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Abstract

It has been suggested that single and double jets observed emanating from
certain astrophysical objects may have a purely gravitational origin. We discuss
new classes of plane-fronted and pulsed gravitational wave solutions to the
equation for perturbations of Ricci- at spacetimes around Minkowski metrics,
as models for the genesis of such phenomena. These solutions are classi ed
in terms of their chirality and generate a family of non-stationary spacetime
metrics. Particular members of these families are used as backgrounds in
analysing time-like solutions to the geodesic equation for test particles. They
are found numerically to exhibit both single and double jet-like features with
dimensionless aspect ratios suggesting that it may be pro table to include
such backgrounds in simulations of astrophysical jet dynamics from rotating
accretion discs involving electromagnetic elds.

Keywords: linearised gravity, plane-fronted gravitational waves, pulsed

gravitational waves, geodesics, astrophysical jets

(Some gures may appear in colour only in the online journal)

1 Introduction

Many astrophysical phenomena nd an adequate explanation in the context of Newtonian
gravitation and Einsteis description of gravitation is routinely used (together with
Maxwell s theory of electromagnetism and the use of time-like spacetime geodesics to
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model the histories of massive point test particles) to analyse a vast range of phenomena
where non-Newtonian effects are manifest. However, there remain a number of intriguing
astrophysical phenomena suggesting that our current understanding is incomplete. These
include the large scale dynamics of the observed Universe and a detailed dynamics of certain
compact stellar objects interacting with their environment. In this note we address the ques-
tion of the dynamical origin of the extensiwsmic jetsthat have been observed emanating
from a number of compact rotating sources. Such jets often contain radiating plasmas and
are apparently the result of matter accreting on such sources in the presence of magnetic
elds. One of the earliest models to explain these processes suggested that the gravitational
elds of rotating black holes surrounded by a magnetisedretion disccould provide a

viable mechanism [1More recently, the signi cance of magneto-hydrodynamic processes

in transferring angular momentum and energy into collimated jet structures has been recog-
nised [2 4]. Many of these models implicitly assume the existence of a magnetosphere in a
stationary gravitational eld and employorce-free electrodynamicé their development.

To our knowledge, a dynamical model that fully accounts for all the observed aspects of
astrophysical jets does not exist.

However in recent years there has been mounting evidence, both theoretical and numer
ical, suggesting that the genesis of jets may have a purely gravitational origin. By the gen-
esis of such phenomena we mean a mechanism that initiates the plasma collimation process
whereby electrically charged matter arises from initial distributions of neutral matter in a
background gravitational eld. In [%], the authors carefully analyse the properties of a class
of Ricci- at cylindrically symmetric spacetimes possessing time-like and null geodesics that
approach attractors con ning massive particles to cylindrical spacetime structures. Additional
studies [7 9] of the asymptotic behaviour of test particles on time-like geodesics with large
Newtonian speeds relative to a class of co-moving observers have given rise to the notion
of cosmic jets associated with different types of gravitational collapse scenarios satisfying
certain Einstein Maxwell eld systems. There has also been a recent approach based on cer
tain approximations within a linearised gravitational framework involving gravito-magnetic
elds generated by non-relativistic matter currents [10]. All these investigations auger well
for the construction of models for astrophysical jets that include non-Newtonian gravitational
elds as well as electromagnetically induced plasma interactions.

Although astrophysical jets involve both gravitational and electromagnetic interactions
with matter it is natural to explore the structure of electrically neutral test particle geodesics in
non-stationary, anisotropic background metric spacetimes as a rst approximation to what is
undoubtedly a complex dynamical process. In this paper we explore geodesics that relax any
assumption of a cylindrically Killing-symmetric background spacetime metric. Furthermore,
to this end we construct particular exact solutions to the linearised Einstein vacuum equa-
tions which are then used to numerically calculate time-like geodesics in non-stationary
backgrounds. The use of the linearised Einstein vacuum equations facilitates the construc-
tion of families of complex eigen-solutions with de nite chirality that are used to construct
real spacetime metrics exhibiting families of time-like geodesics possessing particular jet-
like characteristics on space-like hyper-surfaces. Test particles on such time-like geodesics
exhibit, in general, a well de ned sense of handed-ness in space that we argue may offer
a mechanism that initiates a ow of matter into directed jet-like structures. In particular, we
construct families of plane-fronted gravitational wave metrics and new non-stationary metrics
having propagating pulse-like characteristics with bounded components in three-dimensional
spatial domains. These are analogous to particular exact solutions of the vacuum Maxwell
equations which we have recently shown can be used to model single-cycle electromagnetic
laser pulses [11, 12].
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In section2, our notation is established in the context of Einstein s vacuum equations on
a spacetime manifol (@ with a Lorentzian metrig and their linearisation about a at
Minkowski metric on a regior ©,

