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A B S T R A C T 

We measure and compare the pattern speeds of vertical breathing, vertical bending, and spiral density waves in two isolated 

N-body + SPH simulations, using windowed Fourier transforms over 1 Gyr time intervals. We show that the pattern speeds of 
the breathing waves match those of the spirals but are different from those of the bending waves. We also observe matching 

pattern speeds between the bar and breathing waves. Our results not only strengthen the case that, throughout the disc, breathing 

motions are driven by spirals but indeed that the breathing motions are part and parcel of the spirals. 
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 I N T RO D U C T I O N  

t is now well known that the stars in the Solar neighbourhood and
e yond e xhibit prominent, large-scale coherent vertical motions, 
hich can be decomposed into bending (coherently upwards or 
ownwards) and breathing (coherently towards or away from the 
id-plane) motions, as revealed by the second Gaia data release 

hereafter Gaia DR2; Gaia Collaboration 2018 ), as well as by 
he LAMOST (Carlin et al. 2013 ), RAVE (Williams et al. 2013 ),
nd SEGUE (Widrow et al. 2012 ) data. Since in an unperturbed,
xisymmetric potential, the bulk vertical motion of stars is zero 
Binney & Tremaine 2008 ), the presence of such large-scale vertical 
otions points to some perturbing force driving these bulk motions. 
Bending and breathing waves have been connected to several 

istinct dynamical processes. Bending motions can be generated 
ia an interaction with a satellite (Hunter & Toomre 1969 ; Araki
985 ; Weinberg 1991 ; Dehnen 1998 ; Ibata & Razoumov 1998 ;
 ́omez et al. 2013 ; Widrow et al. 2014 ; D’Onghia et al. 2016 ;
inney & Sch ̈onrich 2018 ; Chequers, Widrow & Darling 2018 ;
ch ̈onrich & Dehnen 2018 ; Laporte et al. 2019 ; Helmi 2020 ; Li &
hen 2020 ; Bennett & Bovy 2021 ; Poggio et al. 2021 ), by the
ction of a buckling bar (Khoperskov et al. 2019 ), or by irregular
as inflow along warps (Khachaturyants et al. 2022 , hereafter K22 ).
ertical breathing motions are often attributed to the action of spiral
ensity waves. On entering the spiral, stars are pulled by the density
xcess towards the mid-plane, and rebound upwards as they leave it
Debattista 2014 ; Faure, Siebert & Famaey 2014 ; Monari, Famaey &
iebert 2016 ; Ghosh, Debattista & Khachaturyants 2022 ; Kumar 
t al. 2022 ). The amplitude of spiral-driven breathing motions is
xpected to increase with height from the mid-plane (Debattista 
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014 ; Ghosh et al. 2022 ), as is found for the breathing motions in
he Milky Way (MW; Gaia Collaboration 2018 ). The relative sense
f the breathing motion, whether towards or away from the mid-
lane, is predicted to change across the spiral corotation resonance 
Debattista 2014 ; Faure et al. 2014 ). The change in direction emerges
s compression (rarefaction) motions occurring more at the trailing 
leading) edges of spirals within corotation and vice versa outside 
f corotation. Ghosh et al. ( 2022 ) found that, in their simulation, the
piral-driv en v ertical breathing motions decreased in amplitude with 
tellar age. They also observed this trend in the breathing amplitude
sing Gaia DR2 data, indicating that spiral density waves might 
ell drive the breathing motion in the MW. Analytical studies have

hown that bars can also drive breathing motions (Monari, Famaey &
iebert 2015 ), while Widrow et al. ( 2014 ) have suggested that tidal

nteractions may also do so. 
In this letter, we explore the nature of breathing waves by
easuring, for the first time, their pattern speeds in two isolated

igh-resolution N -body + SPH (smoothed particle hydrodynamics) 
imulations. We also measure the pattern speeds of vertical bending 
otions and of spiral density waves, and compare their evolution with 

hose of the breathing motions. We demonstrate that the spirals and
he breathing waves share the same pattern speeds: when a density
attern speed with significant power is present in the disc, we find a
atching breathing wave and, conversely, when a breathing pattern 

peed with significant power is present, we find a matching density
erturbation (spirals or a bar). We conclude that breathing waves are
erely the vertical extension of spirals or bars, with no separate lives

f their own. 

