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Abstract. We review a technique for solving a class of classical linear partial differential
systems of relevance to physics in Minkowski spacetime. All the equations are amenable to
analysis in terms of complex solutions in the kernel of the scalar Laplacian and a complexified
Hertz potential. The complexification prescription ensures the existence of regular physical
solutions with chirality and propagating, non-singular, pulse-like characteristics that are
bounded in all three spatial dimensions. The technique is applied to the source-free Maxwell,
Bopp-Landé-Podolsky and linearised Einstein field systems, and particular solutions are used for
constructing classical models describing single-cycle laser pulses and a mechanism is discussed
for initiating astrophysical jets. Our article concludes with a brief introduction to spacetime
Clifford algebra ideals that we use to represent spinor fields. We employ these to demonstrate
how the same technique used for tensor fields enables one to construct new propagating, chiral,
non-singular, pulse-like spinor solutions to the massless Dirac equation in Minkowski spacetime.

1. Introduction
In this article we discuss a class of solutions to a set of linear field equations on Minkowski
spacetime. The class of solutions will all be constructed from a scalar field α satisfying □α = 0,
where □ is the Lorentz-invariant D’Alembertian (or Laplacian operator), and a set of covariantly-
constant, antisymmetric tensor fields (2-forms) Πν,χ. We shall refer to these elements as “pre-
potentials” since, in general, (like most “potentials” in physics) they define gauge equivalence
classes of solutions to “gauge-invariant” equations. The “gauge-invariant” equations under con-
sideration here include the source-free Maxwell system for the Minkowski-Maxwell field tensor,
one of its modifications proposed by Bopp-Landé-Podolsky [1, 2, 3], the tensor equation for
perturbations of Einstein’s gravitational field equation in a matter-free background Minkowski
spacetime and the electromagnetically-neutral massless Dirac equation. It will be shown how all
these linear partial differential systems can be formulated in terms of certain differential tensor
and spinor operators that render them amenable to analysis using the pre-potentials {α,Πν,χ}.
The class of particular solutions derived from these offers useful models of interest in laser
physics and astrophysics. In particular, we indicate how to construct both Maxwell free-space
models describing propagating finite-energy multi-chiral laser pulses that are bounded in all
three spatial dimensions, and propagating gravitational pulses with similar characteristics. We
argue that the former may offer new channels for quantum encryption and that the latter play
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a role in the formation of astrophysical jets observed in X-ray spectroscopy. The derivations of
these models are discussed briefly since full details can be found in the indicated references.

Our formulation is given in terms of the language of differential geometry and section 2 es-
tablishes essential definitions and our notational conventions. Section 3 describes the common
technique used to solve the field systems above and draws upon ideas that seem to have origi-
nated in J. L. Synge’s (1956) efforts to construct a classical model of the photon [4]. Section 4
sketches how a similar technique enables one to solve the linearised vacuum Einstein system for
multi-chiral focussed gravitational pulses. In section 5 we indicate how Minkowski spacetime
spinor fields can be formulated in terms of sections of a (3, 1) Clifford algebra bundle and how
the above pre-potential technique provides the necessary tools for deriving spinor solutions for
the neutral, massless Dirac equation. Finally, in section 6, we summarise our conclusions.

2. Definitions and Notational Conventions
The natural mathematical language to discuss the differential properties of tensor fields on space-
time is in terms of differential forms and their associated exterior calculus [5]. In this section
we give a brief summary of relevant notation used throughout the article.

Let M denote spacetime modelled as a four-dimensional orientable Lorentzian manifold with
metric tensor field g of signature (3, 1) ≡ (−,+,+,+). The metric tensor field can always be
written in a local cobasis {ea} of differential 1-forms as

g = ηab e
a ⊗ eb = −e0 ⊗ e0 + e1 ⊗ e1 + e2 ⊗ e2 + e3 ⊗ e3

with ηab = g(Xa, Xb) = diag(−1, 1, 1, 1) in terms of the dual local basis {Xa} of vector fields,
defined so that ea(Xb) = δab (a, b = 0, 1, 2, 3). This induces the inverse metric tensor field

g−1 = ηabXa ⊗Xb = −X0 ⊗X0 +X1 ⊗X1 +X2 ⊗X2 +X3 ⊗X3

where ηab = g−1(ea, eb) with ηabηbc = δac . In our discussion of spinor fields below, based on a
Clifford algebra, it will prove important to introduce the physically dimensionless tensor fields:

ğ = Υg and ğ−1 =
g−1

Υ
(1)

where Υ is some chosen positive real number.

The tensor fields g, g−1 establish an isomorphism between the space of vector fields on M –
sections, denoted ΓTM, of the tangent bundle TM – and the space of differential 1-forms on
M – sections, denoted ΓT ∗M, of the cotangent bundle T ∗M. We represent this isomorphism
with a ‘tilde’:

vector field, X −→ differential 1-form, X̃ ≡ g(X,−)

differential 1-form, α −→ vector field, α̃ ≡ g−1(α,−)

where, for typographical economy, we use the same ‘tilde’ symbol for both mappings. These are
referred to as metric duals and the tilde map satisfies:

˜̃
X = X and ˜̃α = α
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for any vector fieldX and differential 1-form α. Differential forms of arbitrary degree (0 ≤ p ≤ 4)
are identified with sections ΓΛM of an exterior bundle ΛM: a differential p-form α is associated
with a section of the pth exterior bundle ΛpM whose elements are the totally antisymmetric sec-
tions of the type (p, 0) tensor bundle onM (hence α ∈ ΓΛpM). The bundle of differential 0-forms
is defined so that ΓΛ0M ≡ F(M), the smooth scalar functions on M and ΓΛ1M ≡ ΓT ∗M.
Given a metric tensor field on M, it is possible to relate the exterior algebra bundle ΛM with
the bundle of Clifford algebras C3,1M. These algebras constitute the fibres of a Clifford bundle
whose local sections define Clifford elements on M. Spinor fields can be identified with local
sections lying in certain minimal left ideals of this Clifford bundle. A Clifford calculus based on
this Clifford bundle structure will be discussed in the last section on spinors.

Contraction of a differential p-form α with respect to a vector field X is denoted iXα. The
interior operator iX is a graded derivation defined by:

iX(α ∧ β) = iXα ∧ β + η α ∧ iXβ for any α ∈ ΓΛpM, β ∈ ΓΛqM

in terms of the involution:

η α ≡ (−1)p α for any α ∈ ΓΛpM,

and satisfying iXiXα = 0. If p = 1 then one defines iXα = α(X) and if p = 0: iXα = 0. For an
arbitrary p-form α, one has the useful identity:

pα = ea ∧ iXaα (2)

in terms of any arbitrary dual bases {ea} and {Xa}.

In the g-orthonormal basis {ea} one has a canonical local 4-form denoted:

V ≡ e0 ∧ e1 ∧ e2 ∧ e3.

The Hodge map ⋆ is a linear isomorphism mapping p-forms to (4− p)-forms on M. It is defined
by the relations:

α ∈ ΓΛpM, X ∈ ΓTM, f ∈ F(M) :


⋆(α ∧ X̃) = iX ⋆ α

⋆( fα ) = f ⋆ α

⋆1 = V.

.

