing performance.
The above relationships can be used for design purposes as well. It is
important to note that the results from the current study are only
applicable for a prevalent hydrodynamic regime of lubrication (i.e.,
λ ¼ hm =σ > 3). Therefore, for a given load, texture population and distribution, texture depth ratio can be calculated through either of equations (8) and (10). Subsequently, the minimum required texture depth
can be calculated through: hd ¼ 3ðξ  1Þσ. If it is decided to operate at
higher minimum ﬁlm thickness values, then the required texture depth
should proportionally increase, based on this relationship, in order to
maintain the same load carrying capacity. Conversely, there exists a limit
on amount of increase in the minimum ﬁlm thickness for the above relationships to hold true. This limit is imposed by the assumptions made,
based on which Reynolds equation is derived and remains valid for use;
i.e. ðhd þ hm Þ=L < Oð103 Þ.

4.1. Optimisation of textures with rectangular shape
Fig. 2(a) and (b) show the global optimum values for κ and ξ, for the
case of maximum load carrying capacity for different number of textures, m.
The results show that for maximum load carrying capacity for a
bearing with ﬂat end textures, it is desirable to conﬁne the texture depth
to 50%–80% of the anticipated minimum lubricant ﬁlm thickness.
Furthermore, the textured area should preferably cover 50%–72% of the
apparent contact area. This is irrespective of the ratio of the texture
length to the interspatial spacing between adjacent textures, as well as
the number of textures.
Fig. 2(a) also shows that as the length of the texture features increase
or their interspacing reduces, the size of the optimum textured area rises,
until it reaches to almost three-quarters of the contact length. Fig. 2(b)
shows the growth in the optimum texture depth as the texture length
ratio increases, when the operating minimum lubricant ﬁlm thickness
remains unchanged.
Fig. 3(a) and (b) show the maximum attainable dimensionless load
carrying capacity and the corresponding generated viscous friction.
Fig. 3(a) shows that the texture features of lengths comparable to
their interspacing (i.e. with ε→1), produce the highest load carrying
capacity, whilst keeping the generated friction to a minimum as seen in
Fig. 3(b). In addition, the optima do not alter signiﬁcantly with the
number of textures, when ε→1. It also appears that lower number of
textures result in improved hydrodynamic performance. This is indeed
what one would expect as the maximum possible load carrying capacity
would be represented by a Rayleigh-step bearing [32], which is based on
the developed analytical methodology here corresponds to the case with
m ¼ 1, as αn  0.
It must also be noted that at the other extreme, when ε→0 (i.e. the
length of textures become much smaller than their interspatial distance),
the dimensionless load carrying capacity tends to that of a smooth ﬂat
plate with no texture features. It is obvious that in such circumstances,
the load carrying capacity would diminish and the coefﬁcient of friction
would theoretically tend to inﬁnity. This condition corresponds to
cessation of pressure perturbations resulting from micro-wedge effect of
texture features, thus no hydrodynamic load carrying capacity. Morris
et al. [6] have shown that micro-hydrodynamic lift occurs due to pressure
perturbations at the leading edge of texture features in lubricant

4. Optimisation process for rectangular and triangular textured
surfaces
The above stated analytical relations enable the determination of
optimum texture parameters to achieve maximum load carrying capacity
or minimum friction. Examining the relations shows that load carrying
capacity reduces monotonically with number of textures, m, and increases with the texture length ratio, ε. Therefore, speciﬁc optimum
conditions cannot be obtained through derivatives of load carrying capacity with respect to either m or ε. However, there would exist speciﬁc
values for κ or ξ, based on which the load carrying capacity may be
maximised. Nevertheless, these values would be a function of number of
textures and texture length ratio, for any given texture shape.
To obtain the global maximum for load carrying capacity, the root of
equation ∂Λw =∂κ ¼ 0 would provide positive values of κ, which can be
substituted back into the corresponding Λw term and differentiated again
with respect to ξ. Solving the resulting equation provides the global ξopt
values. In this process roots that provide negative or imaginary values are
discarded. Replacing ξopt into the equation for κ provides the global κ opt
values. In addition, replacing these parameters back into the equation for
Λw provides a relationship for the global ðΛw Þmax . Due to the tedious
nature of the problem, the whole process is carried out in a Computer
Algebra System (CAS) software. The same procedure can also be carried
out when dealing with the minimisation of friction as an objective
function. It is also important that the roots obtained are re-examined
through the use of the second derivative, ensuring that they represent
the correct extremum values.
Taking into account both of these global optima; ξopt and κ opt together,
the resulting load carrying capacity can be considered as the global rather
than the local maximum.
A further clariﬁcation on the concept of global as opposed to localised
optima is instructive at this point. If, for example, in the above stated
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Fig. 2. Optimum values for (a) textured length ratio, and (b) for texture length ratio for different number of textures of rectangular shape.