Section3 describes a family of complex plane-fronted gravitational wave exact solutions
to the linearised eld equations that are eigen-tensors of the complex axial-symmetry opera-
tor about any particular direction in space. We call the eigenvalues of this operator chirality
and show how the associated helicity of the real-part solutions with respect to their direction
of propagation is correlated with certain properties of time-like geodesics associated with
the real linearised spacetime metric. The simplest harmonic plane-fronted gravitational wave
modes have helicit, 2 and, in general, induce a (modulated) non-circular helicoidal motion
of massive test-particles that are initially arranged (with non-zero speeds) in a ring that lies
in a plane orthogonal to the direction of propagation of such waves. The set composed of the
individual particle paths formani-directional bi-jet-like array in space emanating from such
a ring in a background harmonic wave of de nite helicity.

By contrast in sectiod, we give a construction of exact solutions to the linearised equa-
tions with pulse-like perturbations that are bounded in all spatial dimensions. The simplest
gravitational pulse-like solutions have chirality zero and are shown to generate a real non-
singular Ricci curvature scalar eld ¢ 1with well de ned loci in spacetime emanating from
a core containing a maximum at a particular event. Future-pointing time-like geodesics that
emanate from events on rings containing massive test particles centred on this core can give
rise to single and oppositely directed jet-like arrays in space, transverse to the plane of the
rings (bipolar out ows).

It is assumed that exact analytic solutions to the linearised Einstein vacuum equations and
their associated time-like geodesics will exhibit features that persist to some degree beyond the
linearisation regime and, in particular, offer an approach to a better understanding of the gen-
esis of observable cosmic jets in models that include charged matter with plasma interactions.
Based on a numerical exploration of particular time-like geodesics associated with background
metrics constructed from complex eigen-solutions with de nite chirality, we conclude that it
may be pro table to include these non-Newtonian gravitational backgrounds in simulations of
cosmic jet dynamics from rotating accretion discs involving electromagnetic elds.

2. The linearised Einstein vacuum system

In any matter free domain of spacetit @, an Einsteinian gravitational eld is
described by a symmetric covariant rank-two teigsaith Lorentzian signature that satis es
the vacuum Einstein equatiEin©® 0 where

Eif®  Ric® %Tr(g)(Ric(g))g (1)

andRic® is the Levi Civita Ricci tensor associated with the torsion-free, metric-compatible
Levi Civita connection (@), A coordinate independent linearisation of (1) can be found in
[13, 14]. In particular a linearisation about a at Minkowski spacetime metric oteter
mines the linearised metfig hand to rstorder one writeg g O( 2). The vari-
able is a parameter in h used to keep track of the expansion order and

4Throughout this paper we assign physical dimensions of letwthe tensors g and . The Ricci curvature
scalar associated with g then has the dimensions of I&ngjtha g-orthonormal coframe the components of g are

1,1,1,1 andin an -orthonormal coframe the components of are 1,1, 1, 1. This does not imply that
components of the tensor eld are necessarily constant in an arbitrary cofra e on

3
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e & e« & et &€ whee ab 01,23 @

in any -orthonormal cofram@on . Since we explore the source-free Einstein equation (rel-
evant to the motion of test-matter far from any sources) the physical scale associated with
any linearised solutions must be xed by the solutions themselves rather than any coupling to
self-gravitating matter. Furthermore since only dimensionless relative scales have any signi -
cance we de ne the tensor h to be a perturbation of olative to any local -orthonormal
coframe €& provided

h(Xa, Xp) 1  on fordl ab 0,123, (3)

wheree2 T X, T ,e%(X%) b. It should be noted that the perturbation order of the
-covariantderivative of a tensor and its -trace relative to such a coframe is not necessarily of
the same order as that assigned to the tensor. Thus perturbation order is not synonymous with
scale in this context. We use the conditions (3) to de ne perturbative Lorentzian spacetime
domains to be regions where

max  h(Xg, Xp) 1.
0 ab 3
Therealtensch () with Re( ) may be constructed from any complex covariant
symmetric rank-two tensor satisfying [14]:
Lapt ) 2 Osym O@ivO) )y 0.