In spacetime with signature (3, 1), the Hodge map and interior operator satisfy the following
useful relations:

α ∈ ΓΛpM, X ∈ ΓTM :

{
⋆ ⋆ α = −η α

⋆iXα = − ⋆ α ∧ X̃.
(3)

Since the Hodge map is an isomorphism it has an inverse denoted ⋆−1:

⋆−1α = −η ⋆ α for any α ∈ ΓΛpM.
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This implies ⋆ ⋆ α = −η α. The metric tensor field uniquely defines the Levi-Civita covariant
derivative operator ∇X with respect to any vector field X satisfying:

∇X(f1Y + f2Z) = (∇Xf1)Y + f1∇XY

+ (∇Xf2)Z + f2∇XZ
(linearity)

∇f1X+f2Y Z = f1∇XZ + f2∇Y Z (F-linearity)

∇X [α(Y ) ] = (∇Xα)(Y ) + α(∇XY ) (commutes with contractions)

∇Xg = 0, (metric compatibility)

∇XY −∇YX = [X,Y ] (torsion-free)

∇X⋆ = ⋆∇X (commutes with the Hodge star)

for any X,Y, Z ∈ ΓTM, f1, f2 ∈ F(M) and α ∈ ΓΛ1M where [X,Y ] ≡ XY − Y X denotes the
Lie commutator bracket (or simply Lie bracket) between X and Y . In terms of the arbitrary
local dual bases {ea} and {Xa}, any covariant derivative can be used to define a set of local
connection 1-forms {ωa

b} associated with each basis {Xa} for ΓTM:

∇XaXb = ωc
b(Xa)Xc.

Since ∇Xa commutes with contractions:

∇Xae
c = −ωc

b(Xa) e
b. (4)

The Christoffel symbols {Γab
c} are components of ∇XaXb in this basis:

∇XaXb = Γab
cXc

and hence

ωa
b = Γcb

aec.

Since a Levi-Civita covariant derivative is torsion-free one has, in any g-orthonormal basis

ωab = −ωba

where ωab = gac ω
c
b. We define the Levi-Civita covariant differential operator on tensor fields:

∇ ≡ ea ⊗∇Xa . (5)

The covariant derivative operator associated with g is used to define the curvature operator of
∇:

RRRX,Y ≡ [∇X ,∇Y ]−∇[X,Y ] for all X,Y ∈ ΓTM.

This operator defines the (3, 1) curvature tensor field Riem of ∇:

Riem(X,Y, Z, β) = β(RRRX,Y Z), for all X,Y, Z ∈ ΓTM, β ∈ ΓΛ1M.

Contracting the curvature tensor field yields the (2, 0) Ricci tensor field Ric of ∇:

Ric(X,Y ) = Riem(Xa, X, Y, e
a), for all X,Y ∈ ΓTM
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where the arbitrary bases {Xa}, {ea} are dual. The Ricci tensor can be contracted to construct
the Ricci curvature scalar R:

R ≡ Ric(Xa, X
a)

where Xa = gabXb.

While ∇X has a type-preserving action on any tensor field, the exterior derivative d is defined
only to act on antisymmetric tensor fields (differential forms) and is nilpotent: d◦d = 0. Provided
p+ q < 4, the exterior derivative satisfies

d(α ∧ β) = dα ∧ β + η α ∧ dβ, for any α ∈ ΓΛpM, β ∈ ΓΛqM,

otherwise d(α ∧ β) = 0. Given an arbitrary local cobasis {ea} with dual basis {Xa} one may
verify the useful identity:

d = ea ∧∇Xa . (6)

From these relations and the nilpotency of d, it follows immediately that the co-derivative δ
defined by

δα ≡ ⋆−1d ⋆ η α for any α ∈ ΓΛpM. (7)

is also nilpotent: δ ◦ δ = 0. Unlike d, however, δ is not a graded derivation on differential forms.
On spacetime one has δα = ⋆d ⋆ α for any p-form α. Using (6) and the properties above, one
may verify the relation:

δ = −iXa∇Xa (8)

where Xa = ẽa = g−1(ea,−) = ηabXb.

The Lie bracket gives rise to an R-linear derivation LX on functions f, g ∈ F(M):

[X,Y ] ≡ LXY, LXf = Xf, LcXY = cLXY, LX(fg) = (LXf)g + f(LXg)

for c ∈ R. The operator LX is called the Lie derivative with respect to X and can be generalised
to act on arbitrary tensor fields:

LX(S⊗ T) = LXS⊗ T+ S⊗ LXT (9)

for any X ∈ ΓTM and arbitrary tensor fields S, T. In particular, it commutes with contractions
and satisfies:

LX(fT) = (Xf)T+ fLXT.

From (9), it is also a derivation on the exterior algebra of differential forms:

LX(α ∧ β) = LXα ∧ β + α ∧ LXβ

for arbitrary X ∈ ΓTM, α ∈ ΓΛpM and β ∈ ΓΛqM. From the definitions above, one has the
identities [5]:

dLX = LXd (commutes with exterior derivative) (10)

LX [α(Y ) ] = (LXα)(Y ) + α(LXY ) (commutes with contraction)

LX = iXd+ diX (Cartan’s magic formula) (11)



DERELI-FS-2021
Journal of Physics: Conference Series 2191 (2022) 012020

IOP Publishing
doi:10.1088/1742-6596/2191/1/012020

6

for any X,Y ∈ ΓTM, arbitrary tensor fields T, S, f ∈ F(M) and α ∈ ΓΛ1M.

A spacetime M is said to admit a conformal Killing vector field K if

LKg = 2ν g, ν ∈ F(M), ν > 0.

If ν = 0, the vector field K is a Killing vector field K with

LKg = 0. (12)

It follows from (12) that the Lie derivative with respect to any Killing vector field K commutes
with the Hodge star map:

LK⋆ = ⋆LK . (13)

Furthermore, if ν ̸= 0 for any metric tensor field on a manifold with dimension 2m, one has for
any m-form F the identity:

LK (⋆F ) = ⋆ (LKF ) .

This relation has relevance to the conformal symmetry of source-free Maxwell equations for the
Maxwell 2-form F in spacetime where m = 2.

3. Electromagnetic Pulses in Spacetime Vacua
The method of pre-potentials can be used to construct solutions to the source-free linear vacuum
Maxwell system in Minkowski spacetime:

dF = 0 and δF = 0

where F denotes the electromagnetic 2-form. The first equation is satisfied locally on some open
spacetime domain by F = dA for some electromagnetic potential 1-form A. The second equation
then becomes:

δdA = ⋆d ⋆ dA = 0 (14)

using (7). We seek particular local complex solutions to (14) with the ansätz:

A = ⋆ d (αΠ) (15)

for the electromagnetic potential in terms of a complex scalar pre-potential α and a complex
2-form1 Π. The 2-form Π is chosen so that, in general, it is both locally closed and co-closed:

dΠ = 0 and δΠ = 0 (16)

respectively. It follows from (6) and (8) that if ∇XaΠ = 0 for all basis elements in {Xa} the form
Π is both closed and co-closed (such a Π is said to be locally parallel or covariantly constant).
Using (3), (6), (8) and (16), the ansätz (15) yields:

⋆dA = δdα ∧Π+∇Xadα ∧ iXaΠ. (17)

1 When the 2-form αΠ is real it reduces to the Hodge dual of a real Hertz potential for a Maxwell system.
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Using (2) and (4), one has the identity:

∇Xaβ = iXadβ + diXaβ − ωc
a ∧ icβ for any β ∈ ΓΛpM.

