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Ring-theoretic (in)finiteness in reduced
products of Banach algebras

Matthew Daws and Bence Horvath

Abstract. We study ring-theoretic (in)finiteness properties — such as Dedekind-finiteness and proper
infiniteness — of ultraproducts (and more generally, reduced products) of Banach algebras.

Whilst we characterise when an ultraproduct has these ring-theoretic properties in terms of its under-
lying sequence of algebras, we find that, contrary to the C*-algebraic setting, it is not true in general
that an ultraproduct has a ring-theoretic finiteness property if and only if “ultrafilter many” of the
underlying sequence of algebras have the same property. This might appear to violate the continu-
ous model theoretic counterpart of Los’s Theorem; the reason it does not is that for a general Banach
algebra, the ring theoretic properties we consider cannot be verified by considering a bounded sub-
set of the algebra of fixed bound. For Banach algebras, we construct counter-examples to show, for
example, that each component Banach algebra can fail to be Dedekind-finite while the ultraproduct is
Dedekind-finite, and we explain why such a counter-example is not possible for C*-algebras. Finally
the related notion of having stable rank one is also studied for ultraproducts.

1 Introduction

The notion of central sequences (with respect to a limit, or an ultrafilter limit) has long
been a key tool in the study and classification of von Neumann algebras (see [27,
Section 3, Chapter XIV] as a starting point). More recently, such ideas have also become
central to the classification of C*-algebras, see [19] for example. The study of ultra-
powers is intimately connected to model theory, and indeed continuous model theory
has recently been successfully applied to the study of von Neumann and C*-algebras,
[10, 11]. Furthermore, the analogue of the ultrapower where usual convergence is used,
the asymptotic sequence algebra, appears in the study of the set theory of C*-algebras,
[9].

In constructing ultraproducts or the asymptotic sequence algebra, we of course only
consider bounded sequences. Many properties of C*-algebras, such as those considered
in this paper - being Dedekind-finite, being properly infinite — can be verified fora C*-
algebra by only looking at bounded, in fact, norm one, elements. In this paper, we show
that this is not true for general Banach algebras, and that furthermore, this has impli-
cations for ultraproducts, and asymptotic sequence algebras, of Banach algebras. For
example, the property of being Dedekind-finite passes from each component Banach
algebra to the asymptotic sequence algebra, but the converse is not true. This is a mani-
festation of the fact that the very language of continuous model theory involves the use
of bounded metric spaces, [1]. We remark that the asymptotic sequence algebra appears

AMS subject classification: 46M07, 46H99 (primary); 16B99, 43A20 (secondary).
Keywords: Asymptotic sequence algebra, Banach algebra, bicyclic monoid, Cuntz semigroup,
Dedekind-finite, Los’s Theorem, properly infinite, stable rank one, semigroup algebra, ultraproduct.
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2 M. Daws and B. Horvath

to have not been systematically studied for Banach algebras; we think that this is likely
to prove to be a useful construction in general Banach algebra theory.

Let us now be more precise. The main objects of study in this paper are the follow-
ing. Let (A,) be a sequence of Banach algebras and let £*°(A,) be the Banach space
of all bounded sequences (a,), where a, € A, for each n, turned into a Banach
algebra with pointwise operations. Similarly, let co(A,) be the subspace of sequences
(a,) with lim,, ||a,|| = 0. Then cy(A,) is a closed, two-sided ideal of £°(A,,) and
in fact, when each A, is unital, £*°(A},) is the multiplier algebra of co(Ay) (compare
[9, Section 13] for example). The asymptotic sequence algebra Asy(A,) is the quotient
algebra £°(A,,)/co(A,). Let U be a non-principal ultrafilter on N and let cq;(A,,) be
the closed, two-sided ideal of £*°(A,) formed of sequences (a,) with lim,,_,q/ ||la,|| =
0. The quotient £*°(A,)/cq(Ay) is the ultraproduct (Ap)qy, see [15]. As co(A,) C
cq(A,) the ultraproduct is “smaller” than the asymptotic sequence algebra, although
for the questions we consider here there will be little difference. If A,, = A for all n, we
write Asy(A) and (A)qy, the latter known as the ultrapower of A.

We shall denote by a capital letter A, and so forth, an element A = (a,) € {*°(A,).
Letm : £*(A,) — Asy(A,) and mqq : £°(A,) — (Ay)qy be the quotient maps; then

(Al =limsup [|anll,  ll7(A)ll = lim [la,l.
n—oo n—U
In particular, given any a € Asy(A,) we can always find A = (a,) € (*(A,) with
n(A) = a and ||A|| = sup,, ||ax|| = ||al|, and similarly for (A, ). As our notation indi-
cates, we only work with sequences of algebras (A, ), and not with general nets, though
our results could be formulated in a more general setting. We always assume, then, that
our ultrafilters are non-principal, which on a countable indexing set, is equivalent to
being countably-incomplete, [15, Section 1].

An approach we could have taken to our overall presentation would have been to
work with “reduced products”, compare [14, Section 2.3]. If F is merely a filter on N
(and not necessarily an ultrafilter) we may still define c#(A;,) to be those sequences
(an) € £*°(A,) such, for each € > 0, that {n € N : ||a,|| < €} € F. Then c#(A,) is a
closed, two-sided ideal, and so we may define (A, )¢ = £°(A,)/ce(Ay). This defini-
tion agrees with the previous one if ¥ does happen to be an ultrafilter. Furthermore, if
F is the Fréchet filter (so A € F if and only if N'\ A is finite) then c#(A;) = co(A,) and
so (A,)F = Asy(A,,). Consequently, we could have structured all our statements and
proofs to be about reduced products. Instead, we felt that writing statements and proofs
for Asy(A,,) improved the readability (as we can work with “normal” convergence, and
limits at 00). Once the structure of an argument is understood, it is then easy to adapt it
to work for (ultra)filter products.

As motivation, and to make explicit links with continuous logic, let us consider when
Asy(Ay) or (Ay)q is unital. The first author considered the ultrapower case in [5,
Proposition 2.1], showing that (A)q, is unital if and only if A is, the proof using just
techniques from functional analysis. In Section 2 below, we consider how to use the
tools of continuous model theory to show, and improve upon, this result. From this per-
spective, the bulk of the proof of [5, Proposition 2.1] is taken up with showing that one
can write a sentence ¢ in the language of Banach algebras such that a Banach algebra
A is unital if and only if the interpretation ¢ of ¢ in A is zero. This is not entirely
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trivial, as in continuous logic the existential and universal quantifiers are replaced by
supremum and infimum. Once such a sentence has been found, Lo$’s Theorem for con-
tinuous model theory shows that ¢ = 0 if and only if ‘™% = 0, hence immediately
showing the result. In Section 2 below we show how to also obtain an analogous result
for ultraproducts.

An interesting aspect of continuous logic is that the language of Banach algebras
requires us to choose bounded domains for any sentence or term we use. These domains
are typically chosen so that in an interpretation of the language, they are closed balls of
varying radii. For the statement “A is unital” this seems innocuous, as units always have
norm one. However, for an abstract Banach algebra (as opposed to C*-algebras, or most
concretely occurring Banach algebras) this is merely convention. Indeed, if we allow
Banach algebras to have units of norm greater than one, then we can find a sequence
(A,,) of unital Banach algebras such that (A, )¢, is not unital, see Proposition 3.15. We
shall explore this phenomena extensively for the algebraic properties we consider below.

Once units have been studied, it is natural to look at idempotents, that is, elements
p € A with p? = p. Two idempotents p, g are equivalent, written p ~ g, when there
are a,b € A with p = ab and g = ba. This is indeed an equivalence relation, see
Section 2 for this. We say that p, g are orthogonal if pg = 0 and gp = 0. When A is a
C*-algebra, it is more natural to take account of the star-structure, and to ask that our
idempotents are self-adjoint, giving the notion of a projection. In Section 2 we give a quick
survey of the relation between idempotents and projections, showing in particular that
for C*-algebras, for the properties we consider, one can equivalently work with either
idempotents, or projections.

A unital algebra A is properly infinite if there are orthogonal idempotents p,g € A
with p ~ 1and g ~ 1. A is Dedekind-finite if p ~ 1 implies p = 1, and is oth-
erwise Dedekind-infinite. In this paper, we study how these notions interact with the
ultraproduct, and, especially, the asymptotic sequence algebra constructions.

In Section 3, we show that if (A,) is a sequence of Dedekind-finite Banach alge-
bras then also Asy(A,,) is Dedekind-finite. The converse is not, in general, true, but we
show that it is under further conditions. The definition of p ~ 1 entails the existence of
a,b € A with p = ab,ba = 1. To write a sentence in the language of Banach algebras
expressing this requires us, amongst other things, to give a bounded domain to work in:
that is, to norm bound a, b. For technical reasons, it is easier to work with the notion of
being Dedekind-infinite, and we introduce two constants, Cpi(A) and C};(A), which
measure how large ||a||||b]|, or ||p|| where p is idempotent, need to be to show that A is
Dedekind-infinite; see Section 3.2 for precise statements.

We show in Proposition 3.4 that if (A,,) is a sequence of Dedekind-infinite Banach
algebras, but with unbounded Cp; constants, then Asy(Aj,) is Dedekind-finite. We then
show, by way of examples of weighted semigroup algebras, that such a sequence can
exist. By contrast, such an example cannot occur for C*-algebras, see Corollary 3.9.

This exploration also raises the question of renormings. For a unital Banach algebra,
we can renorm so as to ensure the unit has norm 1. We find examples which show that
Cpi(A) and C};(A) need not be comparable, meaning that we can show A is Dedekind
infinite for an idempotent p of small norm, but to verify that p ~ 1, thatis, finda,b € A
with p = ab,1 = ba, we need to use a, b of large norm. We make some remarks on
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4 M. Daws and B. Horvath

whether it is possible to renorm A to make Cpj(A) small, but ultimately leave this as
an open question.

In Section 4, we perform a similar analysis for being properly infinite: if Asy(A,,) is
properly infinite then (A,, is properly infinite for large enough n. Again, the converse
holds when we have uniform norm control on the norms of the elements of A showing
that the idempotents p, g, involved in the definition of “properly infinite”, are equivalent
to 1. A more involved example of a weighted semigroup algebra provides a counter-
example, Theorem 4.11. We again show that it is possible to control the norms of the
idempotents without being able to control the norms of elements involved in verifying
that p ~ 1, ~ 1, see Proposition 4.13. We also investigate renorming questions. When
we do have sufficient norm control, we completely characterise when Asy(A,,) is prop-
erly infinite, Proposition 4.17. This is again achieved by introducing constants Cp,(A)
and Cp;(A), which measure how big the product of the norms || p||||¢|| are which witness
proper infiniteness, and respectively, the product of the norms of the elements imple-
menting the equivalence of the idempotents. Along the way, we show that there is an
isometric embedding of the inductive limit of Banach algebras (A;,) into Asy(A,,), and
use this to draw conclusions about when the inductive limit is properly infinite.

Finally, in Section 5, we consider the property of having stable rank one, which we
view as a strengthening of being Dedekind-finite. Here Asy(A) having stable rank one
implies the same for A; again the converse does not hold, which we show by way of a
counter-example. Two themes running through our consideration of all three properties
are “lifting” properties from Asy(Aj,) to €*(A,), which we view as being interest-
ing from a technical viewpoint; and also the certain “norm control” considerations
mentioned above.

The organisation of the paper is as follows. In Section 2 below, we first consider
some aspects of continuous model theory, and in particular Los’s Theorem, before giv-
ing some background results about idempotents, projections, and present some results
about being “close” to an idempotent. In the subsequent sections we study, respectively,
being Dedekind-finite, being properly infinite, and having stable rank one. We finish the
paper with some open problems.

Preliminaries

For us, a Banach algebra A will always have a contractive product ||ab|| < ||al|||b]|. If A
is unital then we assume that the unit 1 has ||1|| = 1. These assumptions can always be
achieved by giving A an equivalent norm (see e.g. [3, Proposition 2.1.9] and the comment
following it). As many of the results in this paper depend upon exact norm control, and
not just upon the equivalence class of the norm, we should be alittle careful of renorming
arguments. The reader is pointed to Section 3.4 and Propositions 4.15 and 4.16 below
for a wider discussion.

Let us make some remarks about continuous logic. Again, we shall motivate this dis-
cussion by considering when (A is unital. That A is unital, with unit e € A, can be
expressed in first-order logic as 3e € A,Va € A,ae = ea = a. However, in con-
tinuous logic, we have to use sup and inf in place of V and 3, and furthermore, we can
only quantify over bounded subsets of A. In fact, typically we define bounded domains
B,, which, when interpreted in A will be the closed ball of radius n € N. Consider the
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sentence

¢ = inf sup max (|lae —all,|lea — all).
eeB; aeB,

Arguing exactly as in the proof of [5, Proposition 2.1], we can show that a Banach algebra
A is unital if and only if ¢ = 0, that is, the interpretation of ¢ in A is zero.