Fig. 3. (a) Maximum dimensionless load carrying capacity and the corresponding dimensionless friction for different number of rectangular-shaped textures.

lift capacity.
The corresponding dimensionless maximum load carrying capacity
and associated generated friction are shown in Fig. 5.
The trends in the results of Fig. 5 are quite similar to those already
observed for the rectangular-shaped textures (Fig. 3). A relative comparison of the maximum attainable load carrying capacity for both
rectangular and triangular textures shows the superior performance of
the former. The ﬂatness of the texture base and particularly the
straightness of the side walls of rectangular textures appear to be the
reason for this enhanced performance. The sharp geometrical gradient at
the texture edges promotes micro-wedges (thus pressure perturbations)
which are essential for high pressure ﬁlm formation as determined by the
term dh=dx in Reynolds equation. This comparative study also shows

4.2. Optimisation of textures with triangular shape
It is also possible to optimise textures of triangular proﬁle in terms of
values for κ and ξ, which would yield maximum load carrying capacity
for any given number of textures. Fig. 4 shows the variations of κ and ξ for
different number of textures and texture length ratios.
Compared with the case of rectangular textures, the optimum
textured portion of the bearing surface is between 50% and 65% of the
whole bearing length (Fig. 4(a)), which is slightly less than the case of
rectangular-proﬁled textures. On the other hand, the optimum texture
depths are considerably (~46% at ε ﬃ 1) larger (Fig. 4(b)) than the case
of rectangular textures. This implies that triangular-shaped textures
should be deeper in order to achieve highest possible hydrodynamic
275
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Fig. 4. Optimum values for: (a) textured length ratio and (b) texture ratio for different number of triangular-shaped texture features.

Fig. 5. (a) Maximum dimensionless load carrying capacity and (b) the corresponding dimensionless generated viscous friction for different number of triangular-shaped textures.

effect of the actual number of textures becomes unimportant. It can also
be seen that the optimised rectangular textures produce lower coefﬁcient
of friction compared with their triangular counterparts. These represent
good guidelines for manufacture of textured surfaces in reducing costs
and improving the throughput time in mass manufacturing environment.

reduced friction in the case of rectangular-shaped textures.

4.3. Comparison of the coefﬁcient of frictions
The results for the deﬁned scaled coefﬁcient of friction for both
rectangular and triangular shape textures are shown in Fig. 6.
Considering the assumptions upon which Reynolds equation is based,
it is essential to note that: hm =L  Oð103 Þ (or less) for validity of the
results of analysis carried out here.
The results in Fig. 6 indicate that the minimum scaled coefﬁcient of
friction occurs, when: ε→1. At or around this texture length ratio, the

5. Evaluating the performance of optimised fundamental slider
proﬁles
To gauge the effectiveness of texturing, it seems appropriate to
compare the performance of textured surfaces with other fundamental
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Fig. 6. Comparison of the scaled coefﬁcient of friction for (a)-rectangular and (b)- triangular shaped textures.

the equivalent performance parameters in an optimised conﬁguration.
Following the same convention as before, the height ratio parameter
can be deﬁned as:

and conventionally established bearing geometries.
5.1. Case of two sliding parallel ﬂat plates

ξ¼1þ

The case of lubricated contact of a smooth parallel ﬂat slider of
inﬁnite width (requiring one-dimensional solution of Reynolds equation)
is considered. For two parallel ﬂat semi-inﬁnite planes with a gap of hm ,
in relative sliding motion and in the absence of any pressure gradient, no
load carrying capacity would be generated as: dh=dx ¼ 0. It should be
noted that the effect of any viscous and thermal wedges are ignored here.
Therefore, the performance of such contact can be evaluated as:

W ¼ 0; f ¼

ηUL
;μ ¼ ∞
hm

(14)

where, hI is the maximum inclination height.
In the absence of any pressure differential between the inlet and
outlet boundaries, the bearing performance parameters including its load
carrying capacity and generated viscous friction in dimensionless form
become [26]:

(12)

Λw ¼

Alternatively, in terms of the aforementioned dimensionless parameters (Section 2):

Λw ¼ 0; Λf ¼ 1; Ω ¼ ∞

hl
hm

Λf ¼

(13)

6 ln ξ
2

ðξ  1Þ



12
ξ2  1

4 ln ξ
6

ξ1 ξþ1

(15)

(16)

The optimum value for ξ to achieve the maximum load carrying capacity becomes: ðξopt ÞmaxΛw ¼ 2:1887, with the optimum inclination
angle of:

5.2. Inclined pad bearing
For an inclined sliding pad bearing (Fig. 7), it is also possible to obtain

θopt ¼ tan1



ξopt  1

 hm
L

(17)

Using the obtained optimum value for the height ratio, the maximum
dimensionless attainable load carrying capacity and the corresponding
generated viscous friction, and the scaled coefﬁcient of friction coefﬁcient for this case become: ðΛw Þmax ¼ 0:1602, Λf ¼ 0:7542 and Ω ¼
4:7066 respectively.
It is also possible to ﬁnd the optimum value of ξ which would provide
the minimum scaled coefﬁcient of friction. The optimum value for ξ to
achieve this, is: ðξopt ÞminΩ ¼ 2:5335. Using this value, the corresponding
dimensionless load carrying capacity becomes: Λw ¼ 0:1572, whilst Λf ¼
0:7268 and ðΩÞmin ¼ 4:6223.
5.3. The Rayleigh-step bearing
A comprehensive optimisation study of the Rayleigh-step bearing is

Fig. 7. Schematic of inclined pad bearing.
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S¼

x2
2R

(22)

where, R is the crown radius. The relationship between the crown radius,
crown height and the ring contact face length is as [34]:

hr ¼

ξ¼1þ

provided by Rahmani et al. [32]. Fig. 8 is a schematic representation of a
Rayleigh step bearing.
The step ratio and the ratio of the step length to the overall bearing
are deﬁned as:

κ¼

hs
hm

ls
L

(18)

 
ηU
W ¼ 2:45R
hm

(19)

3κðξ  1Þðκ  1Þ


κ ξ3  1  ξ3



4
κ 2 ðξ  1Þ  2κξðξ  1Þ ξ2  ξ þ 2 þ ξ4
 3
 3

Λf ¼
ξ ξ κ ξ 1

hr
hm

(24)

Gohar and Rahnejat [35] provide the following relationship for load
carrying capacity per unit lateral length of an inﬁnite length parabolic
converging-diverging proﬁle in the absence of the squeeze ﬁlm effect,
when Swift-Stieber outlet boundary conditions are used:

(25)

which, using the deﬁnitions provided above can be represented in nondimensional form as:

The dimensionless load carrying capacity and the generated viscous
friction become [32]:

Λw ¼

(23)

Following the convention set earlier, the ring crown height ratio can
be deﬁned as:

Fig. 8. Schematic of Rayleigh step bearing.

ξ ¼1þ

ðL=2Þ2
2R

Λw ﬃ

(20)

0:3063
ξ1

(26)

However, it can be shown that for a ﬁnite length convergingdiverging proﬁle, taking into account the effect of cavitation with the
Swift-Stieber lubricant rupture point and in the absence of the squeeze
ﬁlm effect, the load carrying capacity per unit lateral width alters. This is
obtained in the Appendix, yielding:

(21)