This can be applied to simplify the last term in (17) yielding:

⋆dA = δdα ∧Π+ d (iXadα ∧ iXaΠ)

where (16) is also used. From the nilpotency of d and (16) one has:

d ⋆ F = d ⋆ dA = dδdα ∧Π.

Hence a particular sub-class of solutions to (14) can be found when α satisfies the spacetime
scalar wave equation:

□α ≡ δdα = 0. (18)

Thus, any solution to (18) for the pre-potential α can, given a covariantly constant 2-form Π,
be used to construct a solution to the source-free Maxwell system using (15) and F = dA. Of
course, (18) has many solutions, however with the advent of the laser non-singular spatially
bounded solutions in all three dimensions are of particular interest as models for the electromag-
netic fields in modern single-cycle laser devices.

In a Cartesian chart with local dimensionless coordinates {xµ} ≡ {t, x, y, z} the dimensionless
Minkowski spacetime metric tensor field g is given by

g|Cart = −dt⊗ dt+ dx⊗ dx+ dy ⊗ dy + dz ⊗ dz.

A particularly simple class of such solutions can be generated from the complex axially-
symmetric scalar field [4, 6, 7, 8, 9]

α(t, x, y, z) =
ℓ20

x2 + y2 + [ a+ i(z − t) ] [ b− i(z + t) ]
(19)

where ℓ0, a, b are real constants. When a, b are strictly positive constants, (19) defines a non-
singular solution to □α = 0. This scalar field is a non-separable solution to (18) with the relative
sizes of a and b determining both the direction of propagation along the z-axis of the dominant
peak of the real or imaginary part of the scalar field and the number of oscillations in its peak.
When a ≫ b, the dominant peak propagates along the z-axis to the right. The parameter ℓ0
determines the magnitude of such a peak.

To construct a source-free vacuum Minkowski Maxwell solution, we must also define a
covariantly constant 2-form. One may define a complex six-dimensional chiral eigen-basis of
covariantly constant 2-forms Πs, χ satisfying

1

i
L∂/∂ϕΠ

s, χ = χΠs, χ (20)

with s ∈ {CE,CM}, χ ∈ {1, 0,−1} where x = ρ cos(ϕ), y = ρ sin(ϕ). Such a basis takes the
form: 

ΠCE,±1 = d(x± iy) ∧ dt = e±iϕ (dρ± iρ dϕ) ∧ dt,

ΠCE,0 = dz ∧ dt,

ΠCM,χ = ⋆ΠCE,χ

(21)
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The index s indicates that the CE (CM) chiral family contain electric (magnetic) fields that
are orthogonal to the z-axis when χ = 0. Furthermore, the rationale for the χ-labelling of the
2-form solution

F s,χ = d [ ⋆ d(αΠs,χ) ] (22)

in this chiral basis follows from an exploration of the properties of spacetime dimensionless
proper-time τ parameterised curves xµ = Cµ(τ) of massive test particles interacting with such
electromagnetic fields according to the covariant Lorentz force equations of motion:

∇Ċ(τ)Ċ(τ)
∣∣∣
C(τ)

=
q

m0
ĩĊ(τ)F

∣∣∣∣
C(τ)

g(Ċ(τ), Ċ(τ))
∣∣∣
C(τ)

= −1

(23)

where Ċ(τ) ≡ C⋆(∂/∂τ)|C(τ) denotes the tangent vector of C(τ) and q,m0 are dimensionless
charge and mass parameters respectively.

(CM,1) (CM,0) (CM,−1)

x x x

y y yz z z

Figure 1. Three-dimensional space-curves for particles subject to an incident (CM, 1) laser
pulse (left), (CM, 0) laser pulse (centre) and (CM,−1) laser pulse (right). Each particle has
initial velocity in the z-direction. The shaded circular disc region indicates the initial laser spot
size relative to the black markers on the space-curves that denote the initial positions of the
charged test particles.

In terms of dimensionless Minkowski cylindrical polar coordinates {t, ρ, ϕ, z} the metric tensor
field g takes the form:

g|polar = −dt⊗ dt+ dρ⊗ dρ+ ρ2 dϕ⊗ dϕ+ dz ⊗ dz.

A choice of values for the dimensionless parameters {ℓ0, a, b, q,m0} can be used to solve (23)
numerically for a collection of trajectories for charged particles, each arranged initially around
the circumference of a circle in a plane orthogonal to the propagation axis of incident CM type
electromagnetic pulses with different chirality. The resulting space-curves in 3-dimensions, dis-
played in figure 1 clearly exhibit the different responses of charged matter to CM pulses with
distinct chirality values [10]. Similar space-curves arise from charged particles interacting with
chiral CE type modes.
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The dimensionless energy, linear and angular momentum parameters for the pulse in vacuo
can be calculated from the Maxwell drive 3-forms τK [5, 11, 12]:

τK =
1

2
(iKF ∧ ⋆F − F ∧ iK ⋆ F)

where F = Re(F ) and K represents a Killing vector field generating time, space and axially
symmetric rotations respectively. With K = ∂/∂t a timelike Killing vector field on Minkowski
spacetime, the total physical pulse electromagnetic energy associated with a spatially bounded
pulse in all three dimensions can be calculated using:

E [S] = E0

∫ ∞

−∞
dt

∫
S
JK(t, ρ, ϕ, z)

where E0 is a real positive constant with the physical dimensions of energy, S is any plane with
constant z = z0 ≥ 0 and JK ≡ −iKτK is the dimensionless energy current 2-form [11], related
to the Poynting vector field. We can then write

E [S] = E0

∫ ∞

−∞
dt

∫ ∞

0
dρ

∫ 2π

0
dϕ P (t, ρ, ϕ)

in terms of a total power density profile 0-form P defined by

P (t, ρ, ϕ) ≡ i∂/∂ϕ i∂/∂ρ JK(t, ρ, ϕ, z)
∣∣
z=z0

.

Figure 2 displays a clearly pronounced principle maximum in P as a function of x = ρ cos(ϕ),
y = ρ sin(ϕ) at z = 0, t = 0 for the specific choice of parameters used to produce the three-
dimensional space-curves in figure 1.

x

yP
ow

er
p
ro
fi
le
,
P

Figure 2. Dimensionless power profile for a (CM,1) laser pulse indicating the spatial
boundedness of the pulse in space.

A similar analysis using spacelike translational or rotational Killing vectors can be used to
determine the total integrated flux of linear or angular momentum current (total Newtonian
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force or torque) respectively. We deduce that the pulse momentum and angular momentum
in the propagation direction can transfer an impulsive force and torque respectively to charges
lying in an orthogonal plane. More generally, the classical configurations of a high energy pulse
labelled CE or CM could be distinguished experimentally by its interaction with different ar-
rangements of charged matter. Particular choices of pulse parameters {ℓ0, a, b} can be made
to model the physical characteristics of existing laser pulses and have been used, for electro-
magnetic micropulses of duration t0 with Et0 ≲ ℏ, to model an effective description of general
non-stationary quantum states of a laser pulse [10]. It is suggested that such a description may
have utility for simulating a novel transfer of quantum information and may be worthy of further
investigation for technological applications such as quantum computing and encryption.