Lo§’s Theorem for continuous model theory, [11, Proposition 4.3] or [I,
Theorem 5.4], shows that A will satisfy this sentence if and only if any ultrapower
(A)qq does. This immediately shows [5, Proposition 2.1]. In effect, Eos’s Theorem takes
care of the “ultraproduct bookkeeping” for us. In fact, we can use Lo$’s Theorem to
improve [5, Proposition 2.1], as follows.

Proposition 2.1  Let (A,,) be a sequence of Banach algebras. Then (Ay)qq is unital if and
only if there is U € U with A, unital for each n € U.

Proof Set B = (A)q and suppose that B is unital. By Los’s Theorem we know that
0% = lim,_,q; ¢™. We are supposing that ¢ = 0, so for € € (0,1/4) to be chosen
later, there is U € U with (pﬂ" < eforn € U.Givensuch ann we can find e € A,, with
llell < 1and||ea — all,|lae —a]| < €||a]| for each a € A,,. We now apply Corollary 2.7
below, to find p € A, with p> = pand ||le — p|| < fi(€), where f; is defined by
equation 2.1 below.

Then ||pc—c|| < |[p—cellllcll +€llcll < (fi(e)+¢€)||c]| for each ¢ € A,,. If we choose
€ > 0 small enough then fi(€) + € < 1. Givena € A, let b = a — pa so that pb = 0
because p? = p.If b # 0 then we conclude that ||5|| = ||pb— b|| < |||, a contradiction.
Hence pa = a and similarly ap = a, and so p is the unit of A,,, as required.

The converse is clear. L]

We shall show later in Proposition 3.15 that if we allow a Banach algebra to have a
unit of norm greater than 1 then the previous proposition is false.

Let us make two remarks about this treatment of A being unital. The first remark
is that we could work with the bounded domain B; above only because of our assump-
tion that if a Banach algebra is unital, then its unit has norm 1. However, this is only
ensured by a renorming argument. By contrast, for a C*-algebra, a unit e is self-adjoint
(because units are unique) and an idempotent, and so is a projection, and hence has norm
1 automatically.

Renorming arguments are not problematic when considering ultrapowers (or
Asy(A)) but can become questionable when considering ultraproducts (or Asy(A,,) for
a varying sequence (A, )). We shall make further remarks later, see Section 3.4 below.

The second remark is that the bulk of the argument of, for example, Proposition 2.1
is functional analytic: showing that if ¢! is small, then in fact A is unital. The neces-
sary Banach algebraic techniques for the properties we consider below are only more
involved, and for this reason, we have chosen to present our results in a way which does
not explicitly use continuous model theory.
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2.1 Background results about idempotents

Let us quickly recall why ~ is an equivalence relation on idempotents. Only transitivity
is non-trivial. Let p ~ g and g ~ r, say with p = ab,q = ba and q = cd,r = dc. Then
p = p* = abab = agb = (ac)(db) and (db)(ac) = dgc = dcdc =r* =rsop ~ r.

For a C*-algebra A, rather than considering idempotents, it is usual to consider pro-
jections, which are by definition self-adjoint idempotents: p € A with p = p* = p?. Itis
a fun exercise to show that an idempotent in a C*-algebra is a projection if and only if it
has norm one. Further, the natural equivalence of projections is that of Murray-von Neu-
mann equivalence, which says that p ~ ¢ if and only if p = v*v,q = vv* for some v € A
(which is necessarily a partial isometry). The proof in the previous paragraph still works
to show that = is an equivalence relation. Finally, it is then usual to define properly infinite
and Dedekind-(in)finite using projections and Murray-von Neumann equivalence.

We claim that it does not matter, for a C*-algebra, if we use our definitions or the
C*-definitions. This is folklore, but we have been unable to find a reference, so to aid
the reader, we give the argument. For the next few results, we fix a unital C*-algebra A.

Lemma 2.2 Let p € A be an idempotent. There is a projection g € A with p ~ q. We can
arrange for pq = q.qp = p or for pq = p,qp = q.

Proof This is [26, Exercise 3.11] or [3, Proposition 3.2.10]. Seta =1+ (p — p*)*(p —
p*) > 1soaisinvertible. Then pa = pp*p = ap and also p*a = ap*.Setq = pp*a™! =
a”'pp*. Then ¢*> = a”'pp*pp*a = a”lapp*a™ = gand q = ¢*. Also pq = g while
gp = a 'pp*p =alap = p,hence p ~ q.If instead we set r = p*pa~! = a~!p*p then

r? =r =r* while pr = pandrp = r. |

Lemma 2.3 Let p,q € A be projections with p ~ q. Then p = q.

Proof This is [3, Proposition 3.2.10]. Suppose p = ab and g = ba. Let ¢ = gbp thus
qc = ¢ = cp; as also ¢ = babab we have that ac = p and ca = ¢, and consequently
cac =cp =c.

Suppose p # 0. We have that p = p*p = c*a*ac < ||a||*c*c. Working in pAp, we
see that c*c is invertible, so there is d € pAp with d|c| = |c|d = p.Setu = cd so
u*u = d*|c|*d = p. Then qu = cacd = cd = u and hence uu* = uu*q = cdd*c*ca =
cdd*|c|*a = cdp|cla = cd|c|a = cpa = caca = q. Thus p = q.

If p =0,q # O then swap therolesof pand ¢q. If p = g = Othenclearlyp~¢q. =

Proposition 2.4 A is properly infinite as a Banach algebra if and only if it is properly infinite
as a C*-algebra.

Proof If A is properly infinite as a Banach algebra then there are idempotents p, g
with pg = gp = 0Oand p ~ 1,q ~ 1. By Lemma 2.2 there are projections p’, q" with
pp' =p,p’'p=pandqq’ = q,q4'q = q’. Then1 ~ p ~ p’so p’ = 1 by Lemma 2.3, and
similarly ¢’ ~ 1. Also ¢’p’ = q¢’qpp’ = 0 and similarly p’q’ = 0, hence A is properly
infinite as a C*-algebra. The converse is clear. [ ]
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Proposition 2.5 A is Dedekind-finite as a Banach algebra if and only if it is Dedekind-finite
as a C*-algebra.

Proof If A is Dedekind-finite as a C*-algebra, then let p € A be an idempotent with
p ~ 1. There is a projection ¢ € A withgq ~ p. Thusg ~ p ~ 1so g ~ 1 hence g = 1,
and consequently ¢ = 1. We can arrange that pg = ¢, so as ¢ = 1, we conclude that
1 = g = pq = p. Therefore A is Dedekind-finite as a Banach algebra. The converse is
clear. |

We now return to the general case. For M > 0 define
fu s [0,1/4) >R far() = (M +1/2)((1 - 4)" /2 = 1). (2.1)

It is clear that fjs is a non-negative continuous function. Furthermore, fj; < fiy when
N>M>0o0.

The following lemma is well-known, it can be found for example in [18, Lemma 2.1]
without a proof. For completeness we provide a (functional calculus argument based)
proof. In what follows, if A is an algebra, then inv(A) denotes the group of invertible
elements of A. If a,b € A, then the commutator of a and b is [a, b] := ab — ba.

Proposition 2.6 Let A be a unital Banach algebra, and let a € A be such that
v = |la® = al| < 1/4. Then there is an idempotent p € A such that ||p — all < fia)(v)
holds. Moreover, if y € A is such that [y,a] = 0 then [y, p] = 0.

Proof Asv < 1/4,itfollows that the series )", (Zn")v" converges in [0, c0) with sum
(1 — 4v)~1/2, consequently

s = Z (2:) (a—a*)" 2.2)

is absolutely convergent and therefore convergent in A. Let us define
p:=(a—1/2)s+1/2. Clearly, if y € A is such that [y,a] = O then [y,s] = 0,
and consequently [y, p] = 0. We show that p € A is an idempotent, which is equivalent
to showing that 2p — 1)? = 1.

We first observe that by the Cauchy product formula

- EEEIomr-Fremar e

0 \k=0 n=0

Secondly, by v < 1/4 it follows that 1 — 4a + 4a* € inv(A) with (1 — 4a + 4a*)7" =
Yo o(4(a — a*))" by the Carl Neumann series. Thus s = (1 — 4a + 4a*)™! and conse-
quently (2p — 1)? = (2a — 1)s)* = (2a - 1)*s? = (4a* —4a + 1)(1 — 4a + 4a®)™' = 1.
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lp—all = ll(a = 1/2)s + 1/2 = al| = |[(a = 1/2)(s = D||

< (llall + 1/2)lIs = 11| < (llall + 1/2) Z e - a1
n=1

= (lall + 1/2)((1 = 4v)™/> = 1) = fja) ()

by the definition of fj 4.

Corollary 2.7  Let A be a Banach algebra, and let a € A with v := ||a* — a|| < 1/4 and
filal(v) < 1. Then there is an idempotent p € A with ||p — all < fja(v).

Proof If A is not unital, consider the unitisation A with adjoined unit 1. So At =

A & C1 with norm |ja + @1|| = ||a|| + |a|. By the preceding applied to A* there is
p=q+alwithp’ =pand|p-all < fja(v). Thus p* = ¢* + 2aq + a*1sop* = p
implies that either = Oora = 1.If@ = 1then|p—al = |lg—al +|a] = 1a

contradiction. So @ = 0 and p = ¢ is an idempotent.

A related result is the following, which is also folklore, a stronger version of which

was proved by Zemanek in [28, Lemma 3.1]. For the convenience of the reader we give

a self-contained elementary proof.

Lemma 2.8 Let A be a unital Banach algebra, and let p,q € A be idempotents with ||p —

gll < 1.Thenp ~ q.

Proof We first observe that (p — ¢)> commutes with p and g. Indeed,

p(p—q) =p(p—pqg—qp+q)=p-pqp
=(p-pqg—agp+qp={p-9)°p 2.4)

and similarly for ¢ and (p — ¢)%. Now since ||p — ¢|| < 1, clearly ||(p — ¢)?|| < 1 and

thus as in the proof of Proposition 2.6, the series

o (20 (p — ¢)*"
S

n=0

converges (absolutely) in (A, and d commutes with p and g.

(2.5)

Again, as in the proof of Proposition 2.6 we conclude d> = (1 — (p — g)*)"!. Another

easy calculation shows

(p+q-1"=p+pg—-p+qp+q—-q-p—q+1
=l-p+pg+qp—q=1-(p-q)’ (2.6)

We define ¢ := d(p + g — 1). Since p and ¢ commute with d, it follows that

F=d*(p+qg-1Y=d*0-(p-¢9?* =1. (2.7)
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We are now ready to show that p ~ g. To see this, we first observe

pc=pdp+q-1)=dp(p+q—1)=d(p+pq-p)=dpg
cq=dp+q-1)g=d(pqg+q-q)=dpq (2.8)

and thus pc = cq. Consequently (pc)(cp) = pc*p = p and (cp)(pc) = cpc = c*q = g
follow, concluding the proof. ]

Remark 2.9 From this proof, we see that p = ab and ¢ = ba for a,b € A, where
a =pc,b =cp,and ¢ = d(p + g — 1), where d is given by a power series which yields
the norm estimate

ldll < (1= 1lp - 1) < (1= llp—ql?) ™2

Thus

lallllll < 1Pl +¢ = 11 = llp - gll*)™
< llpIPi2p = Ul +1lp = gl)*(1 = llp = qlI) 7"

3 Dedekind-finiteness

In this section, we show that if (A, is Dedekind-finite for each n, then also Asy(A,,)
is Dedekind-finite. The converse is not true without some form of “norm control”, and
we provide a counter-example in the Banach algebra case, while also clarifying why the
converse does hold for C*-algebras.

3.1 When the sequence consists of Dedekind-finite algebras

In the following proof, for clarity, given a sequence (A,,) of unital algebras, we write 1,,
for the unit of A,,.

Theorem 3.1  Let (Ay,) be a sequence of Dedekind-finite Banach algebras. Then Asy(A,,) is
Dedekind-finite.

Proof Letp € Asy(A,) be an idempotent. Choose X = (x,) € £°(A,) with 1(X) =
p, so that m1(X?) = n(X)? = p? = p = n(X), or equivalently, X — X2 € ¢o(A,). Let us
introduce v,, := ||x, — x2|| for every n € N, then lim,_,co v, = 0. In particular, there is
N € Nsuch that for everyn > N we have v,, < 1/8.Inview of Proposition 2.6, for every
n > N there is an idempotent p;, € A, with [|x, = p,ll £ fix, 1(Ve) £ fix(Va) <
fix)(1/8). By continuity of fjx|, it follows that lim,>n fjx|(va) = 0; consequently
limy,> N ||xn — p;,|| = 0. For every n € N we define

(3.1)

_Jpn ifn=N
Pn=19 otherwise.

Since [|p; |l < llp;, — Xull + lxall £ fix)(1/8) + || X|| foralln > N, it follows that P :=
(pn) is an idempotent in £*° (A}, ). We observe that p = 7(P) by lim,>n ||xn — pi, || = 0.
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Now suppose further that p ~ 1, so there exist a, b € Asy(A,,) such that 1 = ab and
p = ba. There are A = (ay), B = (b,) € {*(A,) such that a = n(A) and b = n(B),
consequently lim, .« || 1, — @y by,|| = 0and lim,, .« ||pn — branl|| = 0.