 SI MULATI ONS  

e use the two N -body + SPH simulations described in K22 which
re evolved using the code GASOLINE (Wadsley, Stadel & Quinn 
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004 ) for 12 Gyr without any mergers. In one model, the dark matter
alo is spherical and, therefore, the accretion of cooling gas from the
orona is mostly in-plane with the disc, resulting in a relatively flat
isc. In the second model, the dark matter halo is triaxal with the
ngular momentum of the embedded gas corona misaligned with its
rincipal axes; this results in gas accreting via an S-shaped warp on
o the disc. Hereafter, we refer to these two models as the unwarped
nd warped models. K22 demonstrated that misaligned gas accretion
enerates bending waves with amplitudes larger than those in the
nwarped model. Detailed discussion of the initial conditions and
volution of the two models is presented in K22 . 

 SPECTRAL  ANALYSIS  

n K22 , we showed that both simulations support density waves
spirals) and bending waves throughout their evolution. Bending
aves are stronger in the warped model but are also present in the
nwarped model. We use standard measures for bending ( v + 

) and
reathing ( v −) velocities which are defined as: 

 ±( x , y , z) = 

1 

2 
[ 〈 v z ( x , y , + z) 〉 ± 〈 v z ( x , y , −z) 〉 ] . (1) 

he v z averages are computed over stars above and below the
id-plane in a given vertical column. The simultaneous presence

f bending and breathing waves requires that, in measuring the
reathing velocity, we compute the average velocity field to decouple
he orthogonal motions. We achieve this by computing the binned
v z > on a regular grid. With this method we are able to measure

he vertical motions’ pattern speeds independent of each other and of
he density waves. Instead, a particle-based measurement, as usually
one for spiral waves, is not possible for breathing waves. 

.1 Binning technique 

e bin our data in cylindrical coordinates with R ∈ [0 , 10] kpc and
R = 0 . 5 kpc , | z| ∈ [0 . 3 , 1 . 5] kpc and �z = 0 . 3 kpc , and φ ∈ [0,

60] ◦ and �φ = 15 ◦. We cut out the mid-plane as breathing signals
re expected to increase with height from the mid-plane; we confirm
hat this does not affect the measurement of the bending and density
aves. In the binned space, we compute the stellar mass, m ∗( R i , φj ,
 k ) and mean v ertical v elocity, 〈 v z ( R i , φj , z k ) 〉 . The binning produces
 3 D cylindrical array which is then processed based on the wave
eing analysed. For density waves, the mass array is collapsed on to
he mid-plane by summing all bins o v er the z-axis: 

( R i , φj ) = 

N ∑ 

k= 0 

m ∗( R i , φj , z k ) , (2) 

hereby producing a 2 D polar array. For bending and breathing
aves, the procedure requires a separation between 〈 v z 〉 values abo v e

nd below the mid-plane; we separately collapse bins abo v e and
elow the mid-plane by summing 〈 v z ( z > 0) 〉 and 〈 v z ( z < 0) 〉 along
he z-axis, respectively. The resulting arrays are then subtracted or
ummed to measure the breathing ( V −) or bending ( V + 

) motions,
espectively: 

 ±( R i , φj ) = 

1 

2 

N/ 2 ∑ 

k= 0 

[〈 v z ( R i , φj , z k ) 〉 ± 〈 v z ( R i , φj , −z k ) 〉 
]
. (3) 

.2 Pattern speed calculation 

e modify the spectral analysis code of K22 to work with binned
ata. We use these binned data to measure the pattern speeds of the
NRASL 517, L55–L59 (2022) 
ensity, bending, and breathing waves. After producing the 2 D polar
rrays described in Section 3.1 , we calculate the Fourier coefficients
y assuming that each element of the array represents a particle
ith mass M ( R i , φj ) and vertical velocity 〈 v z ( R i , φj ) 〉 . The Fourier

oefficients for density waves are computed as 

 m 

( R i ) = 

1 ∑ 

j M( R i , φj ) 

∑ 

j 

[
M( R i , φj ) e 

im φj 
]
, (4) 

here c m ( R i ) is proportional to the surface density contrast, �� / � .
oefficients for breathing ( V −) and bending ( V + 

