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ABSTRACT

Solar energetic particles (SEPs) have been observed to easily spread across heliographic longitudes, and the
mechanisms responsible for this behavior remain unclear. We use full-orbit simulations of a 10 MeV proton beam
in a turbulent magnetic field to study to what extent the spread across the mean field can be described as diffusion
early in a particle event. We compare the full-orbit code results to solutions of a Fokker–Planck equation including
spatial and pitch angle diffusion, and of one including also propagation of the particles along random-walking
magnetic field lines. We find that propagation of the particles along meandering field lines is the key process
determining their cross-field spread at 1 AU at the beginning of the simulated event. The mean square displacement
of the particles an hour after injection is an order of magnitude larger than that given by the diffusion model,
indicating that models employing spatial cross-field diffusion cannot be used to describe early evolution of an SEP
event. On the other hand, the diffusion of the particles from their initial field lines is negligible during the first 5 hr,
which is consistent with the observations of SEP intensity dropouts. We conclude that modeling SEP events must
take into account the particle propagation along meandering field lines for the first 20 hr of the event.

Key words: diffusion – magnetic fields – Sun: particle emission – turbulence

Online-only material: color figures

1. INTRODUCTION

Solar energetic particles (SEPs), accelerated during so-
lar eruptive events, have been observed to have access to
a wide range of heliographic longitudes, both for impulsive
(Wiedenbeck et al. 2013) and gradual (Dresing et al. 2012) SEP
events. In a number of studies, the spreading of SEPs across the
field has been modeled using the Fokker–Planck (FP) equation
for the particle distribution function (e.g., Jokipii 1966) with
field-aligned propagation implemented as diffusion in velocity
space, and cross-field propagation as spatial diffusion across
the mean field (e.g., Zhang et al. 2009; Dröge et al. 2010; He
et al. 2011). However, the cross-field diffusion coefficient κ⊥,
required to explain the SEP observations (e.g., Zhang et al.
2003; Dresing et al. 2012), is much larger than that derived
from galactic cosmic ray observations (e.g., Burger et al. 2000)
and full-orbit simulations (e.g., Giacalone & Jokipii 1999).

Matthaeus et al. (2003) used a model where the particles dif-
fuse along field lines that random-walk across the mean mag-
netic field direction to study the particle propagation across the
mean magnetic field. They obtained κ⊥ that is consistent with the
galactic cosmic ray observations and full-orbit simulations. The
diffusive behavior of particles in this model is an asymptotic,
long-time solution.

In this paper, we study whether the need for a large κ⊥ in
the FP modeling of an SEP event is due to the fact that its
description of cross-field diffusion may not be valid in the early
phases of an SEP event. SEPs are observed at 1 AU soon after
their injection, at only a few scattering mean free paths from their
source (e.g., Palmer 1982). Thus the cross-field spreading may
not have settled to the asymptotic diffusive behavior described
by Matthaeus et al. (2003). Therefore, the question arises of
whether a diffusion description for the initial SEP propagation
is appropriate.

We study the early time cross-field transport of an SEP event
by means of full-orbit simulations in a prescribed turbulence.
We evaluate the early cross-field transport in this model and

compare it quantitatively with that obtained from solution of an
FP model.

Full-orbit models have been used to study charged particle
propagation in turbulence superposed onto a constant back-
ground field to study the evolution and asymptotic values of
the diffusion coefficients (e.g., Giacalone & Jokipii 1999; Qin
2002; Qin et al. 2002a, 2002b; Laitinen et al. 2012, 2013), how-
ever, not addressing the evolution of particle intensities at a
fixed location. Giacalone et al. (2000) used a turbulence model
in Parker spiral geometry to study the effect of the size of the
SEP source region on the intensities observed at 1 AU, conclud-
ing that a small source region would result in intensity dropouts
such as observed by, e.g., Mazur et al. (2000). In this study,
however, we aim to quantify the efficiency of the particle cross-
field transport in a statistical sense, and thus use a large source
region.

To study the propagation early in an event, for simplicity
we superimpose turbulence on a constant background mag-
netic field. We inject particles into the simulation as a beam,
with pitch angle cosine μ = 1, to mimic the initial strong
focusing of particles in the radial field close to the sun, as
this mechanism is absent in constant magnetic field. We com-
pare the result of this full-orbit simulation to a solution of
a FP equation, and quantitatively show that the early evolu-
tion of an SEP event cannot be described using spatial cross-
field diffusion in a FP equation. The early particle transport
in the full-orbit simulations is consistent with particles prop-
agating along meandering field lines. We demonstrate this by
using a model that incorporates field line meandering into the
FP method.