Now let 6 € (0, 1) be such that

[[A[ll|B]|6/(1 =06)+26 < 1. (3.2)

Let M > N be such that for alln > M the inequality ||1,, — a, b, || < 6 holds, then u,, :=
anb, € inv(A,) with ||1,, —u,,'|| < 6/(1 — 6). Foreveryn > M, let g, := byu,'ay,
then g, € A, is an idempotent with ¢, ~ 1,,. Since A,, is Dedekind-finite, it follows
foralln > M thatg, = 1,.

We need to show that p = 1 holds, which is equivalent to showing lim,,,« ||1,, —
pnll = 0. Since 1, — p,, € A, is an idempotent for all n € N, it is enough to show that
eventually ||1, — pn|| < 1, compare Remark 3.3 below. Let K > M be such that for
everyn > K

X0 = bnanll <6, llxn = ppll < 6. (3.3)
Then for every n > K we have p, = p,, and 1,, = g, thus
1w = ppll = llgn — Pl
= |buuy,' an — ||
< 1batty, an = buan|| + |bnan = x|l + |2 = py |
< 1ballluy," = 1nllllanll + 1bnan = xull + 1120 = pyl
< [IAlllIBll6/(1 = 6) + 26
< 1. (3.4

This concludes the proof. u
Remark 3.2 We note that the proof above gives some extra information. Indeed, the

first paragraph of the proof of Theorem 3.1 shows precisely that idempotents from the
asymptotic sequence algebra Asy(A,,) can always be lifted to idempotents in £ (A,,).

When the asymptotic sequence algebra is Dedekind-finite.

In this section we demonstrate that the converse of Theorem 3.1 holds for certain spe-
cific cases; but in general it does not hold, which we show by way of a counter-example.

In order to do this, let us introduce the following auxiliary quantity. For a unital
Banach algebra A, we define

Cpi(A) := inf{||a||||b|| : a,b € Aandab = 1and ba +# 1}. (3.5)
We may also introduce the auxiliary constant
Chi(A) = inf{|lp|l : pe A,p*=p,p~1,andp # 1}. (3.6)

If A is Dedekind-infinite then 1 < Cpi(A) < +oo, otherwise (that is, if A is

Dedekind-finite) Cpi(A) = +o0, and similarly for C};. Clearly C{(A) < Cpi(A),
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but otherwise these quantities are not comparable, see Proposition 3.12. As a defini-
tion, perhaps C[,(A) seems more natural, but we shall see that Cpj(A) is more useful
in constructions.

Remark 3.3 If p € A is an idempotent, then p" = p foranyn € N, and so ||p|| = 1
or p = 0. Suppose we have a,b € A with ab = 1. Then p = ba is an idempotent, and
hence sois 1 — p, hence either p = 1 or |1 — p|| = 1. So in the definition of Cp; we also
have that ba is far away from 1.

Proposition 3.4 Let (A,) be a sequence of unital Banach algebras such that Cp(A,) —
+o00. Then Asy(A,) is Dedekind-finite.

Proof LetA = (a,),B = (b,) € €*(A,) be such that 7(A)nr(B) = 1. We wish to
prove that m(B)r(A) = 1. By the assumption we can take N’ € N such that Cp;(A,,) >
2||AJ|||B|| + 1 whenever n > N’. Let us define u,, := a,b, for every n € N. Since
limy, se0 || 15 — un|| = 0, we can pick N > N’ such that ||1,, — u,,|| < ||A||||B]| + 1)
forall n > N. Then u, € inv(A,) and |1, — u,'|| < QIA[||IBI)"" and ||u,; || <
ClIAINBI + DEIANNIBI) ™ foralln > N.

Let us define ¢, := bnu;'a, for every n > N. As a,(byu;') = 1, it follows that
qn € A, is an idempotent with g, ~ 1,. Clearly, either ¢, = 1,, or g,, # 1,,. Assume
towards a contradiction that there is some m > N with g, # 1,,,. Then

Cot(Am) < 1Bty Nam|l < 1bmllllee, Wlamll < CIANIBI + 1)/2, 3.7)

which is impossible. Hence g, = 1,, foralln > N.

From n(A)n(B) = 1 it follows that 7(B)m(A) € Asy(A,) is an idempotent, which
is equivalent to saying that lim, o ||Pranbnan, — bpa,|| = 0. Let M’ > N be such
that v, := ||bpanbnan, — bpay|| < 1/8 whenever n > M’. By Proposition 2.6 there is
an idempotent p;, € A, such that ||b,a, — p, |l < fja)8)(Vn), Wwhenever n > M’
Let p, = p,ifn > M’ and p,, := 1,,if n < M’'. Then P := (p,) € £*(Ay) is an
idempotent with 7(B)m(A) = n(P).

Let M > M’ be such that ||b,a, — pn|| < 1/2 foralln > M. Thus we obtain

11 = pull = lIgn = Pull < llgn = buanll + llbnan = pall
< ballliy" = Lulllanll + 1buan ~ pul
All||B
S VITTR
2[|AlllIBI|

=1 (3.8)
and hence, by Remark 3.3, 1,, = p,, foralln > M. This yields 7(B)n(A) = n(P) = n(1),
showing that Asy(A},) is Dedekind-finite. [

In particular as C[}|(A) < Cpy(A) and C[[(A) < +oo if and only if Cpj(A) < +oo,
we immediately obtain the following.

Corollary 3.5  Let (Ay,) be a sequence of unital Banach algebras such that C[, (A,,) — +oo.
Then Asy(A,,) is Dedekind-finite.
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A counter-example

We shall now construct Banach algebras which satisfy the hypothesises of Proposi-
tion 3.4.
Let I be a non-empty set. For a fixed s € I, §5 denotes the function

1 ifr=s,
0s(1) == {0 ift #s. (39

Letv: I — (0,+00) be a function. We define

ﬂﬂm%=%ﬁlﬁctHNw=ZhﬂMWﬂ<+w} 610
sel

We have that £!(I,v) = span{d; : s € I}”.Hy,and further we can write f = X ;¢; f(5)ds
for each f € €'(I,v) where the sum converges in the norm || - ||,. It is easy to see that
(L' (1, v),]| - |l) is a Banach space. In line with the general convention, we will simply
write £!(I,v) for this Banach space, and £!(I) whenever v = 1.

When / is a monoid, there is a canonical way of turning £ 1(1,v) into a unital Banach
algebra. Slightly more generally, let S be a semigroup. Let w : S — (0, +00) be a weight
on S, that is, we require w(st) < w(s)w(t) to hold for all 5,¢ € S. In addition, when S is
a monoid with multiplicative identity e € S then we also require w(e) = 1. We remark
that any weight is equivalent to one satisfying this normalisation condition. We define
the usual convolution product on £'(S, w) by

(F+0)r) =) fs)g) (f.g el (Sw),res), (3.11)

St=r

then (£!(S,w), *) is a Banach algebra (one uses the condition on the weight to show
that the norm is submultiplicative.) When S is a monoid, (£!(S, w), *) becomes a unital
Banach algebra with unit &, clearly ||6¢||,, = 1 holds.

In what follows, we shall mostly be interested in weights w with w(s) > 1 for all s.
Notice then that £'(S, ) becomes a (in general, not closed) subalgebra of £'(S).

Proposition 3.6  Let S be a monoid with unit e € S and let w : S — [1,+00) be a weight
on S. Let p € (£1(S, w), *) be a non-zero idempotent such that p # 8,. Then

1
1PNl = > inf {w(s): s € S,s #e}. (3.12)

Proof Since (£!(S,w), ) is a subalgebra of (£!(S), *), we have that p € (£'(S),*).
Assume first that p(e) # 0. We claim that then ||6. — (p(e))!p|| > 1. Indeed otherwise
16 — (p(€))~!p|l < 1 and thus (p(e))~!p, and so p, are invertible in (£'(S), *), which is
impossible as p is an idempotent different from 6.. Consequently

Ip(e)l < [p(e)l

1
Se———pll= Y _ 3.13
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If p(e) = O then the above inequality obviously holds. As p is an idempotent, we have
1 < ||pl|, and this yields

L<lpl=lp@l+ > Ipel <2 > Ip)l]. (3.14)

seS\{e} seS\{e}

From this we conclude

Pl = ) Ip@)lw(s) = Y- Ip()le(s)

seS seS\{e}
1
> inf w(s ) == inf  w(s).
seS\{e} ( )VESZ\{e}|p( )| 2 seS\{e} ( )

In what follows BC denotes the bicyclic monoid, which is the free monoid generated
by elements p, g subject to the single relation that pg = e:

BC ={p,q: pg=e). (3.15)

Fixn € N. Let w, : BC — [1,+0) be the weight on BC defined as w,(¢) = 1 and
wn(s) =nfors € BC\ {e}.

Theorem 3.7 Let A, := (' (BC,wy),*) for every n € N. Then (A,) is a sequence of
Dedekind-infinite Banach algebras such that Asy(A,) is Dedekind-finite.

Proof Foranyn € N, work in Ay, and consider & := ;4 % 6. Then / is an idempotent
with h ~ 6, and h # 0,. Indeed, 6, * 64 = 0pq = 6. and 64 * 6p = Oyp # 0. This in
particular shows that (A, is Dedekind-infinite.

Now let i € A, be an arbitrary idempotent such that iz ~ 6, and h # .. We observe
that Proposition 3.6 yields || 4[|, > 1/2, and consequently C[\(A,,) = n/2.In view of
Corollary 3.5 the Banach algebra Asy(Aj,) is Dedekind-finite. |

In particular, this shows that the converse of Theorem 3.1 does not hold in general.
As we can vary finitely many of the A, without changing Asy(A, ), by using the con-
trapositive, we can alternatively state Theorem 3.1 as: if Asy(A},) is Dedekind-infinite,
then infinitely many of the A,, are Dedekind-infinite. If we add in control of Cp; then
we obtain a converse.

Proposition 3.8 Let (A,) be a sequence of unital Banach algebras such that there exists
K > 0 and an increasing sequence (ny) in N with Cpi(Ay, ) < K for each k € N. Then
Asy(A,) is Dedekind-infinite.

Proof Byassumption, foreachk € Nwecanfinday,,,b,, € A, with|a,,||||bn, |l <
K + 1, say, and ap,, by, = 1,, while b, a,, # 1,,. We can rescale and suppose that
llan, |l = |lbn|l. For n € N not in the sequence, define @, = b,, = 1,. Then A =
(an) € €°(A,), and similarly for B = (b,,), and clearly 7(A)n(B) = 1. By Remark 3.3,

2020/06/23 18:10

Downloaded from https://www.cambridge.org/core. 09 Jul 2020 at 14:16:00, subject to the Cambridge Core terms of use.


https://www.cambridge.org/core
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we have that ||b,, an, — 15,1 = 1 for each k, and so m(B)7(A) # 1. Thus Asy(Ap) is
Dedekind-infinite. ]

Furthermore, under certain conditions, we do obtain a direct converse to
Theorem 3.1.

Corollary 3.9 Let (Ay) be a sequence of unital Banach algebras such that Asy(Ay) is
Dedekind-finite. Moreover, suppose that one of the following two conditions hold:

(1) A, = Ay, for every n,m € N;
(2) A, isa C*-algebra for each n € N.

Then there is N € N such that A,, is Dedekind-finite for n > N.

Proof If A, = A for each n, then if A is Dedekind-infinite, then Cpj(A) < o and
so Proposition 3.8 shows that Asy(A},) is Dedekind-infinite, a contradiction.

Consider now a C*-algebra 8. By Proposition 2.5, we know that 8 is Dedekind-
finite if and only if it is Dedekind-finite in the C*-algebraic sense, that is, if u is a partial
isometry with u*u = 1 then uu™ = 1. It follows that Cp;(B) = 1 or +oo. Thus, if each
Ay is a C*-algebra, and Asy(Aj) is Dedekind-finite, then Proposition 3.8 shows that
Cpi(A,) = +oo for all but finitely many n. That is, eventually A,, is Dedekind-finite,
as claimed. |

In the proof of Proposition 3.8, it seemed important to work with Cpy and not Cj;.
In fact this is necessary, as we now show. For the following, we need some simple com-
binatorics of the monoid BC. Any element of BC can be written as a reduced word
in the generators p,q, which is necessarily of the form ¢g®p? with @, € Njy. The
multiplication law is that

g p> P B>y,

@) = {q""“yp‘s ifB<y.

From this, it is easy to see that the set of idempotents in BC is BC; = {¢“p® : a > 0}.
The following are also easy to see:

(1) (g°p*)(gPpP) = ¢” p” where y = max(a, B);
(2) if s € BCy,t ¢ BCy then st,ts ¢ BCy.

By point (1) we see that BCy is a sub-semigroup of BC, and so we may consider
¢'(BCy), which can be identified with a closed subalgebra of £!(BC).