Minkowski spacetime admits Killing vector fields that generate the group of spatial and
temporal translations, as well as spatial rotations and Lorentzian boosts (hyperbolic rotations).
For example, in the Cartesian chart the Killing vector fieldKz = ∂/∂z generates unit translations
in the direction ∂/∂z while the Killing vector field:

Kϕ = x
∂

∂y
− y

∂

∂x
=

∂

∂ϕ
(24)

generates O(2) rotations about that direction and the Killing vector field Kt = ∂/∂t generates
unit timelike translations.

From the definition (3), if K is any local Killing vector field it commutes with the Hodge
map and the exterior derivative d on arbitrary differential forms. Hence it also commutes with
the coderivative δ on forms. So, for any Minkowski spacetime Maxwell solution F with source
1-form j satisfying δF = j and dF = 0, one has:

δ (LKF ) = LKj and d (LKF ) = 0

i.e. LKF is also a Maxwell solution with source 1-form LKj. In any source-free domain U ∈ M,
this implies that in a Cartesian chart one can generate new source-free Maxwell solutions in U :

F (p,q,r) = Lp
∂/∂x L

q
∂/∂y L

r
∂/∂z F, p, q, r = 0, 1, 2, . . .

in terms of any 2-form F satisfying dF = 0, δF = 0 in U and where

Lp
KF ≡ LKLK · · · LK︸ ︷︷ ︸

p times

F.

Such solutions are proportional to electrostatic Cartesian electric point multipoles if F is static
(L∂/∂tF = 0) and describes the electric monopole (Coulomb) solution at some point located in
some region of spacetime not belonging to U . Similarly, it follows from (10), (11) and (13) that
the operator Lr

K±
, where

K± = g−1

(
d( ρe±iϕ),−

)
= e±iϕ

(
∂

∂ρ
± i

ρ

∂

∂ϕ

)
(25)

is a complex Killing vector (LK±g = 0) generating translations in the transverse (x, y)-plane,
defines the 2-form

F s,χ±r ≡ Lr
K±F

s,χ satisfying
1

i
L∂/∂ϕF

s,χ±r = (χ± r)F s,χ±r (r = 0, 1, 2, . . .)



DERELI-FS-2021
Journal of Physics: Conference Series 2191 (2022) 012020

IOP Publishing
doi:10.1088/1742-6596/2191/1/012020

11

describing a family of multi-chiral source-free Maxwell solutions including those that exhibit a
non-singular, propagating, non-stationary pulse-like nature, spatially bounded in all three di-
mensions.

As a further application of pre-potentials to the solution of a linear system of differential
equations, we briefly shift attention to generalizations of Maxwell’s theory. Motivated by the
desire to ameliorate the divergences in perturbative QED a number of generalized theories of
electromagnetism have been proposed. To date, there is little experimental evidence for testing
their predicted departures from Maxwell’s theory. However, with the increase in laser technology
one may now be entering regimes that can discriminate between such theories. In particular,
Bopp-Landé-Podolsky electrodynamics are linear in the electromagnetic fields, contain a funda-
mental real non-zero constant λ0 and approach Maxwell’s theory when this constant tends to
zero. Unlike Maxwell’s theory, they contain solutions describing static point charges with finite
electromagnetic energy.

The classical source-free Bopp-Landé-Podolsky field equation in vacuo for a complex
electromagnetic field tensor F = dA is [13]:

d ⋆ F − λ20 dδd ⋆ F = 0. (26)

Clearly, all classical source-free vacuum Maxwell solutions satisfy this equation. However, there
exist additional solutions to (26) that are not source-free vacuum Maxwell solutions. For
example, such additional solutions of (26) follow from (15) provided:

□α+ λ20□
2α = 0 (27)

when supplemented by a closed and co-closed choice of Π. Furthermore, it follows that as
λ0 → 0, one recovers the class of Maxwell solutions discussed above. For non-zero λ0, there
exist particular non-Maxwellian solutions to (27) satisfying

□α+
1

λ20
α = 0, λ0 ̸= 0.

Thus any solution to this equation for the pre-potential α can, given any covariantly constant
2-form Π, be used to construct a solution to the source-free Bopp-Landé-Podolsky system using
(15) and F = dA.

In dimensionless Minkowski cylindrical coordinates {t, ρ, ϕ, z}, a particular non-separable
axially symmetric spatially bounded solution in three dimensions is given for arbitrary non-zero
real dimensionless Λ0 by:

α(t, ρ, z) =
Λ2
0

ζ(t, ρ, z)
K1

(
ζ(ρ, t, z)

λ0

)
where

ζ(t, ρ, z) ≡
√
ρ2 + [a+ i(z − t)] [b− i(z + t)]

in terms of strictly positive (real) parameters a, b that determine pulse propagation along the
positive z-axis and where K1(z) denotes the first order modified Bessel function of the second
kind. The function ζ(t, ρ, z) is non-zero for all real t, ρ, z and hence both the real and imaginary
parts of α(t, ρ, z) are bounded. To our knowledge, this constitutes a new source-free finite-energy
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solution for F to Bopp-Landé-Podolsky electrodynamics that does not arise in classical Maxwell
electrodynamics [14].

The interaction of the Bopp-Landé-Podolsky pulse with classical charged test particles follows
from the divergence of the Bopp-Landé-Podolsky stress-energy-momentum tensor [13], and may
offer an experimental means to discriminate between the Maxwell and Bopp-Landé-Podolsky
descriptions of source-free electromagnetic fields in vacuo.

4. Gravitational Pulses in Vacua
The pre-potential approach can also be used to analyse gravitational field equations. In
particular, it can be used to generate solutions to the linearised Einstein vacuum system. In any
matter-free domain of spacetime U ⊂ M, an Einsteinian gravitational field is described by a
real symmetric covariant rank-two metric tensor field ĝ with Lorentzian signature that satisfies
the vacuum Einstein equation

Ein(ĝ) = 0 (28)

where

Ein(ĝ) ≡ Ric(ĝ) − 1

2
Tr(ĝ)(Ric(ĝ)) ĝ (29)

and Ric(ĝ) is the Levi-Civita Ricci tensor associated with the torsion-free, metric-compatible
Levi-Civita connection ∇(ĝ). By taking the ĝ-trace of (28), one also has Ric(ĝ) = 0. A coordinate
independent linearisation of (29) about an arbitrary Lorentzian metric can be found in [15, 16].
In particular, a linearisation about a real flat Minkowski spacetime metric η on U determines
the linearised metric

g = η+ h

and to first order one writes ĝ = g+O(κ2). The real variable κ is a dimensionless parameter in
h used to keep track of the expansion order and

η = − e0 ⊗ e0 +

3∑
k=1

ek ⊗ ek = ηab e
a ⊗ eb (30)

in any real η-orthonormal coframe2 on U . Since we explore the source-free Einstein equation
(relevant to the motion of test-matter far from any sources) the scale associated with any
linearised solutions must be fixed by the solutions themselves rather than any coupling to self-
gravitating matter. Furthermore since only dimensionless relative scales have any significance
we define the real tensor field h to be a perturbation of η on U relative to any local η-orthonormal
coframe {ea} provided

| h(Xa, Xb) | < 1 on U for all a, b = 0, 1, 2, 3 (31)

where ea ∈ ΓT ∗U , Xb ∈ ΓTU , ea(Xb) = δab . It should be noted that the perturbation order of
any component of the η-covariant derivative of a tensor and its η-trace relative to such a coframe
is not necessarily of the same order as that assigned to the tensor. Thus perturbation order is