2. MODELS

2.1. Full-orbit Simulations

The full-orbit simulations are based on the description of
the turbulent magnetic field presented in Giacalone & Jokipii
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(1999), with

B(x, y, z) = B0ẑ + δB(x, y, z), (1)

where B0 is a constant background field, along the z-axis, and
δB(x, y, z) a fluctuating field consisting of Fourier modes. We
use B0 = 5 nT, consistent with the field strength at 1 AU. For
the fluctuations, we use the composite model, where turbulence
is composed of slab and two-dimensional components. We
use a spectral index γ = −1 for the slab (one-dimensional)
component, to prevent the so-called resonance gap issue which
would complicate comparison with models using pitch angle
diffusion, as discussed further in Section 2.2. The amplitude of
the turbulence is set to give a parallel mean free path of 0.3 AU
for a 10 MeV proton, a reasonable value for SEP protons (e.g.,
Palmer 1982). For the used spectral shape, the amplitude is
somewhat lower than the interplanetary value, with parameter
B2

1 = 0.1B2
0 (see Laitinen et al. 2012 for definition).

The full-orbit particle simulations follow the same approach
as Laitinen et al. (2012). We start the particles in a large
volume, to exclude the effects of coherence by close-by field
lines discussed by, e.g., Giacalone et al. (2000) and Ruffolo
et al. (2004). The quantities below are calculated relative to
each particles’ initial position so that in coordinates x, y, and
z the initial position of each particle is at the origin. Thus, our
study statistically models the spreading of particles from a large
source region, excluding the effects of local field line coherence.

We calculate the perpendicular variance of the particles,
σ 2

i (z, t) = 〈(r⊥,i(z, t) − 〈r⊥,i(z, t)〉)2〉, where r⊥,i = x, y, and
〈〉 represents the ensemble average, as a function of time and
location along the mean field. The local running perpendicular
diffusion coefficient, K⊥i(z, t), is defined as

K⊥i(z, t) = σ 2
i (z, t)

2t
, (2)

and is obtained from particles within z ± Δz, where Δz = 15r�,
with r� the solar radius. These definitions of the perpendicular
variance and local diffusion coefficient are not sensitive to the
widening of the cross-field extent due to particles propagating
along the mean field line: particles following their original
field lines would produce a constant σ 2

i (z, t), and any variation
indicates decoupling of particles from the field lines (e.g., Hauff
et al. 2010; Fraschetti & Jokipii 2011; Fraschetti & Giacalone
2012). Thus, σ 2

i (z, t) is a powerful tool for determining the
nature of the cross-field propagation of charged particles. It also
better corresponds to what particle instruments observe: the
intensities of particles at fixed locations, instead of the particle
population’s full spatial extent.

We also calculate the standard asymptotic values of the
diffusion coefficients as

κi = lim
t→∞

〈ξ (t)2〉
2t

, (3)

where ξ (t) = x, y, z, and the field line diffusion coefficient, due
to the meandering of the turbulent field in Equation (1), as

D⊥,ξ = lim
z→∞

〈ξ (z)2〉
2z

, (4)

where ξ (z) = x(z), y(z) are the coordinates of the field line at
mean field direction distance z. These coefficients are used as
input parameters in Sections 2.2 and 2.3.

2.2. Fokker–Planck Test Particle Simulations

The second description of particle transport is based on an
FP equation appropriate for our model definitions of static
turbulence on constant background magnetic field, given by
(e.g., Jokipii 1966; Schlickeiser 2002)

∂f

∂t
+ μv

∂f

∂z
= ∂

∂μ
Dμμ

∂f

∂μ
+ ∇ · (κ̂⊥∇f ), (5)

where f (x, y, z, v, μ, t) is the particle distribution function, v
and μ the particle’s velocity and pitch angle cosine, Dμμ the
pitch angle diffusion coefficient, and

κ̂⊥ =
(

κ⊥ 0 0
0 κ⊥ 0
0 0 0

)

the cross-field spatial diffusion tensor. This equation is solved
via Monte Carlo test-particle simulations, using the approach
described in, e.g., Zhang et al. (2009) and Dröge et al. (2010).
Below, this model is referred to with abbreviation FP.