Lemma 3.10 Let S := {s,,} be a countable semigroup consisting of idempotents such that
SnSm = Smax(n,m) for every n,m € N. Then f € £Y(S) is an idempotent if and only if
f(sn) € {—1,0,1} for all n, there is an ng > 0 so that f(s,) = 0 for n > no, and for all
m > 0 we have that Y, f(sn) € {0,1}.
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Proof Firstly, let f be an idempotent. To ease notation, let e, := d5, and f(n) :=
f(sn), so that f has the expansion f = }},5¢ f(n)e,. Then

=) fOfMemuum=f = D, ffm)=f@)  (t=0).

n,m>0 max(n,m)=t

Hence f(0)> = £(0) and so f(0) € {0, 1}. We now use strong induction: suppose that
f(n) € {-1,0,1} foreach n < N and that )", f(n) € {0,1} for each m < N.Then

N
FIN+1)=2f(N+1) )" f(n) + f(N +1)%,
n=0

Either ZnN:() f(n) = 0, in which case f(N + 1) € {0,1}, and so ,1:];51 f(n) € {0,1}; or
alternatively 2,1:/:0 f(n) = linwhichcase0 = f(N+1)+f(N+1)?so f(N+1) € {0,-1}
and so Z,]:]:t)l (n) € {0,1}. Finally, as )", f(n) must converge, we must have that
f(n) = 0 eventually.

We now consider the converse. Given such an f, we have that

DL @ fm) =2F() Y f) + () (= 1),
max(n,m)=t n<t
Either }},,.; f(n) = 0, in which case, as }}, ., f(n) € {0,1} we must have that f(¢) €
{0,1},and so f(1)* = f(t) as required; or >, f(n) = 1,in which case,as }.,, o, f(n) €

{0,1} we must have that f(t) € {~1,0}, and so 2f(t) ¥,,<; f(n) + f(t)* = fF()(2 +
f(@)) = f(z) for either f(¢) = 0 or f(¢) = —1, as required. [

Proposition 3.11 Let w be a weight on BC such that w > 1 and w(s) > N for each
s & BCy. Then Cpi(£'(BC,w)) > (N/86)"/3.

Proof Let A = {'(BC,w), and suppose that K > Cpi(A), so that K > 1, and we can
find f,g € A suchthat f+*g =6, and g * f # ., and with || f|lo]lglle < K. Asw > 1
we can regard A as a (possibly not closed) subalgebra of £!(BC).

Let i := g * f, then /& is an idempotent. Let k € £!(BCy) be the restriction of & onto
BCr. Working in £!(BC), we notice that

hllo = D" lhs)lw(s)+ > [hs)lw(s) =N Y i)l = Nlih -k,

SEBCy s¢BCy s¢BCy
by our assumption on the weight. We now observe that, because 2 = A,

|k* — k|| = ||k(k — h) + (k — R)h + h — k||

7]l

< (k|| + ||B]| + D||k = A <
< ([&ll + [[All + DI | < N

@2[allw +1).

Let this quantity be v, and suppose that v < 1/4. Working in £! (BC), by Proposition 2.6
there is an idempotent kK’ € £!(BCy) with

Ik = Kll < (kI + 1/2)((1 = 4v)712 = 1),
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Let this quantity be v’. Working in £!(BC), we have that
, , , 2lle
|h=k'|| < |h—kl|+lk-FK'|| <V N

Let this quantity be €.

Assume that € < 1. By Remark 3.3, as h # &,, we have that ||6, — &|| > 1, and so
k’ # be.

Let e, = 64npn foralln € Ny and write

k' = Z k'(n)e,.

n>0

Ask’ et 1(BCI) is an idempotent, we hence conclude, using Lemma 3.10, that there is
some ¢ > 1 with k’(¢) = =1 and so certainly |A(t) ¥ 1| < €.
Write

f= fen+f ="+
n=0
say, where f" is supported off BCy, and similarly for g. Then
Fre= Y f)g(memmm + [ 8"+ " g + [ xg.

n,m=>0

Notice that by the points above Lemma 3.10, we have that f’ = g"’ + f”" * g’ is supported
off BCy. Write (f’g"),, for the coefficient of e, in the expansion of f’ * g’, and similarly
for g’ = f’. That f * g = §, means that

DL fgm+ (=0 (1) (3.16)
max(n,m)=t
Also, |h(t) ¥ 1] < e and that g’ * f”" + g”’ = f’ is supported off BC; means that
| Y s+ @ F<e @z
max(n,m)=t

Usingalso (3.16) we see that | —(f'g"),+(g’ ') F1| < €. Thus|(g" f'):—(f'g')e] > 1—¢€,
and so || f/||llg’l] = (1 — €)/2. It follows that

NZ
K= |flloliglo = NI = — (1-e).

Choose ¢ € (0,1), and suppose that 43K < Ney, so certainly K? < N/15. As
lhlw < K, weseethaty < K(2K+1)/N < 3K*/N < 1/5,andso (1-4v)~"/2=1 < 7v,
so that

42K°3
vV < (K+1/2)(1-4v)"2 = 1) < 14Kv < N

Finally, e = v/ + ||h|lw/N < (42K3 + K)/N < 43K3/N < €. We conclude that if
43K3 < Ney then N*(1 — g)/2 < K.

Now, K > Cpi(A) is arbitrary, so take g = 1/2, for example, to conclude that if
Cpi(A) < (N/86)'/3, then we can choose a suitable K < (Ney/43)'/3, and so conclude
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that
N2(1 ) N <K< (N/86)'? = N°< 64
T (l-g)=— <K< < —,
2 0Ty 86
which is a contradiction, as required. [ ]

Proposition 3.12  For any n € N we can find a unital Banach algebra A, with C/,(Ay) =
1 yet Cpi(Ay) = n.

Proof Given n, pick N with N > 86n>. Define w,, on BC by w,(¢e) = 1, w,(gp) = 1,
wp(s) = N otherwise. Let X = {e,qp} C BC. We now prove that w, is a weight, for
which we need to show that w,,(st) < w,(s)wy(t) for all s, € BC. This can only fail if
we can find s,7 such that w,(st) = N yet w,(s) = w,(t) = 1, which is impossible as X
is a sub-semigroup of BC.

Now consider Ay, := {'(BC,w,), and let h = 6,, € A,. Then ||hll,, = 1andas
before, h ~ 6, so Cf;(Ay) < 1, hence C[[(A,) = 1. However, by Proposition 3.11,
Cpi(Ay) > (N/86)'/3 > n, as required. [

Using this proposition, we thus obtain a sequence (A, ) of Dedekind-infinite Banach
algebras, with C}||(A,,) = 1 for each n, but with Cpj(A,) — oo. By Proposition 3.4 we
find that Asy(A,) is Dedekind-finite. We conclude that in Proposition 3.8 we cannot
replace Cpy with CJj;.

Remark 3.13 Notice also that in this way, we obtain a sequence (A,) of Banach
algebras, and idempotents p, € A, such that each p, is equivalent to 1,, but the
(equivalence class of the) sequence P = (p;,) is not equivalent to 1 in Asy(A,).

Remark 3.14 The weights we have so far constructed have the property that
¢ (BC, w,) is isomorphic (just not isometric) with £!(BC), for the formal identity map.
However, we can easily construct examples which do not have this property.

Viewing BC as the set of reduced words of the form s = g?p” we define the word
length as €(s) = a + B. It is easy to see that £ : BC — Ny is sub-additive: £(st) <
£(s) + £(t). As such, wy(s) = exp(x£(s)) defines a weight for every x > 0. Furthermore,
£'(BC, w,) is not (naturally) isomorphic to £!(BC) for any x > 0.

We now adapt the construction in the proof of Proposition 3.12. Define, for x > 0,

) 1 ifs=eors = gp,
wy(s) =
* exp(x£(s)) otherwise.

This is a weight by the same argument as in the proof of Proposition 3.12. As before,
with A, = ¢'(BC,wy), we have C} (A,) = 1 while Cpi(Ax) > (eX/86)!/3.

3.4 Renormings

In Section 2 we mentioned that any unital Banach algebra can be renormed so as to
make the norm of the unit be 1. Let us explore this further. Firstly, we could take a more
“permissive” definition of a unital Banach algebra: a complete normed algebra, with a
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contractive product, and an element e € A with ea = ae = a for each a € A. That is,

we do not assume that ||e|| = 1. Notice that if A is a Banach algebra with a unit of norm
one, then for m > 1 we can define ||a||,,, = m||a|| fora € A.Then ||-||,, is an equivalent
norm on A, and as [|abll, = mllab|| < mllallllb]| < m?||allllb]l = [l l|blln, we have

a contractive product, but of course now ||e||,,, = m.

Proposition 3.15 With this definition of a unital Banach algebra, there exists a sequence
(Ay) of unital Banach algebras such that Asy(A,,) is not unital.

Proof Fix a unital Banach algebra A with a norm one unit e. For each n € N let
Ay = (A, || - |ln) with || - ||;, defined as above. Towards a contradiction, suppose that
f € Asy(A,)isaunit, say f = n(F) with F = (f;,) € {*(A,), so that

0 = limsup ||an fn — a@nlln = limsup n||a, f,, — axl|

n—oo n—oo

for each A = (a,) € *(A,). Notice that (a,) € £*°(A,,) exactly when there is K > 0
with ||a,|| < Kn™! for each n. Let b, := e/n for alln € N. Then ||b,|| = 1/n and
16yl = 1, hence B := (b;) € £°(Ay).

We hence see that

0 = lim sup n||byy fu = bnll = limsup || f, — el|.

n—oo n—oo
However, as || f,|| < Kn~! for some fixed K, we see that ||e — f,|| = |lell = |l full =
1 — K/n which is a contradiction. [ |

We thus see that it pays to be careful about “implicit renormings”, when considering
the sort of questions we are asking. We are also now lead to wonder how the constants
Cpi(A) and C{};(A) behave under renormings. The following is a result in this direction;
we remark that we revert to our standing assumption that unital Banach algebras have
contractive multiplications and units of norm one.

Proposition 3.16  Let ‘A be a Dedekind-infinite Banach algebra. There is an equivalent norm
| - llo on A such that (A, || - |lo) is a unital Banach algebra, and C/, (A, || - |lo) = 1.

Proof Letp € A be an idempotent with p ~ 1and p # 1. The set S := {1,p} is
clearly a bounded sub-semigroup of A. Hence by [3, Proposition 2.1.9] there is a sub-
multiplicative norm || - ||o equivalent to || - || on A such that (A, || - ||o) is Banach algebra
and ||s]lo < 1foreverys € S.Inparticular ||1|jo < 1and ||p|lo < 1, hence ||1]lp = 1 and
lipllo = 1. Consequently C,, (A, || - [lo) = 1.

For the benefit of the reader, we remark that 3, Proposition 2.1.9] is proved as fol-
lows. Firstly we define v(a) = sup{||al|,||sa|l : s € S} and then notice that v is an
equivalent norm on A with bounded product, such that S is v-bounded, and such that
v(sa) < v(a) fora € A,s € S. Then let E be the unconditional unitisation of (A, v),
and finally let || - ||o be the norm induced on A by the left-regular representation of A
onE. ]
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Remark 3.17 For each K > 1, we have examples of A where C]’)I(ﬂ) > K, see the
proof of Theorem 3.7 for example. Thus, in the previous proposition, while the original
norm || - || and the new norm || - ||o are equivalent, there is not some absolute constant
C > 0 (independent of A) with C7'|| - || < || - llo < C]| - |I.

Notice that in the above proof, we actually showed something more: given any unital
Banach algebra A with an idempotent p € A such that p ~ 1and p # 1, we can find an
equivalent norm || - [lo on A with ||pllo = 1, hence p witnesses that C,,(A, || - [lo) = 1.
The following shows that a similar statement does not hold for Cpy.

Proposition 3.18 For each K > O there is a Banach algebra A and a,b € A with ab =
1,ba # 1, and such that, if || - ||o is any equivalent norm on A, then ||a|lo||bllo = K.

Proof We use the same weight wy as in Remark 3.14, and set A, = Y(BC,wy). Let
|| - llo be an equivalent norm on Ay, so there is m > 0 with m || fllo, < IIfllo <
|| fllw, forall f € A,.Lets = g?pP € BC, withsay @ > B. Then

SZ - q2(l*ﬁp3’ S3 — QSO*ZBPB’ el § = qnaff(nfl)ﬁpg'
It follows that

m™" exp(x(na = (n = 2)B)) = m™ [|65n llu, < [165n llo < 11651lg

—log(m) L e (n-2)B
n n

< log |65 lo

—log(m) N xna/ -(n-2)B .
n

= log ||6sllo > lim inf
n—oo n

(@ —p).
Thus || lo > ¢¥@#). The same argument applies in the case when a < S.

As in the proof of Proposition 3.11, seta = 6, and b = 6, sothatab = 1and ba # 1.
We have just shown that ||al||o = e¢* and ||b||p = €*, which completes the proof. |

We have been unable to decide if it is possible to renorm A, so as to get Cpy(Ay, || -
llo) = 1 (or just be smaller than some absolute constant). The difficulty is that, given the
previous proposition, we need consider the possibility of some other elements c,d € Ay
with cd = 1 and dc # 1, while also considering an arbitrary renorming.