Here and below () denotes the operator of Levi Civita covariant differentiation associ-
ated with , X2 by, Y (nga and for all covariant symmetric rank-two tensors = on

() ) ()
Lap T VT ) UT
DivOT  ( Txe, )
Or T %(Tr( ) .

Since for any g the reverse-trace n ©@ satises @ @ |d, if is trace-free with

respect to , therh . If is also divergence-free with respect to , thd_ag ) C.
Thus, divergence-free, trace-free solutions satisfy:
La’) 0 ad Div() 0. (4)
Given and henceg h, all proper-time parametrised time-like spacetime geodesics
C on , with tangent vectcC, associated with g, must satisfy the differential-algebraic system
gccCc 1 (5)
Yc o (6)

If any worldline C has componerC ( ) in any local chart o with coordinate{x } and
C C then

5 An arbitrary local coframe is a set of 1-form§ en  satisfyinge® € e?> & O0.If e inany

such coframeTr() ab Fwith 3 Zin terms of the Kronecker symbc 3

4
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oc BC dac_
e = — ( occ (7)
where  denotes a Christoffel symbol associated\ @,
In the following sections only solutions to (5) and (6) that lie in the perturbative domains
are displayed. The worldline of an idealised observe i3 modelled by the integral
curveCy of a future-pointing time-like unit vector eld V (i.e. g(V,V) 1). Atany eventin
the g-orthogonal decompositionCifwith respect to an observe(:C

C 9(C, V)V,

with g( ,V) 0de nes the Newtonian 3-velocity elv on C relative to the integral curve
Cy that it intersects in spacetime:

C
a(CV) gCV)

Relative to G, the observed Newtonian speed of the proper-time parameterised worldline
C at any evenC ( ) is thenv /g(v,v). If S?)V 0 the observer is said to be geodesic
otherwise it will be accelerating. If there exists a local coordinate syt, ;, , 3 on

with { time-like, in whichCy can be parameterised monotonically wids t v 1 1(0),

5 20), 3 40)such an observer is said to be at rest in this coordinate system. Although
any particular time-like worldline de nes a locaést observer irsome chart, only the exis-
tence of a family of rest observers in a particular ¢ ubn provides a way to interpret
the Newtonian velocity of any event on a time-like worldline that is not necessarily a rest-
observerir . Inunit¥ with g 1, a point particle of rest-mass with a worldline C, when
observed by ¢ has energy and 3-momentum values at any eventon C givy Mg

andp,, vMov respectively, wher ,  1/\/1 g(v,v).

3. Gravitational waves

The recent experimental detection of gravitational waves lends credence to the existence of non-
stationary metrics on spacetime domains in the vicinity of colliding black holes. There are good
reasons to believe that such domains may exist in the vicinity of other non-stationary astrophysi-
cal processes. In this section we explore the properties of particular proper time parameterised
plane-fronted gravitational wave spacetimes in the perturbative do s ned above.

In a local char  possessing dimensionless coordin{ T,R, ,Z} withT 0, R O,

[0,2 )andZ (0 on a spacetime doma @, a local cofram¢ adapted to these
co-ordinates i{e® dT,e'! dR e Rd,e® dZ in terms of the exterior derivative
operatod. With given by (2), this coframe isorthonormal but not in genergtorthonormal.