The maximum global load carrying capacity is obtained when
ðκ opt ÞmaxΛw ¼ 0:7182 and ðξopt ÞmaxΛw ¼ 1:866. For these optimum values,
the maximum dimensionless bearing load carrying capacity, the corresponding generated friction and the coefﬁcient of friction are found to be:
ðΛw Þmax ¼ 0:2063, Λf ¼ 0:8453 and Ω ¼ 4:0981, respectively.
For minimisation of coefﬁcient of friction, the optimum values are
calculated to be ðκ opt ÞminΩ ¼ 0:8 , and ðξopt ÞminΩ ¼ 2. These values result
in: Λw ¼ 0:2, Λf ¼ 0:8 and ðΩÞmin ¼ 4 respectively.

n 
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ 
h
3
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ cξ2 12c2 ðξ  1Þ  1 tan1 2c ξ  1
8ξ2 ξ  1
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ i pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ

ξ  1 þ ξ  1 ð2c þ 1Þ 6c2 ξ2  2c2 ξ  4c2 þ cξ
þ tan1
o
ξþ1

Λw ¼ 

(27)
where c ¼ c=L , in which c is the location of cavitation inception point as
measured from the centre of the contact where: x ¼ 0. In other words, the
location of cavitation inception point as measured from the lubricant
entrant point, in dimensionless form, becomes: κ ¼ 0:5 þ c. This is the
portion of the bearing length which experiences high pressures (i.e.
length of the non-cavitated zone).
The value for c is obtained through implementation of Swift-Stieber
boundary conditions as: ð∂p=∂xÞc ¼ pðcÞ ¼ 0, and through numerical

5.4. Parabolic converging-diverging proﬁle
The parabolic conjunctional proﬁle (Fig. 9) has a wide range of applications, particularly in the presence of relative sliding motion. A good
example is the top compression ring of the internal combustion engine,
where the ring is usually crowned with a parabolic proﬁle. Morris et al.
[33] studied the optimum converging-diverging proﬁle for piston
compression rings with a parabolic and other various power indices.
The parabolic proﬁle is described as:

Fig. 10. Variation of location of cavitation inception point with ξ.

Fig. 9. Schematic of a converging-diverging symmetric parabolic contact proﬁle.
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the resultant
non-linear equation:
hsolution ofp
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ i 1  12ðξ  1Þc2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ 
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
tan1 2c ξ  1  tan1  ξ  1
4 ξ1
!
1 þ 4ðξ  1Þc2 c½12ðξ  1Þc2 þ 5 3ξ þ 2
¼
þ
2
2
2ξ2
½4ðξ  1Þc2 þ 1



4ðξ  1Þc2 þ 1 þ 2ξc
ξð4ðξ  1Þc2 þ 1Þ

(28)

Fig. 10 shows the variation of the location of ﬁlm rupture (cavitation
inception point) with ξ. Consequently, a relationship for determining the
value of c for any given value of ξ in the range 1 < ξ < 100, can be obtained through regression analysis of the numerical results as:

c ﬃ 0:2523ξ0:513

(29)

Therefore, if the crown height remains below the minimum ﬁlm
thickness (i.e. ξ < 2), then the cavitated region can cover 18–25% of the
entire contact length. If on the other hand the crown height becomes
greater than the minimum ﬁlm thickness (i.e. ξ > 2), then the cavitated
region grows further in its extent.
Variation of Λw with ξ can now be obtained using the equation
derived above for the dimensionless load carrying capacity. Fig. 11 shows
the variation of dimensionless load carrying capacity with ξ.
As it can be seen, at the transition point, where the crown height is
slightly larger than the minimum ﬁlm thickness, the maximum possible
load carrying capacity would be expected.
The optimum crown height ratio, which provides the maximum load
carrying capacity, can then be obtained from the results of Fig. 11. The
optimum value is: ðξopt ÞmaxΛw ﬃ 2:193, which yields: ðΛw Þmax ﬃ 0:0657.
Thus, to gain maximum load carrying capacity from a parabolic proﬁle in
lubricated sliding motion, the ratio of the crown height to the minimum
ﬁlm thickness should be approximately 1.193.
Fig. 12 provides a comparison of the results for ﬁnite convergingdiverging proﬁle and that with the pressure boundaries set at inﬁnity,
representing a fully ﬂooded conjunction. It can be seen that with reduced
crown height-to-ﬁlm thickness ratios the error becomes signiﬁcant.
Nevertheless, in the case of a piston top compression ring, where the ring
crown height is typically 10–20 μm, if the lubricant minimum ﬁlm
thickness is considered to be typically 1~2 μm in the vicinity of deadcentre reversals, then: ξ  10 and the difference in the predicted load
carrying capacity would be less than 30%.
Using the deﬁnitions given above and also stated in the Appendix, the
dimensionless friction is obtained as:

Λf ¼

n 
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ 
h
1
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ 3ξ 4c2 ð∓ξ±1Þ  1 tan1
ξ1
4ξ ξ  1
i
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ 

þ tan1 2c ξ  1 þ 3 ξ  1 4c2 ð∓ξ±1Þ þ 2ξc∓1
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ o
þ 4Uξ tan1
ξ1

Fig. 11. Variation of dimensionless load carrying capacity for a ﬁnite length parabolic slider.

Fig. 12. Comparison of the load carrying capacity for ﬁnite converging-diverging proﬁle
and that with the pressure boundaries set at inﬁnity.

(30)

where, the negative sign is used for the lower surface and the positive
sign is for the upper surface in a sliding-pair contact. In addition, the term
U ¼ ðU2  U1 Þ=ðU2 þ U1 Þ can be used to characterise the slide-roll ratio
in the contact of ellipsoidal solids of revolution as in rolling
element bearings.
Using ðξopt ÞmaxΛw ﬃ 2:193, the values for dimensionless friction and
the scaled coefﬁcient of friction are obtained as Λf ¼ 0:699 and
Ω ¼ 10:640. In addition, the location of the lubricant ﬁlm rupture becomes: c ¼ 0:1687.
Fig. 13, shows that viscous friction reduces rather monotonically with
ξ and hence no particular optimum values can be stated. However, Fig. 14
shows that it is possible to obtain an optimum value for ξ which would
provide the least attainable scaled coefﬁcient of friction, using the
devised relationship between the location of cavitation inception point
and the crown height to the minimum ﬁlm thickness ratio (equation

Fig. 13. Variations of dimensionless friction with deﬁned height ratios for the parabolic
contact proﬁle.

(29)) stated earlier.
The minimum value of scaled coefﬁcient of friction is obtained for
ðξopt ÞminΩ ﬃ 3:822, with ðΩÞmin ﬃ 9:425 and Λw ﬃ 0:0544. In addition,
the location of ﬁlm rupture would be at: c ¼ 0:1267.
5.5. Comparison of various bearing proﬁles and partially textured surfaces
The results from the optimisation process based on maximising load
carrying capacity are summarised in Table 1. As expected, the results
show that the Rayleigh step bearing would provide the highest load
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rectangular and triangular features is examined to obtain optimum
texture characteristics for maximum load carrying capacity. The dimensionless approach yields feature parameters which are solely geometrical.
The expounded approach provides an opportunity to isolate the inﬂuence
of these parameters upon speciﬁed bearing measures of performance.
The analysis shows that the performance of a textured surface deteriorates as the number of features increases. This means that a
Rayleigh-step bearing represents the ideal geometry for applications that
it can be practically employed. Additionally, the textures with base
lengths comparable with their interspatial spacing perform better for the
chosen measures of performance (i.e. load carrying capacity and reduced
friction). It was also concluded that the optimum performance is achieved when approximately two-thirds to three-quarters (depending on
the feature shape) of overall contact domain is textured.
The optimum depth of texture in the case of rectangular features is
approximately 80–85% of the predicted minimum lubricant ﬁlm thickness, whilst in the case of triangular textures this should be 70–75%

Fig. 14. Variation of scaled coefﬁcient of friction with deﬁned height ratio for the
parabolic proﬁle.
Table 1
Comparison of performance for different slider bearing conﬁgurations.