) waves are derived
n a similar way, but to avoid any direct influence of the density waves
n the breathing/bending signal, the mass distribution is factored out
nd we instead normalize by the number of azimuthal bins, N φ (the
esults are not affected by the inclusion of mass, as in equation 4 ): 

m, ±( R i ) = N φ
−1 

∑ 

j 

V ±( R i , φj ) e 
im φj . (5) 

e focus on the positive pattern speeds, �p , of density, bending, and
reathing waves, so the method described in Ro ̌skar et al. ( 2012 ) and
he coefficients calculated in equations ( 4 ) and ( 5 ) are used to obtain

p . 
While the particle-based method of K22 uses the z coordinate to

btain the Fourier coefficients for bending waves, here we use V + 

hich is based on v z . This change is necessary since the current
nalysis requires binning the data, and computing 〈 z〉 in a given bin
ould ef fecti vely output the centre of each bin. We first confirm that
sing (unbinned) v z instead of z does not affect the pattern speed of
he bending waves. We repeat the unbinned analysis of K22 for both
 and v z and confirm that the total power and pattern speeds of the
ending waves based on v z match those based on z. 
Additionally, to verify that the binning does not bias our results,

e compare the pattern speeds computed for the binned density and
ending waves with those of the particle-based method of K22 . The
omparison of the most prominent pattern speeds in each baseline
ields Pearson correlation coefficients of 0.93–0.95 for both density
nd bending waves, demonstrating a good agreement between the
inned and particle methods. Only in the weaker spirals and bending
aves is the difference between the binned and particle-based pattern

peeds larger. We conclude that the binning method is in good
greement with the results of K22 and, therefore, suitable for our
nalysis of the pattern speeds of density, bending, and breathing
aves. 

 RESULTS  

ig. 1 (left blocks) shows the spectrograms and power spectra for
he m = 2 density, breathing, and bending waves (indicated at the
op of each column) in the unwarped and warped simulations (see
nnotations) at a time interval containing the strongest density wave.
lthough, for brevity, we only sho w one time interv al, we have

xamined the entire evolution of both models. The solid-white lines
how the rotation curves, �( R ). The dashed-white lines in the density
nd breathing columns indicate the inner/outer Lindblad resonances,

± κ/ m , and the vertical resonances, � ± ν/ m in the bending
olumns. By radially integrating the spectrograms, we produce the
otal power spectra, P R ( �), shown to the right of each spectrogram
anel (red curves). In both models, we note a striking resemblance
n the shapes and peaks of the density and breathing power spectra,
hile the spectrograms for the bending waves are very different.
e also note the presence of a small bar in the unwarped ( �p ∼

0 kpc km s −1 ) and warped ( �p ∼ 120 kpc km s −1 ) simulations, with
 pattern speed signal extending beyond corotation, suggesting a
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Figure 1. Power spectra (spectrograms) for the m = 2 (left block) and the m = 1 (right block) waves in the unwarped (top) and warped (bottom) simulations 
at a time interval which contains the strongest density wave. The white-solid lines show the rotation curve, �( R ), e v aluated at the central time of the interval 
using an interpolated potential ( K22 ). White-dashed lines in the density and breathing columns indicate the inner/outer Lindblad resonances, � ± κ/ m , while 
the dashed lines in the bending wave column indicate the vertical resonances, � ± ν/ m . The cyan lines show the rotation curves, �ϕ ( R g ), for vertically hot stars 
( z max ≥ 1 . 5 kpc ). The first column of each row shows the power spectra for density (bar + spiral) perturbations. The second and third columns of each row show 

the power spectra for breathing and bending wav es, respectiv ely. To the right of each spectrogram we show the radius-integrated power. A peak-finding algorithm 

is applied to each total-power curve with the detected peaks indicated by the horizontal red lines. The colour scale limits are the same for each respective wave 
type o v er all multiplicities and models. The pattern speeds of ( m = 2) density and breathing wav es match each other b ut not the bending wa ves. 
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Figure 2. Evolution of the breathing (top, colour) and density (top, contours) 
wave amplitudes and of the relative phase, �ϕ, between the two waves 
(bottom, colour) in the warped model at the time interval in Fig. 1 . The 
horizontal lines indicate the gap in Fig. 1 where the m = 2 breathing wave 
power drops (dotted) and the locations of the cold (solid) and hot (dashed) 
corotation radii. We see a clear separation between the bar, and across the 
(hot) corotation radius, of patches with approximately constant �ϕ o v er time, 
in agreement with breathing motions being spiral-driven. 
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esonantly coupled spiral. There is a match between the bar and one
f the breathing waves in both models, which is in agreement with
onari et al. ( 2015 ). We apply a peak finding algorithm (Virtanen