Such a chart facilitates the coordination of a series of massive test particles initially arranged
in a series of concentric rings with different values of R lying in spatial planes with different
values of Zat T 0. Furthermore, we de ne ¢ :

6We introduce a length scale parametgr LO to relate coordinates t, r, z and angular frequency with physical
dimension{time,length lengti and 1/time respectively to the dimensionless variables T, R, Z ssalthat

r LoR,z LoZ,ct Lol and Co/L¢, where g is a fundamental constant with the physical dimensions of
speed. In Slunitey, 3 108 m st . The dimensionless amplitudes in (9) de ne amplitLL og; andL og, With
physical dimensions of length. In this scheme \g(C, C) 1, the parameter has length dimensions and its
conversion to a paramet rwith dimensions of a clock time is given Ico Lo/co where is a dimen-
sionless parameter.
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(T,R ,2) max h(Xa, Xp) -
0 ab 3

For 1 ,m,m , particular non-harmonic complex plane-fronted gravitational wave
solutions to (4) take the form

m TR .2 WZ T)Sym(dR™em) d(R™ ém)) ®)

whereW is an arbitrary complex-valued function that is at least twice differentiat : on
Waves with opposite values of propagate in opposite directions along the axis Z. These ten-
sors satisfy

1

N mom (M M) oo
and will be called complex eigen-tensors of de nite chirey . Such tensors give rise
to real tensor{ , ) Re . ) with helicity (my m) . If my 1, m 1and
mm 0O, it may be shown theLag?) , ., 0, Div() . OandTr®) = O
SinceLagd ) andDiv() are linear operators, the superposii  C,, , with arbitrary com-
plex constant coef cientC,, is also a solution of (4). From the simplest trace-free solution
withm; land mp 1 one may construct fro( ,) the real helicity2 symmetric covariant
metric tensog, on

9, (2.

Pureharmonic plane-fronted gravitational waves arise when the function W in (8) is a bounded
trigonometric function of its arguments. The higher complex chirality solutions are related to
, by the formula:

i(Mm m 2) pm m 2
Mmoo 2mymp € R 2

The real tensoi( ,) remain trace-free, divergence-free solutiorLag )( ,)  Ounderthe
nite real rotation may o with arbitrary real constai .

We have explored numerically the structure of time-like geodesi samsociated witg,
for pure harmonic plane-fronted gravitational waves where:

W(y qcos( u) igysin( u) 9)

with dimensionless angular frequen yand real dimensionless amplitucg, g;. In these
gravitational wave spacetimes the geodesic vector 1 T satisesg,( 1, 1) 1In
, the metric tenscgé has non-zero components in the cofr¢ ne

%o 1
G 1 5@ wes( (T2 2) (@ aes( (T 2) 2)

Go O %(oa wsin( T 2) 2) (@ @sn( T 20 2)

o (@ apcos( (T 2) 2) (g a)eos( (T Z) 2)

1
1 =
2

s 1
“For any vector eld , the operatc denotes Lie differentiation with respect to .

6
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The integral curves of the vector e 1 provide, in , a family of geodesic rest observ-

ers on . In this chart we write the proper-time parameterised geodesic curves as
{LoT , R R(), (), Z Z()} Only three of the equations in (7) are indepen-
dent. In theLoT gauge the equations w 1,2,3are solved numerically fR( ), (),

Z( ) with prescribed values R(0), (0), Z(0) andR(0), (0), Z(0). These initiaktonditions

must be chosen consistently with the condig,(C,C) 1 which is then preserved

for all . Furthermore the parameteq, ,, are chosen so that throughout the numerical
integration of (5) and (&Il components ¢( ,) in the -orthogonal coframe evaluated on C

for 0 remain less than unity in absolute value. This ensures that all computed geodesics
lie in the perturbative domair . The solutions to (5) and (6) whR(0) C, (0) ¢,

Z(0) CareR() R(), () 0),Z() Z(0), i.e. test particles on these geodesics
remain at rest relative to rest observers. SolulR( ), ( ), Z( ) are displayedhdividually

or as single space-curves in Cartesian domains labelled with dimensionless coordiiates X,

Z whereX Rcos( )andY Rsin( ). For each solutioni  one can calculate the square
of the Newtonian speed v at any relative to a rest observer:

V(¥ R()? Z()P R()? ()
ROR() () (@ wsin( () (@ @sn( ()

%(R( 2 R(Y ()2) @ @eos( () @ o ()

where

O zO) 20).