2 An arbitrary coframe on U is a set of 1-forms {ea} satisfying e0 ∧ e1 ∧ e2 ∧ e3 ̸= 0. If β = βabe
a ⊗ eb in any

coframe {ea} on U , Tr(η)(β) ≡ βabη
ab with ηabηbc = δac .
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not synonymous with “scale” in this context. We use the conditions (31) to define perturbative
Lorentzian spacetime to be sub-domains PU ⊂ U where

max
a,b

|h(Xa, Xb)| < 1. (32)

The tensor h ≡ µ(η)(ξ
′
) with ξ

′ ≡ Re(ξ) may be constructed [16] from any complex covariant
symmetric rank two tensor ξ satisfying the linearised source-free Einstein equation on the
perturbative domain PU :

Lap(η)(ξ)− 2µ(η)
(
Sym∇(η)(Div(η)(ξ) )

)
= 0. (33)

Here and below, ∇(η) denotes the operator of Levi-Civita covariant differentiation associated

with η, Xa ≡ ηabXb, Y ≡ ∇(η)
Xa
Xa, for any tensor T on U :

Lap(η)(T) ≡ ∇(η)
Y T−∇(η)

Xa
∇(η)

XaT (34)

µ(η)(T) ≡ T− 1

2
Tr(η)(T)η

and for all complex covariant symmetric rank-two tensors T on U :

Div(η)(T) ≡ (∇(η)
Xa

T)(Xa,−). (35)

It follows from (34) that for any scalar field α:

Lap(η)(α) = −δdα. (36)

Since for any g the trace-reverse map µ(g) satisfies µ(g) ◦µ(g) = Id, if ξ
′
is trace-free with respect

to η, then h = ξ
′
. If ξ is also divergence-free with respect to η, then Lap(η)(ξ) = 0. Thus,

divergence-free, trace-free solutions ξ satisfy:

Lap(η)(ξ) = 0 and Div(η)(ξ) = 0. (37)

We now construct complex solutions ξ to (37) in terms of a complex 0-form pre-potential α.
These can then be used to generate a real linearised metric g. The properties of the scalar
field α needed to generate chiral, wave-like and pulse-like solutions to the linearised source-free
Einstein equations have been developed in [17]. To emulate the methodology used above for
the electromagnetic pulse solutions we note that a key role is played by the commutativity of
certain exterior operators with covariantly constant antisymmetric tensors and the Hodge de-
Rham Laplacian δd on scalar fields in Minkowski spacetime. In Einsteinian gravitation one seeks
similar properties involving the tensor Laplacian operator Lap(g), ∇(g) and symmetric tensors
in spacetimes with a metric tensor g. The key general identity is the relation between Lap(g),

∇(g) and the curvature operator RRR
(g)
X,Y of the torsion-free, metric compatible connection ∇(g):

Lap(g)
(
∇(g)α

)
= ∇(g)Lap(g)(α) +RRR

(g)

Xj ,d̃α
ej

valid for any scalar field α. On flat Minkowski spacetime with metric η, this yields the
commutation relation3 :

[Lap(η),∇(η)]α = [Lap(η), d]α = 0 on scalar fields α. (38)

3 For any scalar field α and metric tensor g, ∇(g)α = dα and is independent of g.
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Thus, if α is any complex (four times differentiable) scalar field on U then

∇(η)∇(η) Lap(η)(α) = Lap(η)
(
∇(η)∇(η)α

)
= Lap(η)

(
∇(η)dα

)
(39)

since ∇(η)α = dα for all 0-forms α. Thus, if we define

ξ ≡ ∇(η)dα (40)

then from (34) and (39):

Lap(η)(α) = −δdα = 0 =⇒ Lap(η)
(
∇(η)dα

)
= Lap(η)

(
ξ
)
= 0.

Furthermore, directly from (35):

Div(η)(∇(η)β) = Lap(η)(β) for all β ∈ ΓΛ1M (41)

and so with β = dα, it follows from (40), (41), (38) and (36) respectively:

Div(η)(ξ) = Div(η)(∇(η)dα) = Lap(η)(dα) = d(Lap(η)(α)) = −d(δdα),

which vanishes when δdα = 0. Hence Lap(η)(ξ) = 0 and Div(η)(ξ) = 0 are both satisfied for
any suitably differentiable complex scalar field α satisfying δdα = 0. This should be compared
with (18), the equation determining the class of pulsed electromagnetic field solutions discussed
in the previous section.

From the Levi-Civita differential operator (5), for any scalar field α:

ξ = ∇(η)dα = ea ⊗ eb
[
∇Xa∇Xcα−∇∇XaXc

α
]

which describes a symmetric, second-rank covariant tensor. By definition:

Tr(η)(ξ) = Tr(η)
(
∇(η)dα

)
= (∇(η)dα)(Xi, X

i) = −Lap(η)(α) = δdα

using (34) and hence ξ = ∇(η)dα is traceless if δdα = 0.

Thus, we conclude that any complex scalar field α satisfying δdα = 0 will give rise to the real
metric:

g = η+ ξ
′
= η+Re(ξ) = η+Re(∇(η)dα )

generating a solution to the linearised source-free Einstein equation on the perturbative domain
PU (33).

In a local chart ΦU possessing dimensionless coordinates {t, ρ, ϕ, z} with t ≥ 0, ρ > 0,
ϕ ∈ [0, 2π) and |z| ≥ 0 on a spacetime domain U ⊂ M, a local coframe C adapted to these
co-ordinates is {e0 = dt, e1 = dρ, e2 = ρ dϕ, e3 = dz}. With η given by (30), this coframe is
η-orthonormal but not in general g-orthonormal. Such a chart facilitates the coordination of
a series of massive test particles initially arranged in a series of concentric rings with different
values of ρ lying in spatial planes with different values of z at t = 0. Furthermore, we define for
any metric g = η+ h on U :

H(t, ρ, ϕ, z) ≡ max
0≤a,b≤3

∣∣∣ h(Xa, Xb)
∣∣∣ .



DERELI-FS-2021
Journal of Physics: Conference Series 2191 (2022) 012020

IOP Publishing
doi:10.1088/1742-6596/2191/1/012020

15

The particular complex scalar α of relevance here satisfying Lap(η)(α) = 0 is given in the
(t, ρ, ϕ, z) chart ΦU above as4

α(t, ρ, z) =
ℓ20

ρ2 + [ a+ i(z − t) ] [ b− i(z + t) ]
(42)

with strictly positive real dimensionless constants. The scalar α(t, ρ, z) is then singularity-free in
t, ρ and z and clearly axially-symmetric with respect to rotations about the z-axis. It also gives

rise to an axially-symmetric complex tensor ξ
(0)

satisfying5 L∂/∂ϕξ
(0)

= 0. In U , this yields the
real axially-symmetric metric tensor g(0) (satisfying L∂/∂ϕ g

(0) = 0) with

g
(0)
00 = −1 +

∂2α′

∂t2
, g

(0)
01 = g

(0)
10 =

∂2α′

∂t ∂ρ
, g

(0)
03 = g

(0)
30 =

∂2α′

∂t ∂z

g
(0)
11 = 1 +

∂2α′

∂ρ2
, g

(0)
13 = g

(0)
31 =

∂2α′

∂ρ ∂z

g
(0)
22 = 1 +

1

ρ

∂α′

∂ρ
, g

(0)
33 = 1 +

∂2α′

∂z2

where α′ ≡ Re(α).