3.5 For ultraproducts

All of these results hold for ultraproducts with suitable modifications. Let us start by
indicating how to give a “bare-hands” proof.

Theorem 3.19  Let (A,,) be a sequence of Banach algebras, and let U be an ultrafilter such
that {n € N : A, is Dedekind-finite} € U. Then (A, )q is Dedekind-finite.

Proof We simply adapt the proof of Theorem 3.1. Firstly, we find that there is U € U
withn € U = v, = ||x, — x2|| < 1/8. This allows us to find P = (p,) so that
n(P) = p € (Ap)q. Then we find U’ C U with U’ € U and u;,' existing forn € U’.
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But moving to a smaller subset U’’, we can assume that A,, is Dedekind-finite for each
n € U”. We then move finally to a yet smaller subset to finish the proof. |

Proposition 3.4 and Corollary 3.5 also hold for ultraproducts. Indeed, given an ultra-
filter U, we only need the weaker condition that for each N € N we have that {n € N :
Cpi(Ay) = N} € U (or for C]’DI). Hence also, with A,, := (€'(BC,w,,), *) for every n, we
have that (A}, )¢ is Dedekind-finite while each A,, is Dedekind-infinite. The analogue
of Proposition 3.8 is the following.

Proposition 3.20  Let (A,) be a sequence of unital Banach algebras, let U be an ultrafilter,
and suppose that there exists K > 0 such that {n € N : Cp;(A,) < K} € U. Then (A,)y
is Dedekind-infinite.

Let us finish this section by indicating how we could have used Lo$’s Theorem
instead. We need to encode the property of being Dedekind-finite (with suitable “norm
control”) into the language of Banach algebras. In fact, it seems easier to work with
Dedekind-infinite. The idea of the following is extracted from the proofs of Theorem 3.1
and Proposition 3.4.

Lemma 3.21 Forn € N, let @, be the sentence

inf inf max (|lab - 1||,1 - ||ba — 1]|).

a€B, beB,

Let A be a unital Banach algebra and let € € (0,1/3n?). If o' < € then Cpi(A) <
n? /(1 = €). Moreover, o' = 0 if and only if Cpj(A) < n’.

Proof Letn € N be fixed throughout the proof. Assume ¢! < €. There are a,b € A
with ||la|l, ||b|] € n, |lab—1|| < eand 1 — ||ba — 1|| < €, so that ||ba — 1|] > 1 — €. Let
u := ab, then by the Carl Neumann series u € inv(A) with |1 —u~!|| < €/(1 — €) and
lu '] < 1/(1-€).Leta’ :== u'aand b’ := b, then a’b’ = 1 and b’a’ = bu~'a. We
claim that b’a’ # 1. For assume towards a contradiction that b’a’ = 1, so

1€ <|lba~1]l < llba~bu"'all < lalllIbll|Tt —u™"|| < nzl —

This is impossible because € € (0,1/3n%), and so we conclude that b’a’ # 1. As
lla’I[115’]] < llalll|blI(1 — €)', we have that Cpi(A) < n*/(1 ~ €).

For the second part of the statement suppose first ¢/' = 0. Clearly ¢ < €, hence
Cpi(A) < n?/(1 - €) for each € € (0,1/3n?) by the first part of the statement. Thus
Cpi(A) < n?.

Conversely, suppose Cp(A) < n?. Let us fix € € (0,1). We can find a,b € A with
ab = 1,ba # 1and ||a||||b]] < (n + €)?. By rescaling, we may suppose that ||a|| =
Ib]] < n + €. As ba € A is an idempotent not equal to 1, by Remark 3.3 we know that
lba —1]| = 1.Seta’ := n(n + €)"'aand b’ := n(n + €)~'b, so that ||a’|| = ||V’|| < n.
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Let us observe that

2
n €e2n+e€
lla’t’ = 1]|| = -1 = ( ) < e(2n + €),
(n+¢€)? (n+e€)?
77 n2 n2 2
b'a" —ba| < = 1{|bllllall < —-1|{(n+e€) =€e@n+e).
|| 1< [ =1 olal < [ =t € = con e
Consequently ||b’a’ — 1|| > ||ba — 1|| — ||b’a’ — ba|| > 1 — €(2n + €). We conclude
that ¢! < €(2n + €), and as € € (0, 1) is arbitrary, we see that in fact ¢, = 0. [

With the above result we can give alternative proofs to Theorems 3.19 and 3.20.

Proof We prove the contrapositive. Assume therefore (A;)qs is Dedekind-infinite,

thus there is an 7 € N such that Cp;((A;)¢) < n?. By Lemma 3.21 this is equivalent to

saying gaglﬂ")(” = 0, which in turn is equivalent to lim;_,q/ (,D,f{ i = 0 by Lo$’s Theorem.

Thus for a fixed € € (0,1/3n%) we can find U € U such that tp,“?" < eforeachi € U.
Applying Lemma 3.21 again, we conclude that Cpi(A;) < n*/(1 — €) and hence A; is
Dedekind-infinite for eachi € U. ]

Proof We may (and do) assume that K € Nand U := {i € N : Cpi(A;) < K*} € U.
Then by Lemma 3.21 we see that go?i = 0 for eachi € U. Hence by Lo§’s Theorem we

obtain 0 = lim;_,q/ (,01‘?[ = gog‘" M In view of Lemma 3.21 again this is equivalent to
Cpi((A)qy) < K?, thus (A;)qq is Dedekind-infinite. |

4 Proper infiniteness

Recall that a Banach algebra A is properly infinite when there exist idempotents p ~ 1
and g ~ 1 which are orthogonal, pg = 0 = gp.

4.1 When the asymptotic sequence algebra is properly infinite

The idea of the following proposition originates in [13].

Proposition 4.1  Let (A,,) be a sequence of unital Banach algebras, and let p,q € Asy(A,,)
be idempotents with [p, q] = 0. Then there exist idempotents P, Q € {*°(A,,) with p = n(P),
g = n(Q) and [P, Q] = 0.

Proof Exactly as in the proof of Theorem 3.1, given an idempotent p € Asy(A,), we
can find an idempotent P = (p,,) € {*(A,) with 7(P) = p.

Now letY € £*(A,) be such that ¢ = n(Y). Let Z := (1 — P)Y(1 — P) + PYP, then
from [p,g] = 0 we obtain

n(Z) = (1-p)g(1 - p)+ pgp
=q-pq—qp+pap +pgp = q—2pq +2p°q = q. 4.1)

It is clear that [P, Z] = 0, so if we write Z = (z,), then [py, z,] = O for everyn € N.
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As n(Z) = q, we see that ¢ = ¢? is equivalent to lim,, . ||z, — 22|| = 0. Let y,, :=
llzn — 22|| for every n € N. There is M such that for every n > M we have p,, < 1/8.
In view of Proposition 2.6, for every n > M there is an idempotent ¢, € A, with
lzn = gpll < iz 1(ttn) < fizi(n) < fiz(1/8). Moreover, for every n € N we have
[g,,,y] = 0 whenever y € A, is such that [z,,y] = 0. In particular, [g,,, pn] = 0 for all
n>M.

By continuity of fjz), it follows that lim,>n fjz|(#s) = 0; consequently
lim,>n ||zn — g,,|| = 0. For every n € N we define

0 otherwise. (4.2)

rifn>M,

qn ‘= {qn
Since |lg, || < llg;, = zall + l|zall £ fiz(1/8) + || Z]| for alln > M, it follows that Q :=
(gn) is an idempotent in £*°(A},). We observe that ¢ = 7(Q) by lim, > s ||z, — ¢, = 0.
It is clear from the above that [P, Q] = 0, thus concluding the proof. |

Theorem 4.2 Let (A,) be a sequence of unital Banach algebras such that Asy(A,,) is
properly infinite. Then there is an N € N such that A, is properly infinite for every n > N.

Proof Let p,q € Asy(A,) be mutually orthogonal idempotents with p,q ~ 1. By
Proposition 4.1 there exist idempotents P,Q € £*(Ay) with p = n(P), g = n(Q) and
[P,Q] = 0. It follows from p,q ~ 1 that there exist A = (a,), B = (b,), C = (cn),
D = (d,) € ¢*°(A,) such that 1 = n(A)n(B), p = n(B)n(A), and 1 = n(C)n(D),
q = n(D)r(C). Now let us pick & € (0, 1) sufficiently small, depending on the norms of
A, B,C, D. More precisely, we require d € (0, 1) to satisfy

IAINBI(T =&)'6 +6 < 1/2, IICIHIDI( = 6)"'6 +6 < 1/2. (4.3)

Write P = (p,) and Q = (gqy,), then pg = 0 = gp is equivalent to lim, e ||prgnll =
0 = limp—co [|gnpnll- So there is M € N such that [|pugnll, |gnpnll < 0 for every
n > M, and since p,, g, € A, are commuting idempotents it follows that p, g, is an
idempotent of small norm, so p, g, = 0; similarly ¢,,p, = 0.

The aim of the following is to show that the idempotents p,, and g, are not only
eventually orthogonal, but equivalent to the unit element 1,, of A,;, eventually.

We observe that 1 = m(A)x(B) is equivalent to lim, e ||1,; — @n by || = O, thus there
is M’ > M such that ||1,, — a,b,|| < 6 for every n > M’. Consequently, by the
Carl Neumann series u, := anb, € inv(Ay), |lu,']] < (1=06)"'and |1, —u,'| <
8(1 = 8)7! foralln > M’. Thus we can define p], := b,u,'a, foralln > M’ and

it is immediate that p;, € A, is an idempotent with p;, ~ 1,. We also have that
sup,,»pr 1251l < IANIBII(L = 6)~".

Analogously, there is M”" > M’ such that v,, := ¢, dy, € inv(Ay), ||[v,;!]| < (1-6)7"
and ||1,,—v,!|| < 6(1=6)"! foralln > M". Then define g, := d,,v;,'c, foralln > M”,
so that g;, is an idempotent with g,, ~ 1,,, and sup,, 5 3, llg,, 1| < [ICI|IDI|(1 - o)L

The equality p = m(B)r(A) is equivalent to saying that lim,, e ||pn — bnanll = 0,
and similarly ¢ = 7(D)n(C) is equivalent to lim,,— ||¢n — dncnll = O. So there is
N > M" such that ||p,, — byay|| < 6 and ||g,, — dycu|| < 6 whenever n > N.
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For every n > N we have

||P;z —pall < ||bn“;1an = buau|l + ||bnan — pall
< Nballlluy, = 1allllanll + 1baan — pall
< lAIBI(1-6)"6+6
<1/2. (4.4)

Therefore by Lemma 2.8 it follows that p;, ~ p,, and since ~ is an equivalence relation
on the set of idempotents of A, we have p,, ~ 1,,. Similarly, we conclude ¢,, ~ 1, for
n > N. Since p, and g, are orthogonal, the claim follows. ]

Remark 4.3 We see from the first paragraph of the proof of Theorem 4.2 that pairs of
mutually orthogonal idempotents from Asy(A,) can be lifted to mutually orthogonal
idempotents in £*°(A,, ). More precisely, if p,q € Asy(A,,) are idempotents with pg =
0 = gp, then there exist idempotents P,Q =€ £*°(A,,) such that p = 7(P), g = 7(Q),
and PQ = 0= QP.

4.2 An application to inductive limits of unital Banach algebras

The construction of inductive limits of unital Banach algebras is given in [2, Section 3.3]
and [22, Section 1.3.4], for example. For us it will be enough to use the characterisation
in terms of a universal property. Inductive limits seem to be more commonly considered
in the setting of C*-algebras (where all connecting maps are contractions) or for locally
convex spaces. In the general Banach algebra setting there are some subtleties, which we
note below.

Let I be a directed set and let (A;);es be a family of unital Banach algebras. We sup-
pose that fori < j there is abounded unital homomorphism ¢; ; : A; — Aj, called the
compatibility morphism, which satisfies that ¢; ; = id 5, for eachi € I, @i j 0 ¢0j; = @i ;i
fori < j < k,andlimsup;; [l¢;ll < oo for eachi € I. We remark that the con-
struction will still work under the weaker condition that for each i there is K; with
limsup;,; [l¢;(a)ll < Killa|| for a € A;. However, this is not equivalent to the
stronger condition for general directed sets I: the Uniform Boundedness Principle does
not apply, due to the use of lim sup (this is erroneously claimed in [2, 22]; the claim would
hold with 7 = N).