To display the general features of the geodesic solutions &) {®at exhibit jet-like fea-
tures for speci ed initial conditions we select particular values of the paran ,q, o, Lo
and helicity2 where 1. Having the notion of a thick accretion disc in mind, we choose
initial ( 0) positions of individual geodesics to be equally spacedimrings with xed
R in planes with xedZ. On the leftin gurel a set of 8 such time-like geodesics is displayed
in an X-Y projection, each for an evolution proper time f 0 to 4 10 Each
geodesic exhibits a segment of a helicoidal structure in a background gravitational wave of
de nite helicity 2. The sense of the helicoidal motion is reversed for waves of opposite helic-
ity as demonstrated in the gure on the right. Although the average motion of the helicoids
along the Z-axis is determined by the direction of the wave, the mR( )andZ( ) of a
test particle with an initial non-zero radial speed are not immediately monotonic in , as evi-
dent in gure?2. The corresponding parametric behaviours of the soluR( ), ( ),Z( )
are displayed in gure 3.

The left hand side plot in guré displays a short segment of a typical helicoid on a scale
that makes visible a cycloidal-like oscillatory modulation. The spatial periodicity of this mod-
ulation is determined by the value fand decreases as this parameter increases. The right
hand side of guret displays on a lower resolution (thereby suppressing the cycloidal modu-
lation) a segment of a typical helicoid that exhibits helicoidal drift and a decrease of helicoidal
radius as increases. Relative to a rest observer, the dimensionless Newtoniav( Yeked
a test particle on each helicoid is oscillatory but in general tends to unity for large values of
Figure5 displays the evolution of 8 geodesics initially arranged on two different rings, each of
radius 0.06. Four of them emanate from a ring lying in the ar@01 with initial values

7
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Figure 1. Eight time-like geodesics all evolving from properti ~ Oto 4 10°
from eight equally arranged initial locations around a ring of radius 1 (unresolved
in these gures) with additional initial conditions Z(0) (R(0) 0.1, Z(0) C,

(0) C. The parameters of the helici® background gravitational wave metric are

Lo 1, ¢ @ V5 1/20. The sense of the helicoidal motion for helicity 2
shown on the left is reversed for waves of opposite helZishown on the right.

2 \V\
Zx 10?
0
3
0 0
3 6 3
Y x 10° X x 108

Figure 2. A single time-like geodesics evolving fro 0 to 4 10° from
an initial location (denoted by a black dot) /2 on a ring of radius 1 with the
same initial conditions as in guré&: Z(0) 0, R(O) 0.3, 20 C, (0) Cand
same parameters of the helicity 2 background gravitational wave metric gwith L
(o) 15, 1/20. Components of this space-curve, displayed in gGre
indicate that the axial motion is not monotonic in proper-time.

of 0, /2, ,3 /2 and four of them from a ring with the same radius and same values lying
in the plane Z 0.01. The gravitational wave with helicity 2 is propagating in the negative
Z-direction. The gure on the right has for all geodesics varying from ze2 10° while

that on the right shows the evolution from zer5 10%. Both gures capture the cycloidal-

like modulations and the general uni-directional emanations induced by geodesics with de -
nite helicity but different angular locations on identical radius rings above and below the plane
Z 0. Itis also evident that geodesics emanating from the v Gand initially
execute different motions from those startin_ [2and 3 /2

8
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Figure 3. Parametric representations of the space-curve shown in ZgiNete that the
axial motion is not monotonic in proper-time.

3 7 =
( —
z Zx 10
e e— ;
2
X x 107 Y X x 103 Y x 10°

Figure 4. The left hand side plot displays a short segment of a typical geodesic
helicoid on a scale where varies from zerc 1 10° and thereby makes visible
a cycloidal-like oscillatory modulation. The spatial periodicity of this modulation is
determined by the value « and decreases as this parameter increases. The right
hand side plot displays on a lower resolution, where varies fromze 5 10°
(thereby suppressing the visibility of the cycloidal modulation), a segment of a typical
geodesic helicoid that exhibits helicoidal drift and a decrease of helicoidal radius as
increases. The parameters of the helicity 2 background gravitational wave metric
arelg 1, @@ o 15 1/20 and initial conditions (denoted by black dots)
R@O) 1,20) 0, (0) CR@O 0.3z0 ¢ (00 C