Figure 3. This figure illustrates the nature of the spacetime geometry determined by g0 on M
with associated Ricci curvature scalar Rg(0)(t, ρ, z). Regions where Rg(0)(t, 1, z) change sign are
clearly visible in the right side where a 2-dimensional density plot shows a pair of prominent
loci that separately approach the future (t ≥ 0) light-cone of the event at {ρ = 1, t = 0, z = 0}.
A more detailed graphical description of Rg(0)(t, 1, z) is given in the left hand 3-dimensional
plot where an initial pulse-like maximum around t ≃ 0 evolves into a pair of enhanced loci with
peaks at values of z with opposite signs when t ≥ 1. This Ricci curvature scalar is generated
from a metric perturbation pulse with parameters a = b = 1 and ℓ0 = 1/4.

Complex symmetric tensors ξ
(m)

with integer chirality m > 0 satisfying Lap(η)(ξ
(m)

) = 0,

Div(η)(ξ
(m)

) = 0, Tr(η)(ξ
(m)

) = 0 and 1
iL∂/∂ϕξ

(m)
= mξ

(m)
may be generated from ξ

(0)
by

4 This should be compared with (19).
5 Since ∇(η) is a flat connection, if K is an η-Killing vector then the operator ∇(η)LK = LK∇(η) on all tensors.
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repeated covariant differentiation with respect to a particular η-null, η-Killing complex vector
field K+:

ξ
(m)

= ∇(η)
K+

· · · · · · ∇(η)
K+︸ ︷︷ ︸

m times

ξ
(0)

where

K+ ≡ η−1

(
d( ρeiϕ ),−

)
= eiϕ

(
∂

∂ρ
+
i

ρ

∂

∂ϕ

)
.

Solutions with negative integer chirality can be obtained by complex conjugation of the positive

chirality complex eigen-solutions. Each ξ
(m)

defines a real spacetime metric g(m) = η+Re(ξ
(m)

)

on U which, for m ̸= 0, is not axially symmetric: L∂/∂ϕg
(m) ̸= 0.

A longstanding problem in astrophysics has been to understand the origin of the extensive
jets that have been observed in X-ray spectroscopy emanating from a number of galaxies. These
are considered to be the result of matter falling onto accretion disks that initiate complex mag-
netohydrodynamic processes. However, it is unclear whether such processes are sufficient to
account for the energetics involved. Another puzzle is why some galaxies are observed with
bi-directional jets whereas others are not. It has been suggested that gravitation may also play
a role in initiating such processes [18]. We have suggested in [19, 17] that an analysis of the
timelike geodesics associated with a propagating, gravitational chiral pulse may provide some
insight into the relevance of gravitational chirality in initiating the magnetohydrodynamic mech-
anism. As we shall show, chiral pulses can be shown to account for both uni-directional and
bi-directional jet structures.

Given ξ and hence g = η+ h, all dimensionless proper-time parametrised timelike spacetime

geodesics C on U (with tangent vector Ċ) associated with g must satisfy a differential-algebraic
system. For any worldline C with components Cµ(τ) in any local chart on U with dimensionless
coordinates {xµ} and Ċµ(τ) = ∂Cµ(τ)/∂τ :

∇(g)

Ċ(τ)
Ċ(τ)

∣∣∣
C(τ)

= 0

g( Ċ(τ), Ċ(τ) )
∣∣∣
C(τ)

= −1.

(43)

i.e.:

∇(g)

Ċ(τ)
Ċ(τ)

∣∣∣
C(τ)

≡ DĊµ(τ)

dτ

∂

∂xµ

∣∣∣∣∣
C(τ)

=

(
dĊµ(τ)

dτ
+ (Γµ

αβ ◦ C)(τ) Ċα(τ) Ċβ(τ)

)
∂

∂xµ

∣∣∣∣∣
C(τ)

where Γµ
αβ denotes a Christoffel symbol associated with ∇(g).

In the following only solutions to (43) that lie in the perturbative domains PU , as determined
by (32), are displayed.

An indication of the nature of the spacetime geometry determined by g(m) on M is given by

the structure of the associated Ricci curvature scalar Rg(m)
(t, ρ, z). Unlike gravitational wave

spacetimes this scalar is not identically zero. For m = 0 it is axially symmetric and in the chart
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Figure 4. The axially-symmetric expressions |Rg(0)(t, ρ, 0)| and H(t, ρ, 0, 0) are plotted as
functions of ρ for t = 0, 0.25, 0.5, 0.75 and parameters a = b = 1, ℓ0 = 1/4. Regions where the
blue curves lie under the red dotted line denote perturbative regions PU . The light blue shaded
regions clearly indicate curvature scalars that are greater in magnitude than unity despite lying
within PU regions.

ΦU its independence of ϕ means that for values of fixed radius ρ0 its structure can be displayed

for a range of t and z values given a choice of parameters (a, b, ℓ0). Regions where Rg(0)(t, 1, z)
change sign are clearly visible in the right side of figure 3 where a 2-dimensional density plot
shows a pair of prominent loci that separately approach the future (t ≥ 0) light-cone of the event

at {ρ = 1, t = 0, z = 0}. A more detailed graphical description of Rg(0)(t, 1, z) is given in the left
hand 3-dimensional plot in figure 3 where an initial pulse-like maximum around t ≃ 0 evolves
into a pair of enhanced loci with peaks at values of z with opposite signs when t ≥ 1. In this
presentation the maximum pulse height has been normalised to unity. This characteristic be-
haviour is similar to that possessed by Re(α(t, 1, z) ). It suggests that “tidal forces” (responsible
for the geodesic deviation of neighbouring geodesics [20, 21, 22]) are concentrated in spacetime
regions where components of the Riemann tensor of g(0) have pulse-like behaviour in domains

similar to those possessed by Rg(0)(t, ρ, z).

Explicit formulae for Rg(0)(t, ρ, z) and H(t, ρ, ϕ, z) are not particularly illuminating6.
However, for fixed values of the parameters (a, b, ℓ0), their values can be plotted numerically
in order to gain some insight into their relative magnitudes in any perturbative domain PU .
With z fixed at zero, figure 4 displays such plots as functions of ρ and a set of t values. It is
clear that in perturbative domains the curvature scalar may exceed unity. Since in general:

Rg(0)(t, ρ, z) = Q(t, ρ, z)κ2 +O(κ3)

where Q is a non-singular rational function of its arguments and the tensor h is, by definition,
of order κ, figure 4 demonstrates that relative tensor κ-orders are not, in general, indicators of
their corresponding relative magnitudes.