t al. 2020 ) and indicate the most prominent and strongest peaks
ith horizontal red lines. Based on the total power distributions, 

here is an even clearer correlation between the peaks of the density
bar + spiral) and the breathing waves, while the bending waves show
o correlation with either the density or breathing waves. 
In K22 , we showed that most of the bending wave power is

oncentrated at m = 1. Therefore, in Fig. 1 (right blocks) we
resent the spectrograms and power spectra for the m = 1 density,
reathing, and bending waves in the two simulations. The m = 1
pirals and breathing waves are significantly weaker than in m = 

. As a consequence, the matches between density and breathing 
aves become less apparent, with only some intervals having peaks 
ith matching pattern speeds. Unlike the visibly perv asi ve matches 
etween the m = 2 density and breathing waves, we only observe
 few sporadic matches between breathing and bending waves. 
dditionally, the stronger bending waves in the warped model none 

he less remain poorly matched to the breathing waves. 
The spectrograms of m = 2 breathing waves in both simulations

xhibit a gap for any given pattern speed near its corotation. This
grees with the need for stars to transit the spiral and be pulled by
he spiral’s excess density. While the rotation curves in Fig. 1 are
or planar circular (cold) orbits, the angular frequency of hotter 
opulations should be smaller at a given radius. Using AGAMA 

Vasiliev 2019 ), we compute the guiding radius, R g , and the angular
requenc y, �ϕ , of v ertically hot stars ( z max ≥ 1 . 5 kpc ), which we
how as cyan lines (averaging over stars at fixed R g ). The resulting
hot) corotation radii match the gaps better, since stars further from
he mid-plane contribute the most to V − (Debattista 2014 ; Faure et al.
014 ). 
Fig. 2 presents the evolution of the breathing amplitude, A v − (top),

nd the relative phase between the breathing and density perturba- 
ions, �ϕ, (bottom), both computed using the Fourier coefficients of 
quations ( 4 ) and ( 5 ). Multiple strong density waves are present in
he unwarped model, which produce complex interference patterns, 
hus for illustrative purposes we show the warped simulation at 
 time where only one spiral is dominant. The lines indicate the
old (solid) and hot (dashed) corotation radii, while the dotted lines
how the gap locations. Three distinct regions of strong breathing 
mplitudes are evident: within the bar, and in the inner and outer
isc. The latter are separated by the hot corotation radius and the
ap. The evolution of �ϕ exhibits three regions of near-constant 
alues, mirroring those in A v − . Ne gativ e and positiv e �ϕ occur
ithin and beyond the corotation radius, respectively, in agreement 
ith spiral-driven breathing in the disc region. 
To illustrate the correlation between the different waves, Fig. 3 

hows ‘bubble plots’ (Ro ̌skar et al. 2012 ) for the unwarped (top)
nd warped (bottom) simulations for m = 2 (left) and m = 1 (right).
he pattern speeds are displayed as symbols with varying size, based
n the strength of the identified peaks – see Fig. 3 for details. The
MNRASL 517, L55–L59 (2022) 
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M

Figure 3. The most prominent pattern speeds in the unwarped (top) and warped (bottom) models identified in Fig. 1 , for the m = 2 (left) and the m = 1 (right) 
density (black crosses), breathing (red circles), and bending (blue squares) signals. The size indicates the peak height in the radius-integrated power at a given 
pattern speed. The peak height is scaled by the highest peak in the density (10 5 . 12 ), breathing (10 3 . 92 km 

2 s −2 ), and bending (10 3 . 58 km 

2 s −2 ) wav es o v er both 
multiplicities and models, P m / max (P 1 , P 2 ). The rightmost legend shows the relationship between the marker size and P m / max (P 1 , 2 ). We observe a correlation 
between the density and breathing signals, which is particularly strong for m = 2; the breathing and bending signals show no correlation. 
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volution of the peak m = 2 density (black crosses) and breathing
red circles) pattern speeds (top left panel) are, generally, in very
ood agreement at different times. While we find multiple matches
etween the density and breathing pattern speeds in m = 1 (top right
anel), these matches are less pre v alent than in m = 2. The evolution
f peak breathing and bending (blue squares) pattern speeds (bottom
ow) present no clear matches in either m = 1 or m = 2, although there
re some time intervals where the pattern speeds o v erlap. Unlike the
ensity and breathing perturbations, these pattern speed o v erlaps are
poradic and do not exhibit a clear trend. 