Figure6 displays the evolution of 16 geodesics initially arranged on two different rings,

each with radius 1. Eight of them emanate from a ring lying in the glai®e245 with initial

values ofn /4forn 0,..,7 and eight of them from a ring with the same radius and same
values lying in the plane Z 0.245. The gravitational wave with helicity 2 is propagating
in the negative Z-direction. The proper time for all geodesics varies from z5.8 10
With this graphical resolution no cycloidal-like modulations are visible. It is evident that uni-
directional emanations from different initial angular locations are being induced by harmonic
waves with de nite helicity irrespective of their origins on rings above or below the plane
Z 0. It also suggests that for a xed evolution time a relativistic uni-directional bi-jet struc-
ture is dominant.

The detailed properties of time-like geodesics in the perturbative domains of these gravita-
tional wave spacetimes depend on the values assigned to a number of their parameters but the
emergent general features have been displayed in duedt appears that, in background
de nite helicity harmonic waves, all time-like geodesics with non-zero initial Newtonian
speeds relative to rest-observers evolve into uni-directional modulated helicoids. Being plane-
fronted these characteristics are independent of the initial values of R occupied by test matter.

9
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Figure 5. These plots display the evolution of 8 geodesics initially arranged on two

different rings of radius 0.06 (unresolved as the black dots in the gures). Four of them

emanate from a ring lying in the plane Z 0.01 with initiafalues of0, /2, ,3 /2

and 4 of them from a ring with the same radius and same values lying in the plane

Z 0.01. The gravitational wave with helicity 2 is propagating in the negative Z-

direction. The gure on the right has for all geodesics varying from ze2  10°

while that on the right shows the evolution from zer5 10% Both gures capture

the cycloidal-like modulations and the general uni-directional emanations induced by

geodesics with de nite helicity but different angular locations on identical radius rings

above and below the plare 0. It is also evident that geodesics emanating from

the values 0 and initially execute different motions from those starting at
[2and 3 /2. The parameters of the background gravitational wave metric are

Lo 1, ¢ @ 3/4 1/20 and the remaining initial conditions sR(0) 0.],

Z0) C (0 C

Although plane-fronted gravitational waves (like plane-fronted electromagnetic waves) are
physical idealisations they offer a possible mechanism for the initiation of uni-directional jet-

like patterns when incident on local distributions of matter. In the next section we explore a
class ofhon-stationary chiral solutions to the eld equations (4) that are neither plane-fronted

nor harmonic gravitational waves.

4. Compact gravitational pulses

In [11, 12], following pioneering work by Synge [15], Brittingham [16], Stewart [13] and
Ziolkowski [17], we have shown how to construct complex analytic solutions to the Maxwell
vacuum equations describing propagating pulse-like electromagnetic elds. These have found
direct application for analysing the behaviour of single-cycle laser pulses. One notable feature
of such solutions is that, although they do not have a unique direction of propagation (and
hence helicity), they are derived from complex solutions with de nite chirality. To construct
real spacetime metrics analytically with analogous pulse-like structures, we now outline how
the techniques used to construct antisymmetric Maxwell tensors F safidF _C, F 0

can be generalised to construct symmetric second rank covariant tensors satisfying (4). Unlike
the gravitational wave solutions above, the metric perturbations are compact in all spatial
directions and they will be shown to describe non-stationary spacetimes possessing time-like
geodesics with jet-like families of space-curves.

8The linear divergence operator acting on p-forms in spacetime is de n d Jy terms of the Hodge m: >
associated with a metric g.