The (Banach algebra) inductive limit A = lim A; is uniquely (up to isometric
isomorphism) characterised by the universal propt;:?y that:

(1) foreachi € I there is a bounded unital algebra homomorphism ¢; : A; — A with
lei(@ll < limsup,..; [lg;.i(@)ll for a € A

(2) fori < j we have that ¢; = ¢; 0 @; ;;

(3) if B is another unital Banach algebra with bounded unital algebra homomorphisms
¢i: A > Bwith¢; = ¢jop;;fori < j,andwith [|¢;(a)ll < limsup;,; [l¢;,i(a)ll
for eachi € I,a € A;, then there is a unique contractive unital algebra homomor-
phism ¢ : A — B with ¢ o ¢; = ¢; foreachi € I.
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These conditions then imply that in (1) we have equality: [|¢;(a)|| = limsup;; [l¢;,i(a)|l
fori € I and a € A;. The universal property, (3), in particular uniqueness of ¢, implies
that the union of the images of the ¢; are dense in lim A;.

We remark that without the rather explicit norm condition, we do not seem to obtain
auniversal condition, at this level of generality. If each (A; is a C*-algebra with each com-
patibility morphism a *-homomorphism, then A is a C*-algebra, and each compatibility
morphism is a contraction. Let now B be another C*-algebra with *-homomorphisms
¢;i + A; — Bwith ¢; = ¢; o ¢j; for eachi < j. Then for a € A; we have
lg: (@Il = ll¢j(ejita)ll < llgj.i(a)ll for each j > i, and so the norm condition is
automatic in this situation.

Proposition 4.4 Let (Ay), (¢i,;)) be an inductive system of unital Banach algebras, indexed
by N. There is an isometric unital algebra homomorphism 6 : li_n)lﬂn — Asy(A,).

Proof We use the universal property with 8 = Asy(A,). Denoteby 7 : £°(A,) — B
the natural quotient map. For each n define ¢, : A,, — B by

$n(a) = 7(0,0,...,0,a,@n+1,n(a),. ... 01 n(a),...).
—————

(n—1) terms

It is easy to see that the family (¢, ) satisfies the required commutation relations. Further,
by the definition of the norm on 5, we have that ||¢,(a)|| = limsupy ., [|¢k,.(a)|| for
all n € N, which implies the required norm relation. There is hence a unital contractive
homomorphism 6 : 1_111)1?(,1 — Asy(A,) with ¢,, = 0 o ¢, for each n € N. By our
remark about condition (1), it follows that ||¢,(a)|| = |l¢n(a)|| for each n € N and
a € A,. Thus 0 is actually isometric on the image of ¢,,, and as the union of such images
is dense in h_r)n A,,, it follows that 0 is isometric, as claimed. [ ]

The following lemma is straightforward.

Lemma 4.5 Let A, B be unital algebras and let y : A — B be an algebra homomorphism
which preserves the unit. If A is properly infinite, then so is B.

Corollary 4.6  Let (A,) be an inductive system of unital Banach algebras. If lim A, is
properly infinite then there is N € N such that Ay, is properly infinite for every n > N.

Proof By Proposition 4.4 there is an (contractive) algebra homomorphism 6

li_r)nﬂn —  Asy(A,) which preserves the unit, hence by Lemma 4.5 the asymp-
totic sequence algebra Asy(A,) is properly infinite. The claim now follows from
Theorem 4.2. [ ]

Remark 4.7 It is an unpublished observation of James Gabe that for C*-algebras,

Corollary 4.6 follows from the semiprojectivity of the Cuntz algebra Q.. We would like
to thank him for communicating this result to us.
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4.3 When the sequence consists of properly infinite algebras

We first demonstrate that the converse of Theorem 4.2 is false in general. For a unital
Banach algebra A we define

Coi(A) := inf{||alll|blllIcllId]l : a,b,c,d € A,ab=1=cd,ad =0 =cb}. (4.5)
It will also be useful to define an auxiliary constant

Ch(A) = inf{llpllllgll : p.ge A, p*=p.g°=q.p~1~q pLq}  (46)

Notice that if we have a, b, ¢, d as in the definition of Cp;(A) then setting p = ba,q = dc
then p? = baba = ba = p and similarly ¢> = ¢, pq = gp = 0,and p ~ 1 ~ g because
ab =1 = cd. As then []pllligll < llalllbllllcllld]l we see that Cp(A) < Cpr(A).
If A is properly infinite then 1 < Cpi(A) < +0o, otherwise Cpi(A) = +oo. Clearly
C}(A) = +oo if and only if Cpy(A) = +oo.

As when we considered an algebra being Dedekind-infinite, the constant C},; seems
more natural, but Cp; seems more useful. However, for being properly infinite, we shall
actually obtain a complete characterisation (see Proposition 4.9 and Proposition 4.17)
using Cpj. Furthermore, Proposition 4.14 shows that CI',I and Cpy are not comparable.

Notice that if A is properly infinite, then it is Dedekind-infinite, because if p, g are
orthogonal with p ~ 1 and g ~ 1, we cannot have p = 1.

Lemma 4.8  Let A be properly infinite. Then Cpi(A) < Cpr(A) and C),(A) < Cp(A).

Proof That C}j[(A) < C}(A) is clear, given the remark before the lemma. Let
K > Cpi(A) so we can find a,b,c,d € A with ||a||||b]]||c||||d]] £ K and ab = cd =
1,badc = dcba = 0. Then ba # 1, and so Cpi(A) < ||a||||p]|. As cd = 1 we have that
llc|llld]l = 1 and so ||a||||p|| £ K, from which the result follows. |

First we prove a slight strengthening of Theorem 4.2.

Proposition 4.9  Let (A,) be a sequence of unital Banach algebras such that Asy(Ay,) is
properly infinite. Then thereisa K > 1andan N € N such that Cp/(A,) < K foralln > N.

Proof The proof is a refinement of the proof of Theorem 4.2. We shall freely use the
notation therein, and assume that all the objects have already been defined and the argu-
ment is repeated up until and including the inequality ||p, — p,,|| < 1/2 (equation (4.4)),
and the analogous inequality ||g, — ¢,,|| < 1/2 for eachn > N.

By Remark 2.9, we can find a,,, b}, c,,d, € A, such that p, = a,b,, p, = b,a,,
qn = ¢, d;, q,, = d,c;, and the inequalities

lapllonll < 4/3)Mpall®(12pn = 1all + 1/2)* < (4/3)IPIPIIPII +3/2)?
lenlllldnll < (4/3)lgnll* (120 = 1all +1/2)* < (4/3)QIPQIQI +3/2)*  (4.7)

hold for eachn > N.
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Let us define a, := anb), b, = al,byu,', and é, := c,d), d, = ) dyv,! for each
n > N. Thus we find

~ T _ ’r -1 _ ’ -1 _ -1 -1 _ -1 -1 _
Anbp = anbja,byu,,” = app,buu,, = aybuu,, aybpu,” = unu, unu, = 1,,

bpayn = a,byu, a,b, = a,pibl, = a,bl,a,bl, = pupn = Pn, (4.8)
and similarly Cndy = 1, dné, = gn for each n > N. We also have the estimates

lanllBall < Nan 1By llan llballlle' 1| < 43 = 38) "M IANIBIIPIPIPH + 3/2),
lealllldall < 43 = 38) M ICIIDINIQIP QN + 3/2)*. (4.9)

Notice finally that b,d,d,¢n = ppgn = 0 = qupn = dnCnbnay, and hence d,d, =
0 = ¢,b,. Recalling that § € (0,1) depends only on the norms of A, B,C and D we
conclude sup,,, i Cpi(A,) < +oo. [

We now aim to construct counter-examples to the converse of Theorem 4.2, for
which we continue to use semigroup algebras. However, we now need to add a “zero
element”.

We say that S is a monoid with a zero element if S is a monoid with at least two elements
and there exists a ¢ € S such that ¢s = ¢ = s¢ forall s € S.If sucha ¢ € § exists then
it is necessarily unique. As we assume that S has more than one element, we have that ¢
is different from the multiplicative identity e € S.

Letw : § — (0,+00) be aweight on S. Let 1 := w|s\ {0}, then p : S\{¢} — (0, +00)
is such that u(e) = 1. Every u : S\ {0} — (0, +00) arising in this way, as a restriction
of a weight, will be referred to as a quasi-weight.

We now explain how to define a product on the Banach space £1(S \ {0}, u) (see also
(4, Section 3.2] for a similar treatment). This is accomplished by identifying £!(S\ {0}, u)
with the quotient algebra £!(S, w)/Cd,. With more details, we first notice that Cd, is a
closed two-sided ideal in (€!(S,w),*). Let 7 : £'(S,w) — €!(S,w)/Cd, denote the
quotient map. The symbol - will stand for the product on £!(S,w)/Cd, induced by .
Let us consider the restriction map

g (S w) > S\ {ohw;  f e flsioy- (4.10)

This is a linear contractive surjection with Ker(y) = Cé,. Moreover, it also immediately
follows from the definition that i maps the open unit ball of £!(S, w) onto the open unit
ball of £'(S \ {6}, u). Consequently, there is an isometric linear bijection

@ 0(S,w)/CSy — €' (S\ {0}, 1) (4.11)
which satisfies ¢ o 1 = 1. This allows us to define a product on £'(S \ {0}, u) by setting
feg:= @@ ' (f)-¢7'(@) (frg € € (S\ {0}, ). (4.12)

It is elementary to see that # is an algebra product on £'(S\ {0}, u)). Furthermore, (€!(S\
{0}, ), #) is a Banach algebra since || f#g|l, < || fl.llgll. holds for all f,g € 1S\
{0}, 1) as the map ¢ is an isometry.
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For our purposes the most important property of £1(S \ {0}, u) is that for every
s,t € S\ {0},

Os#0; =

0 if st = ¢.

The above equality holds for the following reason. Observe that for r € S\ {0}, we
simply have §, = 6,|s\ (o} = ¥(J,). Consequently whenever 5,7 € S\ {0} then

@ (85#6) = ¢~ (05) - 7 (61) = ¢ (W(85)) - ¢ (W (6))) = 7(Sy) - ()
= 71(85 # 6;) = m(Sse) = ¢~ (W(s1))- (4.14)

On the one hand if st = ¢ then ¥/(55;) = ¥(dy) = 0. On the other hand if st # ¢ then
W (0ss) = Oy, thus proving the claim.

In particular it follows from equation (4.13) that (' (S \ {0}, 4), #) is a unital Banach
algebra with 6, being the unit, and such that [|6.||, = w(e) = 1. The proof of the
following is entirely analogous to that of Proposition 3.6.

Proposition 4.10  Let S be a monoid with multiplicative identity e € S and a zero element
O€S. Let u: S\ {0} — [1,+00) be a quasi-weight on S\ {0}. Let p € (€1(S\ {0}, p), #)
be a non-zero idempotent such that p # .. Then

1
Pl > Einf{,u(s): SES, s#e, 5%+ 0). (4.15)

In the following Cu; denotes the second Cuntz semigroup
(ar,a2,b1,by : a1by = e = azby, a1by = ¢ = axby), (4.16)

as defined in, for example, [24, Page 141, Definition 2.2]. Here ¢ € Cu, and ¢ € Cu;
denote the multiplicative identity and the zero element, respectively, rendering Cu; a
monoid with a zero element.

Fixn € N. Let u,, : Cuy \ {0} — [1,+0) be a quasi-weight on Cu, \ {0} defined
as tn(e) = 1 and p,(s) = n whenever s € Cu, \ {e, 0}. Notice that this arises from the
weight w,, : Cu, — [1,+0c0) defined by w,(¢) = w,(¢) = 1 and w,(s) = n otherwise.

Theorem 4.11  Let A, := (€'(Cuy \ {0}, un), #) for every n € N. Then (Ay,) is a sequence
of properly infinite Banach algebras such that Asy(Ay,) is not properly infinite.

Proof Fixn € N.Letp := 6p,#0,, and g := 8p,#d,,. Then p, g € A,, are idempotents
with p ~ 6, ~ gand p L ¢ plainly because of the defining properties of Cu, and
equation (4.13). This in particular shows that A, is properly infinite.

Let p,q € A, be arbitrary idempotents satisfying p ~ 6, ~ gand p L q. Clearly
P.q & {0c,0}, hence Proposition 4.10 yields [|p|l,,, l|4llx, = n/2, and consequently
Cl(Ay) 2 n*/4. In view of Proposition 4.9 the Banach algebra Asy(A,) cannot be
properly infinite. [ ]

Any reduced word in Cu, is of the form s = #3, 5., where s, is a word in a1, a; (which
are free, so generating a copy of S, the free semigroup on two generators), and #;, is a
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word in by, b,. Consider how to cancel a word of the form s,1;,. This will be equal to
O unless sutp, = ---a)*ay?ay by by? b - - - with perhaps one of s, or #, having extra,
unbalanced, terms on the left, or right, respectively. We can express this more succinctly
as follows. Define * to be the unique involution on Cu, with a} = b; fori = 1,2 and
e* = e,0* = ¢. Notice that r;';rb = e for any word rp. Then s,#, = ¢ unless either
Saq = ratl’; ort, = s,1p, for some words r, and rp,.