The perpendicular diffusion of the particles, given by the last
term in Equation (5), is solved by means of stochastic differential
equations (SDE; Gardiner 1985), which gives the perpendicular
Monte Carlo step for the particles as

dx =
√

2κ⊥dt Wx (6)

dy =
√

2κ⊥dt Wy, (7)

where Wx and Wy are Gaussian random numbers with zero mean
and unit variance, and dt is the time step length.

The parallel propagation of the particles is given by

dz = μv dt (8)

and the pitch angle is scattered isotropically using the method
introduced by Torsti et al. (1996), with pitch angle diffusion
coefficient

Dμμ = ν(1 − μ2), (9)

where the scattering frequency ν = v2/(6κ‖) is independent of
pitch angle for turbulence spectral index γ = −1 in quasilinear
theory. This is chosen to avoid the problem of a resonance gap at
small μ (see, e.g., Schlickeiser 2002), which would complicate
comparison between the full-orbit simulations and the FP model.

We verified that the evolution of the pitch angle distribution
obtained by using the pitch angle diffusion method of Torsti
et al. (1996) agrees well with that obtained from the full-orbit
simulations, and thus we are confident that the propagation
along the mean field lines is similar in the two methods. The
two methods also agree well with the analytical solution to the
isotropic pitch angle diffusion given by, e.g., Roelof (1969).

2.3. Fokker–Planck Test Particle Simulations
with Meandering Field Lines

In the third model, we add the effect of meandering field
lines to the FP description of particle propagation introduced
in Section 2.2. We model the field line wandering as diffusion,
using the field line diffusion coefficient given by Equation (4).
We solve the path of the field line using the SDE approach,
which gives

dxB =
√

2D⊥dzB Wx (10)
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Figure 1. Contour plot of the spatial SEP distribution for the full-orbit (left panel), FP (center panel) and FP+FLRW (right panel) models at 115 minutes from the
injection. The box at z = 1 ± 0.15 AU depicts the range that is used for calculating the variance and local running diffusion coefficients in Figures 2 and 3. The colored
circles correspond to the locations in Figure 4.

(A color version of this figure is available in the online journal.)

dyB =
√

2D⊥dzB Wy. (11)

We calculate the field line, (xB(zB), yB(zB), zB)) separately for
each particle. The particle will then propagate along this field
line instead of the constant background field used in Section 2.2.

The meandering of the field line is taken into account by ad-
vancing the particle along the mean magnetic field direction by

dz = μv dt cos θ,

where θ is the angle between the mean field and the local mean-
dering field. The diffusion step, given by Equations (6) and (7),
is taken perpendicular to the meandering field line. The parti-
cle’s cross-field deviation from its initial location is composed of
the diffusive propagation of the particle, x(t) and y(t), superim-
posed upon the wandering of the field line described by, xB(z(t))
and yB(z(t)). Below, this model will be referred to as FP+FLRW.

3. RESULTS AND DISCUSSION

To analyze how energetic particles spread across the mean
magnetic field in the three propagation models described above,
we inject a population of 10 MeV protons with μ = 1 and follow
them for 60 hr. The number of particles is N = 2×105 in the full-
orbit simulations, while the FP and FP+FLRW simulations use
N = 2 × 106 particles. The particle diffusion coefficients used
in the FP and FP+FLRW models are the asymptotic values of
the running diffusion coefficients of the full-orbit simulations, as
given by Equation (3). For this purpose, we simulate an isotropic
proton population of N = 2048 particles. For the turbulent field
realization presented in this study, we obtain a parallel diffusion
coefficient κ‖ = 6.2×1021 cm2 s−1. The perpendicular diffusion
coefficient is κ⊥ = 6.6 × 1018 cm2 s−1.

We also calculated the field line diffusion coefficient, D⊥ =
2.1×1010 cm, from the magnetic field lines used in the full-orbit
simulations. This value is used to produce the field line random
walk, with Equations (10) and (11).

We show the particle distribution with a contour plot in
Figure 1, for the full-orbit (left panel), FP (middle panel), and
FP+FLRW simulations (right panel). The contours represent the
particle distribution integrated along the y-direction, f (x, z, t),
115 minutes after injection, with the horizontal axis along the
mean magnetic field. In the left panel, particles on both the
negative and positive z region expand in the cross-field direction
as they propagate farther from the origin along the z-axis. The

Figure 2. The local running diffusion coefficient for the models, determined
from particles at 1 AU from the injection location (the boxes in Figure 1).