10
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Zx 10¢ 0.5

Figure 6. These space-curves displays the evolution of 16 geodesics initially arranged
on two different rings of radius 1. Eight of them emanate from a ring lying in the plane
Z 0.245 with initial values ofn /4 for n 0,..,7 and eight of them from a ring
with the same radius and same values lying in the plane Z 0.245. A background
gravitational wave with helicity 2 is propagating in the negative Z-direction. The proper
time for all geodesics varies from zero5.8 10°. With this graphical resolution no
cycloidal-like modulations are visible. It is evident that uni-directional emanations from
different initial angular locations are being induced by harmonic waves with de nite
helicity irrespective of their origins on rings above or below the plane Z 0. It also
suggests that for a xed evolution time a relativistic uni-directional bi-jet structure is
dominant. The parameters of the background gravitational wave metrig afe L

g 9 g 1/20 and the remaining initial conditions éR(0) 0.1, Z(0) C,

0 C

If is any complex (four times differentiable) scalar eld rnthen () ()Lgp()
Lag) ) () HenceilLag’) 0 thenLag’) o QandDiv() ; Oare satis ed witA
o ()d . Furthermore sinc () is the torsion-free Levi Civita connectiol ¢ is sym-
metric and trace-free with respect to . Hence, such complex in general give rise to real
metrics:

% 0

with curvature. The particular complex solution of relevance here is given (T, R, ,Z)
chart above as

(T.RZ) (10)

R? QuT,2)
where

QuAT.2) (@ i(Z THQ2 (2 T)

with , Qq, Q; strictly positive real dimensionless constants. The s (T, R Z) is then sin-
gularity-free in TR and Z and clearly axially-symmetric with respect to rotations about the
Z-axis. It also gives rise to an axially-symmetric complex (zero chirality) te gssatisfy-

ing*® o O0.In , the real axially-symmetric metric tenggyrhas non-zero components

in the coframe :

9For any scalar and metric tensor _@  d is independent of g.
since ()is a at connection, if K is an -Killing vector then the opera () g « ()onall tensors.

11
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Y0 1 &

%1 G0 W

Gz %o 12

o 1 &

Gs O Az

o, 1 r /R

B 1 % (11)

where Re( ) and satises g, 0. A rest observer eld in this spacetime metric is
(1/\/1 & 0) T T
Complex symmetric tensor  with integer chirality m 0 satisfyingLag) ., O,

Divi) , o Tr) , 0 andTl o M . may be generated fro o by repeated covari-
ant differentiation with respect to a particular -null and -Killing complex vector eld S:

mo S Yo whee (S,) dRé)

m times

12)

i.e.S € ( r (/R) ) Solutions with negative integer chirality can be obtained by complex
conjugation of the positive chirality complex eigen-solutions. E lide nes a spacetime
metric gy, m Re( ) on @ which, form 0, is not axially symmetric:

g, O.An indication of the nature of the spacetime geometry determingg oy ~ (@
is given by analysing the structure of the associated Ricci curvature 9(T,R, ,Z).

Unlike in the gravitational wave spacetimes, this scalar is not identically zero. Form 0 itis
axially symmetric and in the che its independence of means that for values of a xed
radius its structure can be displayed for a range of T and Z values given a choice of parameters
(@1, Q2 ,Lo). Regions wher %(T, 1, Z) change sign are clearly visible in the right side of
gure 7 where a 2-dimensional density plot shows a pair of prominent loci that separately
approach the futurT Q) light-cone of the event{R 1, T 0,Z 0}. A more detailed
graphical description ¢ %(T, 1, Z) is given in the left hand 3-dimensional plot in gure

where an initial pulse-like maximum arouT 0O evolves into a pair of enhanced loci with
localised peaks at values of Z with opposite signs vT 1. In this presentation the maxi-

mum pulse height has been normalised to unity. This characteristic behaviour is similar to that
possessed k£ (T, 1, Z). It suggests that tidal forces (responsible for the geodesic deviation
of neighbouring geodesics [18 20]) are concentrated in spacetime regions where components
of the Riemann tensor ofyhave pulse-like behaviour in domains similar to those possessed
by %(T,RZ).

Explicit formulae for %(T,R Z) and (T,R, ,Z) are not particularly illuminating.
However, for xed values of the paramet(Qq, Q2, ,Lo), their values can be plotted numer
ically in order to gain some insight into their relative magnitudes in any perturbative domain

. With Z xed at zero, gure8 displays such plots as functions of R and a set of T values. It
is clear that in perturbative domains the curvature scalar may exceed unity. Since in general:

T,RZ) (T.RZ) 2 O3

1Since g is axially-symmetric, the functic is independent of .
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