From this, we can see that the idempotents in Cu, are of the form s, s;‘) for an arbi-
trary word 53 € S;. Let I(Cu,) be the set of idempotents, excluding ¢. One can also show
that if s € I(Cuy),t ¢ I(Cu,) then st,ts ¢ I(Cuy). How idempotents multiply is a lit-
tle more complicated. Let s = sbsz,t = tbtl’;, and consider st. This will equal ¢ unless
either:

* Ip = Sprp, in which case st = sszsbrersZ = sbrbr;‘)sz =t;or
* 8, = raly, thatis, s, = 113, for some rp, in which case

st = tbrbr;tl’;tbt; = tbr;,r;tz =s.

This motivates defining s, < #p, if #;, = s for some word 7y, that is, s, is a prefix of
tp. Then st = t when 5, < 1p, and st = s when t;, < sp, and st = ¢ otherwise.

We can consider (£1(I(Cu,)), #). To ease notation, let S,(b) be the set of words in
by, by, with 0 the empty word (the identity), so that a member of /(Cu,) has the form
xx* for some x € Sy(b). Let ex = Sxx+, 50 (ex) is a basis for £'(1(Cuy)) and the product
is

ex ify=<ux,
exfey =3e, ifx <y,

0  otherwise.

Lemma 412 Let A = (£'(I(Cuy)),#) and let f = Y. f(xx*)ey € A. Then f is an
idempotent if and only if:

(1) f(xx*) € {~1,0,1} for all x, and only finitely many are non-zero;
(2) 2y<x f(yy*) € {0, 1} for each x.

Proof We have that e, #e, = e, exactly when one of x, y is equal to z, and the other is
a prefix of z. Throughout the rest of the proof we shall write f(x) instead of f(xx*) for
the sake of readibility. Thus

fef = Y F@fGexre) = 3 (D F@F0+ Y F0f@) + f2 e,
X,y

Z X<z X<z

Thus f#f = f if and only if

fR)=FRP+2f() ) fx) (2 eSa(b)). (4.17)

X<z

If the two conditions hold, suppose 3}, ., f(x) = 0.Letw = zb; (say)soy < w

exactly wheny = zory < z. Thus 20y .., f(¥) = f(2) + X<, f(x) = f(2) s0 f(2) €
{0,1},and hence (4.17) holds.If 3, ., f(x) = 1then similar reasoning shows that f(z)+
1 € {0,1} so f(z) # 1, and hence (4.17) holds.
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Conversely, we perform induction on the length of the word in S,(b), again using that
if zis a word of length nn + 1 then z = yb; say, for y a word of length n, and then x < z if
and only if x = y or x < y. The details are the same as in the proof of Lemma 3.10. =

Proposition 4.13  Let p be a quasi-weight on Cuy \ {0} such that 4 > 1 and u(s) > N for
each s ¢ 1(Cuy). Then Cpi(€(Cuz \ {0}, p), #) = (N/86)'/3

Proof Set A = (£!(Cuy \ {0}, 1). By Lemma 4.8 it suffices to prove that Cpj(A) >
(N/86)'/3. To show this, we can follow almost exactly the strategy of the proof of
Proposition 3.11, given the preliminary observations made above. |

Proposition 4.14  For each n > 1 there exists a quasi-weight (1, on Cuy \ {0} so that with
A = (£'(Cuy \ {0}, tn), #), we have Cp(A) = 1 and yet Cp(Ay) 2 n.

Proof We follow the strategy of the proof of Proposition 3.12. Choose N so that
(N/86)'/* > n.The set X = {e,0,b1a1,bya,} is a sub-semigroup of Cuy, and so the
map w : Cu; — [1,00) defined by w(s) = 1fors € X and w(s) = N € N other-
wise, is a weight. Let u,, be the induced quasi-weight on Cu; \ {¢}. With p = 0p,4, and
q = Ob,ay, We see that C (A) = 1. However, our quasi-weight satisfies the hypotheses
of Proposition 4.13, and so Cpy(A) > (N/86)'/% > n. [

We can prove some similar renorming results. The following is shown in exactly
the same way as Proposition 3.16, as if we have orthogonal idemopotents p, g then
{0,1,p, ¢} is a (bounded) semigroup in A.

Proposition 4.15  Let A be a properly infinite Banach algebra. There is an equivalent norm
I - llo on A such that (A, || - |lo) is a unital Banach algebra, and Cpy(A, || - |lo) = 1.

Proposition 4.16  For each K > O there is a Banach algebra A and a,b,c,d € A with
ab = c¢d = 1,cb = ad = 0, such that, if || - ||o is any equivalent norm on A, then
lalloll®llolicllolidllo > K.

Proof We follow the strategy of the proof of Proposition 3.18. We have the word-
length € on Cu,, where £(¢) = 0, and again this is sub-additive. Thus, for x > 0, the
function wy(s) = exp(x£(s)) is a weight. Let u be the quasi-weight given by w, and set
A = ((61(Cuy \ {0}, ), #). Let || - |lo be an equivalent norm on A, say with m~|| f|jo <
| fllw, foreach f e A.

Seta = 64,,b = 0p, and ¢ = 04,,d = Op,. The same argument as used in the proof
of Proposition 3.18 now shows that ||allo, ||b]lo, lI¢]lo, [|d]lo = e*, which completes the
proof. |

Again, we leave open the question of whether it is possible to find an absolute con-
stant K > 1 such that for every properly infinite Banach algebra A there is an equivalent
norm || - [lo on A with Cpi(A, || - [lo) < K.
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When we have norm control

As in the Dedekind-finite case, the converse to Theorem 4.2 holds provided we have
uniform norm control. Notice that this, when combined with Proposition 4.9, gives a
complete characterisation of when Asy(.A,,) is properly infinite.

Proposition 4.17  Let (A,) be a sequence of unital Banach algebras such that
lim sup,,_, o, Cpi(Ay) < co. Then Asy(A,) is properly infinite.

We remark that this hypothesis is weaker than sup,, Cp1(A,) < o0, as the hypothesis
of the proposition allows finitely many of the A,, to not be properly infinite.

Proof By hypothesis, there are K > 0 and N € N such that for n > N we can find
an, by, cnydy € A with ||an|[|[Dnlllcnlllldnll < K and so that, with p, = bnan,gn =
dycy, we have that p,, g, are mutually orthogonal idempotents with p, ~ 1 ~ g.
Notice that by rescaling, we may suppose that ||a,|| = ||b,|| and ||c,|| = ||dnl- As
anby, = 1,it follows that ||a,|| > 1; similarly ||c,|| > 1. Then ||a,||?||c,||* < K and so
llanll? < K and [|ca|l* < K.

Forn < N definea, = b, = ¢, = d, = 0. Then A = (a,) € {*(A,) with
|A|I> < K, and similarly for B = (b,),C = (c,) and D = (d,). We now see that
n(A)n(B) = 1 in Asy(Ay,), and similarly 7(C)n(D) = 1. Furthermore, p = n(B)n(A)
and g = n(D)n(C) are idempotents with pg = gp = 0. Thus p ~ 1 ~ ¢ and p, q are
orthogonal, and so Asy(A,,) is properly infinite, as claimed. |

Corollary 4.18  Let (A,) be a sequence of unital Banach algebras such that thereisan N € N
such that A,, is properly infinite for all n > N. Moreover, suppose that one of the following
two conditions hold:

(1) A, = A,y forevery n,m > N;
(2) A, isa C*-algebra for each n € N.

Then Asy(A,,) is properly infinite.

Proof When A, = A,, for n,m > N, this follows immediately from the preceding
result. Now suppose that each A, is a C*-algebra. From Proposition 2.4, a C*-algebra
8 is properly infinite if and only if there are projections p,q € B with pg = 0 (so also
gp = 0)and with p = 1 = q. In particular, Cp;(8B) = 1; and so the result follows again
from the previous result. L]

For ultraproducts

All of these results hold for ultraproducts with suitable modifications. For example, the
analogue of combining Propositions 4.9 and 4.17 is the following.

Theorem 4.19  Let (Ay,) be a sequence of Banach algebras, and let U be an ultrafilter. Then

(A is properly infinite if and only if there is K > O such that {n € N : Cp/(A,) < K} €
Uu.
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We remark that again Los’s Theorem could be used. However, here the details of the
analogue of Lemma 3.21 seem complex, and we have chosen not to give them.

5 Stable rank one

We say that a unital Banach algebra A has stable rank one if the group of invertible ele-
ments inv(A) is dense in A. We recall, [25, Proposition 3.1], that this is equivalent to
either the left, or the right, topological stable rank of A being 1. We recall, see [17,
Lemma 2.1] for example, that having stable rank one implies being Dedekind finite. As
shown in [17, Example 2.2] the converse does not hold. We hence view having stable
rank one as a strict strengthening of being Dedekind-finite; and a strengthening which
is much studied for C*-algebras.

Lemma 5.1 Let (A,) be a sequence of unital Banach algebras. Then

inv (Asy(A,)) = 71( inv (f“’(&—’l”))). (5.1)

Proof For the non-trivial direction, let us pick an arbitrary A = (a,,) € {*(A,) with
n(A) € inv(Asy(A,)). Thus thereis C = (c,,) € £*°(A,) withm(A)n(C) = n(C)n(A) =
1, that is, with

lim [[cpan — 1n|l = lim [lancn, — 1|l = 0.
n—oo n—oo

Set u, = cpa, and v, = ay,c, for each n, so there is N with ||u, — 1,]| < 1/2 and
[V, — 1,]] < 1/2 forn > N. Consequently, for n > N we have that u,,v,, € inv(A,)
with |Ju, ], [|[v; ] < 2. As @uuty, = ancpan = vyay for each n, we have that a,u;,! =

v,,'ay, for n > N. Observe that
-1y = q -1y, _ -1 _
an(cnvn )— ns (Cnvn )an = CpQnlU, = lp,

and so a,, € inv(A,) witha,! = ¢,v,! and hence ||a,!|| < 2||C||. Define

a, ifn> N, a;l ifn>=N,

1,, otherwise, 1,  otherwise.

Let A’ = (a,),B = (b,)sothat A’,B € {*(A,)and A’'B = BA’ = 1,sothat A’ €
inv(£®(Ay)). As 1(A) = m(A’) the claimed result follows. [ ]

Proposition 5.2 Let A be a unital Banach algebra such that Asy(A) has stable rank one.
Then also ‘A has stable rank one.

Proof If not, then thereisa € A and € > 0 with ||a — b|| > € for each b € inv(A).
Let A = (a) € £*°(A). Since Asy(A) has stable rank one, there is ¢ € inv(Asy(A)) with
|[m(A)—c|| < €/2.By Lemma 5.1 thereis C = (¢;) € inv(£*°(A)) with 7(C) = ¢, so that

€/2 > [|n(A) = c|| = |l7(A) — 7(C)|| = limsup [|a — call.

n—oo

Hence there is some n € N with ||a — ¢, || < €, and as each ¢,, is invertible, this gives the
required contradiction. |
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We now wish to improve this result, and completely characterise when Asy(A) has
stable rank one in terms of “uniform” approximation by invertibles for A. We give below,
in Theorem 5.10, a counter-example to show that A can have stable rank one while
Asy(A) does not. For C*-algebras, this does always hold, see Proposition 5.8.

Proposition 5.3  Let A be a unital Banach algebra. The following are equivalent:

(1) Thereis a function f : (0,c0) — R such that for € > 0 and a € A with ||a|| < 1 there
is b € inv(A) with ||a — b|| < € and ||b7Y|| < f(€);

(2) £°(A) has stable rank one;

(3) Asy(A) has stable rank one.

Proof Suppose f exists. Let A = (a,) € ¢*(A). By homogeneity we may suppose
that ||a,|| < 1 for each n. Given € > O, for each n we can find b,, € inv(A) with
lan — byl < € and ||b;|| < f(€). Thus B = (b,,) € £*(A) and (b},!) is also in £ (A).
So B € inv({*(A)) and ||A — B|| < €. As € > 0 and A were arbitrary, this shows that
£ (A) has stable rank one.

If £°(A) has stable rank one, also Asy(A) has stable rank one.

Now suppose that Asy(A) has stable rank one. For € > 0 and @ € A with ||a|| < 1
let IS = {b € inv(A) : |la — b|| < €}. That f exists is equivalent to showing that for
eache > 0,

sup{inf{||b_1|| cbelf}:a| < 1} < oo.

Suppose this is not so. Then there is € > 0 and a sequence (a,,) with ||a,|| < 1 for
eachn € N, and with ||»7!|| > n for each b € I . Let A := (a,) € ¢®(A) and
a := n(A) € Asy(A), so there is ¢ € inv(Asy(A)) with ||a — ¢|| < €/2. Again, we can
find C = (¢,) € inv(£*(A)) with ¢ = n(C). Thus in particular, there is M > 0 with
lle; Il < M foralln € N. As limsup,,_,, ||@n — cul| < €/2, there is N € N such that
llan — cull < €/2 and hence ¢, € I for eachn > N. Then for any n > max(M, N) we

obtain ||c,;!|| < M < max(M,N) < n < ||c,;'||, a contradiction. [ ]

We remark that it seems somewhat harder to characterise when Asy(A,,) has stable
rank one, for a sequence (A, ) of varying Banach algebras. In the next section we develop
some results which allow us to say something about this more general situation.