To quantify the significance of the match between the breathing
nd density/bending waves, in Fig. 4 , we show the fraction of
dentified pattern speeds in one wave type (primary wave) that are
lso identified in another wave type (target wave) at the same value.
pecifically, we define the match fraction as the ratio of the number
f matched primary pattern speeds to the total number of primary
attern speeds. We show this fraction for different minimum power
hresholds of the primary pattern speeds, min ( P i ). Thus at the lowest
in ( P i ), the match fraction indicates the matches for all primary

attern speeds. The total power is normalized by the strongest pattern
peeds of that type identified in Fig. 3 . Stronger m = 2 density and
 = 2 breathing waves (larger min ( P i )), produce significantly larger
atch fractions: at min ( P i ) = 10 −2 selecting m = 2 density ( m =
NRASL 517, L55–L59 (2022) 
 breathing) as the primary wave, the match fraction with breathing
density) waves reaches ∼90–95 per cent ( ∼85–95 per cent). 

On the contrary, increasing min ( P i ) in the m = 1 bending and
reathing waves leads to little change in their match fractions of
0.25; ho we ver this relatively high fraction may suggest some

onnection between these two wave types. To check if these match
ractions are compatible with random matches, we select 2500
andom bootstrap samples of m = 1 and m = 2 breathing pattern
peeds across all baselines in the warped model (the results for
he unwarped model are qualitatively similar). We use the same
pectral resolution ( ∼ 6 kpc km s −1 in m = 1 and ∼ 3 kpc km s −1 

n m = 2) as in our spectral analysis. The bootstrap-sampled
attern speeds are then matched with density and bending waves of
orresponding multiplicities and the random match fractions 5, 50,
nd 100 percentiles are displayed as dotted lines. Match fractions for
 = 1 bending and breathing waves (blue) reach the observed values
ften in these random resamples, with a 50 per cent probability of
eaching ∼0.20. Unlike the m = 1 bending waves, the m = 2 density-
reathing bootstrapped sample (red) does not reach the observed
atch fractions at higher min ( P i ), indicating that these matches are

ery significantly above the random level. Lastly, we test if the
bserved match fractions could be artificially inflated by a large
umber of target frequencies. By limiting the number of target wave

art/slac112_f3.eps
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igure 4. Match fraction between tw o w aves, indicated in the legend, as
 function of min ( P i ), the lo wer cutof f of the normalized total power of
he primary waves. The matches are computed in the warped (solid) and
nwarped (dashed) models o v er all times. The normalization is based on
he maximum values in Fig 3 . The dotted lines indicate different percentiles
f match fractions from 2500 random bootstrap samplings (BSd) o v er all
aselines in the warped model (the results for the unwarped model are
ualitativ ely v ery similar). Increasing min ( P i ) for m = 2 density (red) and
reathing (gre y) wav es results in an increase in the match fraction larger than
he BSd random match fractions (the largest min ( P i ) values contain at least
0 primary frequencies). The m = 1 bending (blue) and breathing (green)
aves show no significant change in match fraction with increasing min ( P i ),

nd instead are consistent with the random matches of the BSd fractions. 

requencies to no more than in the primary waves, the match fraction
etween density and breathing waves remains the same, while the 
ne between bending and breathing waves reduces further to ∼0.15. 

 C O N C L U S I O N S  

e have compared the pattern speeds of breathing waves with those 
f spiral density waves and of bending waves. We have found that
he pattern speeds of the breathing waves match those of the m = 2
pirals (and a bar if one is present), provided the spirals are relatively
trong. In contrast, bending waves and breathing waves propagate 
eparately. This is true even when the bending waves are strong,
s in the warped simulation. We also observe that breathing waves 
eaken near the corotation radii as would be expected if they are
riven by density waves in the disc. We conclude that spirals are
he main drivers of breathing waves. We do not find any strong
pirals without accompanying breathing w aves. Lik ewise, in almost 
ll cases the breathing waves are accompanied by spirals at the same
requenc y. The breathing wav es therefore do not have an independent
xistence but rather are part of the very structure of spirals. 
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