(A color version of this figure is available in the online journal.)

particles with z < 0 have been scattered back from the z > 0
region, crossing the z = 0 boundary close to the origin. This
pattern of propagation can be expected for particles that follow
field lines fanning out from the origin, while decoupling from
their initial field line with a slow rate. The full-orbit particle
distribution is distinctly different from the elliptical profile
obtained with the FP model (middle panel), but qualitatively
similar to the FP+FLRW model (right panel).

In Figure 2 we show K⊥(z, t), as defined by Equation (2), cal-
culated using the particles in the range depicted by the boxes in
Figure 1. The temporal evolution of K⊥(z = 1 AU, t) obtained
with the FP model (blue dashed curve) differs considerably from
the other models, staying at a constant value, as can be expected.
In the full-orbit simulations (solid black curve), at the time of
arrival of the first particles at 1 AU, about an hour after injec-
tion, K⊥ is an order of magnitude larger than the FP value. The
full-orbit K⊥ reaches the level of the FP description only 10 hr
after injection.

For the first 5 hr of the simulated event, the full-orbit dif-
fusion coefficient follows closely the curve for a FP+FLRW
model with κ⊥ = 0 (red curve), which describes particles
remaining on their original field lines. This can be seen
more clearly in Figure 3, where we show the evolution of
the cross-field variance at 1 AU, σ 2

⊥(z = 1 AU, t). The variance
of the full-orbit simulated particles remains constant for the first
5 hr from injection, indicating that the FLRW effect dominates
over particles decoupling from their field lines. As discussed by

3



The Astrophysical Journal Letters, 773:L29 (5pp), 2013 August 20 Laitinen, Dalla, & Marsh

Figure 3. The perpendicular variance of particles observed at 1 AU (the boxes
in Figure 1). For legend, see Figure 2.

(A color version of this figure is available in the online journal.)

Giacalone & Jokipii (2012), the dominance of the field line me-
andering over the decoupling can explain the dropouts in SEP
intensities observed in some impulsive events (e.g., Mazur et al.
2000; Chollet & Giacalone 2011). Only at later times does the
decoupling of the particles from their initial field lines become
non-negligible, and the full-orbit running diffusion coefficient
approaches the FP+FLRW with non-zero perpendicular coeffi-
cient (the dash-dotted green curve in Figures 2 and 3).

It should be noted that the non-monotonic behavior and
the small deviation from the red curve in the initial phase of
the full-orbit simulations is caused by the local structures in the
particular turbulence realization; this behavior varies between
realizations.

In Figure 4, we show the evolution of f (x, z, t), at different
cross-field locations x at parallel distance z = 1 AU from the
injection location. The solid curves correspond to the FP model.
We do not show the full-orbit simulations, as the local structure
and asymmetries, evident from Figure 1, are complicated and
vary between turbulence realizations. Instead, we show the
FP+FLRW model with non-zero κ⊥ (dashed curves), which,
of the FP models presented in this paper, best reproduces the
evolution of the cross-field extent of the full-orbit simulated
particles at 1 AU (Figure 3).

At cross-field location x = 0 AU (black curves), correspond-
ing to a nominal connection to the injection site, the intensity
evolution in the two models is similar. The FP+FLRW intensi-
ties are delayed by 15 minutes with respect to the FP model,
due to the longer pathlength of the particle along the mean-
dering field line. Full-orbit simulation onsets, not shown, vary
somewhat with different realizations, due to varying field line
lengths.

At a location not nominally connected to the injection site
(red and green curves), the FP and FP+FLRW models show
very different evolutions: while the FP+FLRW model shows
rapid increase at wide cross-field range, the FP model dis-
plays significant delay in intensity onset, with a several-hour
difference between the two models.

Our results thus suggest that the early evolution across the
mean field is not diffusive, and using an incorrect model for the
particle propagation may significantly distort the interpretation
of the observed SEP intensities. The particles following the
meandering field lines have access to large cross-field distances,
compared to diffusively propagating particles, and arrive more
promptly at the observing spacecraft if it is not magnetically
well connected to the injection location. Using a spatial diffusion
model to analyze such an event may result in either a large cross-

Figure 4. Proton distribution function f (x, z, t) at the locations marked by
black, red and green circles in Figure 1, shown by black, red and green curves,
respectively.