Stable rank one as a “three space property”

Having stable rank one is not a three-space property (see [25, Examples 4.13]), but in our
special situation we can say something. The following is the Banach-algebraic analogue
of the ring-theoretic lemma [17, Lemma 2.10]. We recall that if A is a unital algebra
over a field K with multiplicative identity 14, and J < A is a two-sided ideal, then
J denotes the unital subalgebra K14 + . Moreover, inv(J) = inv(A) N J (see [17,
Lemma 2.4]).

Proposition 5.4 Let ‘A be a unital Banach algebra and let J < A be a closed two-sided

ideal such that both J and AT have stable rank one. Let 1 : A — A/ denote the
quotient map. If n(inv(A)) = inv(A /T ) then A has stable rank one.
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Proof Leta € A and e > 0 be arbitrary. Since A/J has stable rank one, there is
¢ € A suchthat n(c) € inv(A/J) and ||7(a) — n(c)|| < €/2. By the assumption there
isd € inv(A) such that 7(d) = n(c) and thus ||7(a) —7(d)|| < €/2. Consequently there
isb € J such that ||a — d — b|| < €/2. Let us define a’ := b + d. We observe that

ad'd™) = n(bd™ ' + 1) = n(b)n(d™ ") + n(1) = n(1), (5.2)

equivalently, 1 —a’d™" € J. This implies that a’d~" € J. Now J has stable rank one,
therefore we can pick f € inv(J) = inv(A) N J such that ||a’d™" — f]| < €/2||d||.
Clearly fd € inv(A). Also,

la - fdll <lla=d'|l+lla’ - fd|l < lla-d'||+|la’d™" - flllld]l <€, (5.3)
which shows that A has indeed stable rank one. [ ]

Lemma 5.5 Let (Ay) be a sequence of unital Banach algebras all of which have stable rank
one. Let J = co(Ay), considered as a closed, two-sided ideal in A = £°(A,,). Then J has
stable rank one.

Proof This follows from [25, Theorem 5.2], but we give the argument in this special
case. Let A = (11, + a,) € J, 50 ||a,|| — Oandt € C. We wish to approximate A by a
member of inv(J). If # = 0 then pick s € C non-zeroand closetot. If A’ = (s1,+a,) €
J can approximated by a member of inv(J") then so can A, because A’ is close to A. So
we may suppose that # # 0.1f £ ~'!A = (1,, + t"'a,) can be approximated by a member
of inv( ) then so can A.

So we may suppose that # = 1. Pick € > 0 and choose N so that ||a,| < 1/2 for
n> N.Forn > Nletc, = —a, +a%—a’+--- € Ay, hence |[cy|| < |lan||(1—|lan]])!
and c,a, = a,c, = —c¢, — a,. For n < N use that A,, has stable rank one to find
d, € inv(A,)with ||1,+a,—d,|| < €.Setc, = (d,) ' =1, forn < N.Seth, =d,—1,
forn < N and b,, = a,, forn > N.Then B = (b,,),C = (¢,) € J. Notice that

—1 .
(In +bp)(1y + cp) = {dndn Tfn <N
1, +a, +c, +apnc, ifn>N,
and so (1, + b,)(1, + ¢,) = 1, for all n. Similarly (1, + ¢;,)(1, + b,) = 1,, for all n. As
1+ B,1+C € J weseethat 1 + B € inv(J). Finally we consider ||A — (1 + B)]|. For
n < N we have that ||(1,, + a,) — (1, + by)|| = |1, + @ — dy|| < €, while forn > N
we have that (1, + a,) — (1, + b,) = a, — a, = 0. Hence |[A— (1 + B)|| < e. [

Proposition 5.6  Let (A,,) be a sequence of unital Banach algebras all of which have stable
rank one. £°(A,,) has stable rank one if and only if Asy(A,,) has stable rank one.

Proof If £*°(A,) has stable rank one then clearly so does Asy(A},). Conversely, set
A = °(Ay) and T = co(A,) so that Asy(A,) = A/J. By Lemma 5.5, we see that
J has stable rank one, and by Lemma 5.1 we know that inv(A/J) = n(inv(A)). Thus
Proposition 5.4 applies to show that (A has stable rank one. |
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For C*-algebras

We recall that in a C*-algebra A an element a € A has a unitary polar decomposition if
there exists a unitary u € A such that a = ulal.

Lemma 5.7 If A is a unital C*-algebra such that every element of A has a unitary polar
decomposition then A has stable rank one.

Proof Leta € Aande > 0be fixed. By the assumption there is a unitary u € A such
that @ = ulal. By the Spectral Theorem, we know that |a| + €1 € inv(A), hence also
b =u(|la| + €1) € inv(A). Then ||a — b|| = ||eu|| = €. It follows that A has stable rank
one. [

Proposition 5.8  Let (A,,) be a sequence of unital C*-algebras having stable rank one. Then
Asy(A,,), and hence also €7 (Ay,), have stable rank one.

Proof This relies on an observation of Loring, [21, Lemma 19.2.2], which says that
under this hypothesis, every element of Asy(A,) has a unitary polar decomposition.
The result now follows from Lemma 5.7 and Proposition 5.6.

For completeness, we give the short proof of [21, Lemma 19.2.2]. Let a € Asy(Aj)
be a = n(A) for some A = (a,,) € £°(A,,). As for each n we have that inv(A,,) is dense
in A,,, we can find x,, € inv(A,,) with lim, . ||a, — x,|| = 0, so that a = 7(A”) with
A’ = (x,) € £*(A,). Notice that (||x;,||) might well be unbounded. For each n set u,, =
%, (7 x,)7/2, which is a unitary in A, with u,|x,| = x,. Then U = (u,) € £°(A,)
and X = (|x,|) € ¢°(A,) are such that U is unitary and X = |A’|,and A’ = UX. By
uniqueness of positive square-roots, 7(X) = |a| and so 7(U)|a| = a in Asy(A,,) is the
required unitary polar decomposition. |

Remark 5.9 This result, together with Proposition 5.3, shows that if A is a C*-algebra
with stable rank one, then we get a form of uniform norm control on the approximating
invertible elements. It would be interesting to know if this could be proved “directly”, in
some sense.

A counter-example

We shall now present a construction which shows that Proposition 5.8 does not hold for
Banach algebras.

Theorem 5.10 ~ The Banach algebra A = €'(Z), equipped with the convolution product, has
stable rank one. For any non-principal ultrafilter U we have that (A)qq does not have stable
rank one, and hence also Asy(A) and £*°(A) do not have stable rank one.

Proof Let (p,) be an increasing enumeration of the primes. We shall first show that

the ultraproduct (€'(Z/p,Z))4s does not have stable rank one. We do this by collecting
certain facts:
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(1) Thereisa contractive surjective homomorphism from (€!(Z/p,Z))q, to £'(G) where
G is the set-theoretic ultraproduct (Z/p,Z)q;. This follows from [7, Section 2.3.2]
following [5, Section 5.4]. Notice that G is also a commutative group.

(2) The proof of [20, Theorem 7.1] shows that G is divisible and torsion-free and that G
has cardinality the continuum. It follows that there is a set / of continuum cardinality
with G and ®;Q isomorphic as Q-vector spaces, so certainly isomorphic as abelian
groups. So £!(G) is Banach-algebra isomorphic to £' (®;Q).

(3) Let H = ®;Q and let H be the dual group, a compact abelian group. By [12, Propo-
sition 4.14], for example, we know that the Gel'fand tranform (identified with the
Fourier transform) gives a contractive homomorphism G : £!(&;Q) — C (ﬁ ) which
has dense range.

(4) The compact space H consists of all group homomorphisms &;Q — T, equipped
with the topology of pointwise convergence. It is easy to see that this agrees with the
compact space (@)1 So C(FI) is isomorphic with C((@)I ).

(5) There is hence a dense range homomorphism (£1(Z/pp,Z))qy — C((@)I ).

(6) The compact abelian group @ is identified in [16, Section 25.4]. In particular, it is
isomorphic to the “a-adic solenoid” X, for a suitable choice of sequence a. These
compact groups are studied in [16, Section 10], and in particular, [16, Theorem 10.13]
shows that X, is connected (and compact Hausdorff). It follows from the definition,
and [16, Theorem 10.5], that X, is a metrisable space.

(7) We now consider the covering dimension of a topological space, see for example [23,
Chapter 3]. In particular, it follows from [23, Proposition 1.3] that for a Hausdorff
space X, if dim(X) = O then X is totally disconnected. Thus dim(@) > 1. We shall
also consider the small inductive dimension of a topological space, [23, Chapter 4]. For
a metric space, this is the same as the covering dimension, [23, Section 4, Chapter 5].
Finally, if X is a compact metric space with dim(X) > 1, and [ an infinite set, then
X! has infinite dimension. This is shown for the small inductive dimension in [8,
Example 1.5.17], and hence also holds for the covering dimension.

(8) Rieffel’s original motivation in [25] was to generalise the covering dimension to C*-
algebras (compare [25, Theorem 1.1] with [23, Proposition 3.3.2] for example). In
particular, [25, Proposition 1.7] shows that if X is a compact (Hausdorff) space then
the topological stable rank of C(X) is | dim(X)/2] + 1.

(9) In particular, @I has infinite dimension. It follows that C (@I ) does not have stable
rank one. Hence also (£1(Z/pnZ))q; does not have stable rank one.

As tY(Z) — ('(Z/p,Z) is a quotient map, for each n, it follows that (A)q, —
((Z/pnZ))q; is a quotient map, and so (A ), does not have stable rank one. As Asy(A)
quotients onto (A)qy, also Asy(A) does not have stable rank one. By Lemma 5.1, also
£ (A) does not have stable rank one.

Finally, we claim that A does have stable rank one. This follows from the more gen-
eral result [6, Corollary 1.6]. In fact, using that 7 = T and that C (T) obviously has a
dense set of invertibles, we can instead appeal to [6, Proposition 1.3]. ]

Remark 5.11 The reader may wonder where the argument in the proof of Theorem
5.10 breaks if we attempt to apply it to group C*-algebras instead of ¢! group alge-
bras. More concretely, let us consider the A := C*(Z), which is isomorphic as a
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C*-algebra to C(T). As Z and Z/p,Z are discrete and amenable, the group homomor-
phism Z — Z/p,Z induces a surjective *-homomorphism A — C*(Z/p,Z). From
[25, Proposition 1.7], we see that A has stable rank one, and hence so does C*(Z/p,Z).
From Proposition 5.8 we know that Asy(C*(Z/p,Z)), and thus also (C*(Z/p,Z)), has
stable rank one.

On the other hand, when inspecting and adapting the reasoning in the proof of
Theorem 5.10, we find that there are *-isomorphisms between C*(G) and C*(®;Q) and
also with C (@I ), where G is the set-theoretic ultraproduct (Z/p,Z)q,. As we have just
seen, C (@I ) does not have stable rank one, hence neither does C*(G). This means that
there cannot be a continuous dense range algebra homomorphism from (C*(Z/p,Z)) 4
to C*(G), unlike for ¢! group algebras.

5.4 For ultraproducts

We quickly consider what happens when Asy(A,) is replaced by an ultraproduct
(A )qq- We first adapt Lemma 5.1.

Lemma 5.12  Let (A,) be a sequence of unital Banach algebras, let U be an ultrafilter, and
denote by 7 the quotient map < (Ay) — (A, )q. Then

inv (Ap)y) = 7(inv(£™(A,))).

Proof We can follow closely the proof of Lemma 5.1. Let a,,, ¢y, Uy, vy, be as before, and
notice now thatas 71(A)w(C) = n(C)n(A) = 1thereissomeset X € U with ||u,—1,]| <
1/2and ||lv, — 1,]| < 1/2forn € X. Then a, € inv(A,) and ||a,,'|| < 2||C|| for each
n € X.Hence we can find A’ € £*(A,,) with A’ invertible and 7(A) = w(A"). [ ]

Proposition 5.2 continues to hold, so if (A)q has stable rank one, then so does A.
Similarly, a close examination of the proof of Proposition 5.3 shows that it holds also for
(A)q. In particular, we have:

Corollary 5.13  Let A be a Banach algebra. Then Asy(A) has stable rank one if and only if
(A)q has stable rank one.

Finally, obviously then Proposition 6.9 shows that if (A},) is a sequence of unital C*-
algebras having stable rank one, then also (A}, )¢, also has stable rank one. Theorem 5.10
shows that this is not true for Banach algebras replacing C*-algebras.

6 Open questions

We close the paper with some open questions.

* Does the analogue of Proposition 3.16 hold for Cp;?

* Does the analogue of Proposition 4.15 hold for Cpy?

* If Asy(A,,) has stable rank one, does A,, for large enough n?

* Can one find a counter-example as in Theorem 5.10 which uses directly the criteria
established in Proposition 5.3?
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A wider “open question” is to study the constants Cp; and Cpy, and the criteria from
Proposition 5.3. These are “metric versions” of being Dedekind-infinite, being properly
infinite, and having stable rank one. We wonder if there are other properties of Banach
algebras which have interesting “metric versions”?
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