εopt
κ opt
ξopt
ðΛw Þmax
Λf
Ω

Flat plate

Inclined pad

Rayleigh step

Rectangular m ¼ 2

Triangular m ¼ 2

Rectangular m ¼ 10

Triangular m ¼ 10

Parabolic proﬁle

–
–
–
–
1
∞

–
–
2.1887
0.1602
0.7542
4.7066

–
0.7182
1.8660
0.2063
0.8453
4.0981

0.99000.7139
1.8559
0.2037
0.8489
4.1684

0.9900
0.6643
2.7173
0.1532
0.8826
5.7630

0.9900
0.7105
1.8483
0.2017
0.8517
4.2235

0.9900
0.6624
2.7060
0.1520
0.8841
5.8185

–
0.6687
2.1931
0.0657
0.6991
10.6399

larger than the minimum ﬁlm thickness.
In the case of parabolic converging-diverging conjunctions, the optimum crown-height is found to be approximately 20% larger than the
minimum ﬁlm thickness. In addition, an empirical relationship is provided for determining the location of lubricant ﬁlm rupture and
commencement of the cavitation zone.
Future work should include the application of the expounded
approach to the case of textured pad bearings as an interesting problem
with wide-ranging application. Furthermore, the spatial variation of
texture features along a bearing length may present further opportunities
for optimisation.

carrying capacity amongst all the studied bearing geometries. However,
it is interesting to note that the partially textured contact with rectangular features provides a relatively comparable load carrying capacity.
The contact with triangular textures is only comparable with the inclined
pad bearing's performance. Nevertheless, the favourable comparisons
between the textured surfaces and the traditionally established bearing
geometries show the ﬁdelity and relevance of surface texturing. Clearly,
the traditional bearing geometries cannot be used to a host of applications, such as for the piston compression ring [2,7,14,23,36] or piston
skirts or cylinder liners [4,37], highlighted here, where reduced frictional losses have been reported.
It is noteworthy that the results of the current study are limited to the
hydrodynamic regime of lubrication. In addition, the current analysis
does not include the effect of thermal distortion of contiguous contacting
solids or their localised elastic deformation, which can affect the
conjunctional geometry of the bearing and that of the textures themselves. Therefore, at high loads, small clearances and high values of
relative surface velocities; thus generated heat, different optimal designs
might be sought.
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6. Closing remarks
The performance of partially textured sliding surfaces with

Appendix
The dimensionless form of Reynolds equation under steady state condition (i.e. with no squeeze ﬁlm effect) for an incompressible iso-viscous ﬂuid in
one-dimension is:



∂
∂h
3 ∂p
¼6
h
∂x
∂x
∂x

(I)

where, the dimensionless form of pressure and ﬁlm proﬁle are: p ¼ ph20 =ηUL and h ¼ h=h0 . In addition, the dimensionless axial coordinate is: x ¼ x=L.
This yields:
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x

pðxÞ ¼ 6 ∫ 1=2

1
2

h
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x

ds  hc ∫ 1=2

1
3

h

!
(II)

ds

where, hc is the dimensionless form of contact height at the cavitation inception point (lubricant ﬁlm rupture position).
Using Swift-Stieber boundary conditions: ð∂p=∂xÞx¼c ¼ pðcÞ ¼ 0, and solving the following equation, the location of the cavitation inception point
can be determined:
c

∫ 1=2

1
2

h

c

dx ¼ hc ∫ 1=2

1
h

3

(III)

dx

This results in the non-linear equation (28) for a converging-diverging parabolic conjunction.
Once the pressure distribution is found, the dimensionless form of load carrying capacity is obtained as:

Λw ¼

 2
W hm
c
¼ ∫ 1=2 pðxÞdx
ηU L

(IV)

which, results in equation (27) for a parabolic converging-diverging proﬁle.
Furthermore, the viscous shear in both cavitated and full-ﬁlm contacting regions are obtained as:

8
h ∂p U
>
>
>
< ±2 ∂x þ ;
hm
h
τ¼
τ¼
>U
ηU
>
>
: ;
h

1
  x<c
2

(V)

1
cxþ
2

where, c ¼ c=L is the dimensionless cavitation inception point and U ¼ ðU2  U1 Þ=ðU2 þ U1 Þ is an indicative of the slide-roll ratio.
Finally, the dimensionless viscous friction becomes:

Λf ¼

 
f hm
1=2
¼ ∫ 1=2 τdx
ηU L

(VI)

which, substituting the relevant parameters would result in equation (30).
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