(A color version of this figure is available in the online journal.)

field diffusion coefficient, or an interpretation of an extended
acceleration region.

In this work, we introduced simplifications, such as the
constant background magnetic field, to be able to compare
different approaches with as few ambiguities as possible. Recent
work by Giacalone & Jokipii (2012) found that in a Parker spiral
geometry, spatial diffusion would be able to spread particles up
to 180◦ in longitude, and our results suggest that adding the
meandering of field lines as in this study would aid the particles
to fill the inner heliosphere with SEPs even further. The recently
discussed effects of large-scale drifts for SEPs in Parker field
may also increase the spread of SEPs in interplanetary space
(Dalla et al. 2013; Marsh et al. 2013). On the other hand,
the field line meandering may be limited by structures in the
solar wind, as discussed by Laitinen et al. (2012). Also the
adiabatic focusing and deceleration of the particles, occurring
in the expanding corona, are important for SEP transport (e.g.,
Ruffolo 1995; Kocharov et al. 1998). Furthermore, the radial and
spectral evolution of heliospheric turbulence (see, e.g., Cranmer
& van Ballegooijen 2005 and references therein) will affect the
spreading of particles in interplanetary space.

We also note that the method of calculating the cross-field
variance at a fixed distance along the mean field from the initial
position, σ 2(z, t), may be useful for studying the rate at which
particles decouple from the field lines. Decoupling can be clearly
seen at z = 0 in the left panel of Figure 1: the cross-field
spreading around x = 0, z = 0 is caused by the decoupling, and
the rate can be measured using the approach introduced in this
work. As can be seen in Figure 2, a constant spatial diffusion
coefficient, as used in the FP+FLRW model, cannot describe
this spreading. It is likely that the spreading is connected to the
evolution of the field line separation (see Ruffolo et al. 2004)
after the particle has moved to a different field line.

4. CONCLUSIONS

In this work, we have studied particle propagation across
the mean field as a function of time, after an impulsive, beam-
like injection into a turbulent magnetic field. We compared the
spatial evolution of energetic particles using three simulation
methods: full-orbit particle simulations using synthetic mean-
dering field lines, spatial and pitch angle diffusion along con-
stant background field (FP), and diffusive propagation along
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stochastically spreading field lines (FP+FLRW). Our main find-
ings are as follows.

1. The propagation of particles across the mean magnetic
field in the early phase of an event is mainly due to the
particles following meandering magnetic fields, resulting in
cross-field mean square width an order of magnitude larger
than that predicted by a diffusion model. This behavior of
the particle propagation cannot be described as a cross-
field diffusion across mean magnetic field, but requires a
description for the meandering field lines.

2. The large cross-field spread of the particles at the time
of arrival of the first particles (Figure 3) may explain the
observations of SEPs at wide longitudinal separation, as
reported by, e.g., Dresing et al. (2012) and Wiedenbeck
et al. (2013).

3. The timing of the access to field lines at large cross-field
distances is rapid in a description including FLRW (red
and green dashed curves in Figure 4), and takes place much
faster than in a model including diffusion only.

Early in an event the particles remain well on their
initial field lines, and thus do not propagate across the meander-
ing field lines (see Figures 2 and 4). A vanishingly small cross-
field diffusion coefficient during impulsive “dropout” events
has been previously suggested based on FP simulations (Dröge
et al. 2010) and observations (Chollet & Giacalone 2011). We
find, based on our simulations, that a small diffusion coefficient
early in an SEP event is not contradicted by a larger diffusion
coefficient later in the event.

We conclude that in modeling of an SEP event, the description
of cross-field propagation as spatial diffusion only is not
sufficient, and a description of field line meandering should be
used. Adding FLRW to the standard FP description, as presented
in this paper, is a reasonable method to model the particle
propagation as seen in the full-orbit simulations. However, the
spatial cross-field diffusion from the meandering field lines is
very slow during the first hours of the event, approaching the
asymptotic diffusion coefficient only at later times. Thus, a
model with time-dependent diffusion coefficient is needed to
accurately describe the particle decoupling from their initial
field lines.

We acknowledge support from the UK Science and Tech-
nology Facilities Council (STFC; grant ST/J001341/1) and
from the European Commission FP7 Project COMESEP
(263252). Access to the University of Central Lan-
cashire’s High Performance Computing Facility is gratefully
acknowledged.
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