By modelling thick accretion disks by a finite number of massive point particles occupying
a number of planar rings with varying ρ and varying z the system (43) has been explored
numerically. Sets of space-curves in spacelike sections of the perturbative spacetimes defined
above are displayed in figure 5 and figure 6 for various choices of the dimensionless parameters
a, b, ℓ0 and dimensionless evolution proper-time. The resulting jet-like structures of these space-
curves with dimensionless proper-time parameter τ ∈ [0, τmax] are quantified in terms of aspect

6 Since g(0) is axially-symmetric, the function H is independent of ϕ.
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Figure 5. On the left six geodesics are shown emanating from six locations with ϕ values
0, π/3, 2π/3, π, 4π/3, 5π/3 on a ring with radius 10−4 in the plane z = 0.735 and six from
similarly arranged points on rings of the same radius at z = 0.245, z = −0.245 and z = −0.735.
The initial locations are not resolved in these figures. The 24 geodesics each evolve from τ = 0
to τ = 104 and clearly display an axially symmetric bi-directional jet structure from the rings in

conformity with the expectations based on the spacetime structure of Rg(0)(t, 1, z) in figure 3.
The figure on the right resolves the structure of this jet array for 0 ≤ τ ≤ 100. All geodesics
are generated with the additional initial conditions ρ̇(0) = 0, ż(0) = 0, ϕ̇(0) = 0.4 and the
background perturbation pulse has parameters a = b = 1, ℓ0 = 1/6. A single uni-directional
jet-array arises when only one ring is populated with matter. This figure demonstrates that
the jets from the sources at z = ±0.245 have a dimensionless aspect ratio A(104) = 64.7 much
greater than those produced from the sources at z = ±0.735 where A(104) = 3.22.

ratios defined by:

A(τmax) ≡
∣∣∣∣ ẑ(τmax)− ẑ(0)

ρ̂(τmax)− ρ̂(0)

∣∣∣∣ .
5. Spinor Pre-potentials
In the above sections we have outlined how a particular 0-form singularity-free, dispersive pulse-
like solution α on spacetime for the scalar equation (18) in a Minkowski background can be
used to generate solutions to linear partial differential equations of relevance to mathematical
physics, namely the Minkowski source-free vacuum Maxwell system for electromagnetic fields,
the linear system arising from the Minkowski Bopp-Landé-Podolsky source-free vacuum sys-
tem and the linearised equation of source-free Einstein theory of gravitation perturbed about
Minkowski spacetime. A notable feature of all these solutions is that they include non-stationary,
non-separable functions when expressed in local coordinates. Furthermore they can all be clas-
sified in terms of chirality eigenvalues of certain differential operators with respect to Minkowski
Killing vector fields.

This raises the question of whether there exist classical linear spinor equations that exhibit
similar spinor pulse-like solutions that can be generated from the particular complex pulse-like
solutions to (18). To show that this is indeed the case it proves expedient to exploit the close
relation of spinor representations of the covering of the g-orthonormal group SO(3, 1) with the
spacetime Clifford algebra C3,1(V, ğ) where V = ΓΛ1M is the underlying vector space with
cobasis {e0, e1, e2, e3} and ğ has signature (−,+,+,+).
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Figure 6. On the left, six geodesics are shown emanating from six locations with ϕ values
0, π/3, 2π/3, π, 4π/3, 5π/3 on a ring with radius 10−4 in the plane z = 0.735 and six from
similarly arranged points on rings of the same radius at z = −0.735. The initial locations
are not resolved in these figures. The 12 geodesics each evolve from τ = 0 to τ = 104 and
clearly display an axially symmetric uni-directional jet structure from the rings. All geodesics
are generated with the additional initial conditions ρ̇(0) = 0, ż(0) = 0, ϕ̇(0) = 0.4 and the
background perturbation pulse has parameters a = 1, b = 3, ℓ0 = 1/6. The figure in the
centre shows an oppositely directed jet evolving from similar initial conditions, but with initial
z = 0.245 and z = −0.245. The figure on the right displays the “z-asymmetric” jet structure
obtained by merging both pairs of sources with dominant component belonging to the jet in the
left-hand figure having aspect ratio A(104) = 178.8.

In order to maintain the dimensional coherence of equations that relate physical observables,
it is convenient to take all the elements in V to be physically dimensionless so that all elements
in the Clifford algebra C3,1(V, ğ) are also physically dimensionless. This can be readily achieved
if all local charts for Minkowski spacetime are defined with dimensionless coordinate labels. In
which case, ğ ≡ g is dimensionless as in the sections above. In scenarios where one chooses to
assign any other physical dimension to the metric tensor g which takes the value Λ2

0 in some
system of physical units (i.e. [[[g]]] = Λ2

0) then ğ ≡ g/Λ2
0 ensures that ğ is physically dimensionless

with signature (3, 1) and each element in V is dimensionless. In this section, the Levi-Civita
connection associated with the metric tensor ğ will be denoted ∇, as elsewhere.

We denote by ΓΛ3,1M the 16-dimensional vector space with algebra product ∧ where an
arbitrary element of ΓΛ3,1M is a superposition of all p-forms (p = 0, 1, 2, 3). If the coefficients
of each p-form in this superposition belong to R (or C) the elements are said to be over the field
R (or C). The space ΓΛ3,1M is a space of local sections of the exterior algebra bundle over
Minkowski spacetime M and we call its elements inhomogeneous forms when projected to M
by pullback. Homogeneous elements of ΓΛ3,1M are then eigen-forms of the involution η where

ηΦ = (−1)pΦ Φ ∈ ΓΛpM (p = 0, 1, 2, 3).

Suppose σ is a 1-form in ΓΛ3,1M and Ω an arbitrary element in ΓΛ3,1M, then one defines a
new algebra C3,1(V, ğ) with underlying vector space V and algebra product ∨ by the rules:

σ ∨ Ω = σ ∧ Ω+ iσ̃Ω (44)

Ω ∨ σ = σ ∧ ηΩ− iσ̃( ηΩ ) (45)
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where the tilde map is now taken with respect to ğ. The associativity of this Clifford product
completely determines the action of ∨ between arbitrary forms and the vector space of exterior
forms is thereby associated with a Clifford algebra. Thus, if {ea} and {Xb} are any dual bases
of ΓT ∗M and ΓTM respectively, and Ω1,Ω2 any exterior forms on M, the relations:

Ω1 ∨ Ω2 =

4∑
p=0

(−1)⌊p/2⌋

p!
(ηp iXa1

iXa2
· · · iXap

Ω1) ∧ (i
ẽa1
i
ẽa2

· · · i
ẽap

Ω2) (46)

Ω1 ∧ Ω2 =
4∑

p=0

(−1)⌊p/2⌋

p!
(iXa1

iXa2
· · · iXap

ηpΩ1) ∨ (i
ẽa1
i
ẽa2

· · · i
ẽap

Ω2) (47)

follow recursively from (44) and (45). In these relations the notation ⌊r⌋ denotes the integer
part of r. If one takes Ω ≡ ea and σ ≡ eb in (44), (45) one has:

eb ∨ ea = eb ∧ ea + ğ−1(ea, eb)

ea ∨ eb = −eb ∧ ea + ğ−1(ea, eb)

or

eb ∨ ea + ea ∨ eb = 2ğ−1(ea, eb)

in terms of the metric tensor ğ−1. We denote sections of the Clifford bundle over M by
ΓC3,1(V, ğ)M. In particular, if {ea} is a local ğ-orthonormal basis (44) and (45) yield:

[eb ∨ ec, ea] = 2(ηac eb − ηab ec)

where ηab ≡ ğ−1(ea, eb) and

[Ω1, Ω2] ≡ Ω1 ∨ Ω2 − Ω2 ∨ Ω1 (48)

denotes the Clifford commutator between arbitrary elements in the Clifford algebra. If the Levi-
Civita connection 1-forms are denoted {ωbc} in this cobasis, one defines for any local vector field
Y ∈ ΓTM:

ΣY ≡ 1

4
ωbc(Y ) eb ∨ ec (49)

so that the relation

∇Xae
c = −ωc

b(Xa) e
b

yields the identity

∇Y e
a ≡ [ΣY , e

a], a = 0, 1, 2, 3 and Y ∈ ΓTM (50)

in terms of the Clifford commutator. Since the exterior product of mutually ğ-orthogonal 1-forms
is the same as their Clifford product then (50) extends to:

∇Y e
I = [ΣY , e

I ]

where {eI} denotes a ğ-orthonormal Clifford product multi-basis for ΓC3,1(V, ğ)M.
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The Clifford algebra C3,1(V, ğ) can be decomposed into four minimal left ideals characterised
by a complete set of four minimal rank (primitive) idempotents {P1,P2,P3,P4} that are:

“pairwise orthogonal”: Pi ∨ Pj = 0 (for i ̸= j)

and idempotent: P2
i = Pi (i = 1, 2, 3, 4)

with

4∑
j=1

Pj = 1.

The set is said to be maximal when it is not possible to find a set of more idempotents having
these properties. The primitivity of each Pj implies

Pj ∨ Ω ∨ Pj = 4S0(Ω ∨ Pj) Pj for all Pj ,Ω ∈ ΓC3,1(V, ğ)M

where the map S0 extracts the 0-form part of the Clifford product Ω ∨ Pj using (46).

For example, a particular set of idempotents for C3,1(V, ğ) is given by:

P1 ≡ 1

4
(1 + e1) ∨ (1 + e0 ∨ e2)

P2 ≡ 1

4
(1 + e1) ∨ (1− e0 ∨ e2)

P3 ≡ 1

4
(1− e1) ∨ (1 + e0 ∨ e2)

P4 ≡ 1

4
(1− e1) ∨ (1− e0 ∨ e2).

(51)

Since e0, e3 and e0 ∨ e3 all have Clifford squares equal to ±1, they all have Clifford inverses
(e0)−1, (e3)−1 and (e0 ∨ e3)−1 respectively. Thus the above four primitive idempotents are all
similar under the transformations:

e3 ∨ P1 ∨ (e3)−1 = P3

e0 ∨ P1 ∨ (e0)−1 = P4

(e0 ∨ e3) ∨ P1 ∨ (e0 ∨ e3)−1 = P2.

(52)

Since C3,1(V, ğ) over R or C is isomorphic to a total matrix algebra, it is always possible to
construct a basis mmmij ∈ ΓC3,1(V, ğ)M (i, j = 1, 2, 3, 4) for it, satisfying:

mmmij ∨mmmjk = mmmik (no sum)

mmmij ∨mmmpk = 0 j ̸= p, k = 1, 2, 3, 4.

There exists a whole class of such bases related by the inner automorphism:

mmmij 7−→ s ∨mmmij ∨ s−1
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where s is any invertible element in ΓC3,1(V, ğ)M. Elements of this class constitute a matrix
basis for ΓC3,1(V, ğ)M since if we write ϕ =

∑
i,j ϕijmmmij , ψ =

∑
i,j ψijmmmij where ϕij , ψij are

complex functions on M then:

ϕ ∨ ψ =
∑
i,j

ρijmmmij

where ρij ≡
∑4

k=1 ϕikψkj . In terms of {Pj}, the basis elements {mmmij} satisfy:

mmmij = Pi ∨ cij ∨ Pj = Pi ∨ cij = cij ∨ Pj (no sum)

for some Clifford sections cij ∈ ΓC3,1(V, ğ)M.

Furthermore, the relations (52) enable one to readily construct a real (4× 4)-matrix (Majo-
rana) representation for any real element in ΓC3,1(V, ğ)M [5, p. 17].

Any local section Ψ ∈ ΓC3,1(V, ğ)M belongs to a minimal left ideal denoted ΓILPM repre-
sented by a local primitive idempotent P ∈ ΓC3,1(V, ğ)M if Ψ = Ψ ∨ P. Such a vector space
carries a representation of the groups PIN(3, 1) and SPIN(3, 1). As such, the elements Ψ are
identified as local spinor field representations. In Minkowski spacetime M they can be matched
across overlapping charts on M to generate global spinor representations of these spin groups.

Recall that the (torsion-free) Levi-Civita covariant derivative is defined to be a type-
preserving operator on sections of the bundle of tensors over spacetime M satisfying the Leibniz
rule (over ⊗ and hence ∧):

∇Y (α⊗ β ) = ∇Y α⊗ β + α⊗∇Y β for all Y ∈ ΓTM, α ∈ ΓT r1
s1 M, β ∈ ΓT r2

s2 M

that is also compatible with the spacetime metric-tensor field g:

Y
(
g(Z1, Z2)

)
= g(∇Y Z1, Z2) + g(Z1,∇Y Z2) for all Y,Z1, Z2 ∈ ΓTM.

The construction of covariant derivatives of spinor fields differs fundamentally from the
construction of the Levi-Civita covariant derivative of tensor fields in a number of ways. For the
bundle ΓC3,1(V, ğ)M spinor covariant derivatives may be classified in terms of the involution
operators {ξ, ξη, ξ∗, ξη∗} on elements of the Clifford bundle. For any such Clifford sections
Ω1,Ω2:

η
(
Ω1 ∨ Ω2

)
= ηΩ1 ∨ ηΩ2

ξ
(
Ω1 ∨ Ω2

)
= ξΩ2 ∨ ξΩ1(

Ω1 ∨ Ω2

)∗
= Ω∗

1 ∨ Ω∗
2.

In these rules, ∗ denotes complex conjugation and:

ξΩ = ξ
4∑

r=0

Ωr =
4∑

r=0

ξΩr =
4∑

r=0

(−1)⌊r/2⌋Ωr,

where Ωr ∈ ΓΛrM when Ω is expressed as a superposition of degree r-forms in7 ΓΛM. An
alternative notation for ξΩ that we shall use below is Ωξ. Furthermore, this notation will be

7 Equivalently, ξ maps any scalar or element of V to itself but reverses the order of elements in any Clifford
product.
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adopted for any of the involutions given above. If J denotes any one of these four involutions,
the adjoint of any spinor field Ψ ∈ ΓILPM is defined as:

Ψ† ≡ W ∨ΨJ

for some chosen element W ∈ P ∨ ΓC3,1(V, ğ)M∨ PJ such that

(Ω ∨Ψ)† = Ψ† ∨ ΩJ for all Ω ∈ ΓC3,1(V, ğ)M. (53)

The equation (53) in turn defines an “inner product” or spinor bilinear form ( , ) on the space
of spinor sections generated by P and W :

(ϕ, ψ) with ϕ, ψ ∈ ΓILPM

such that

(ϕ, ψ)P = ϕ† ∨ ψ.

Note that this inner product depends upon both P, the elementW and the choice of involution J .

One may now define a spinor-type-preserving spinor covariant derivative SY with respect to
any vector field Y on spacetime (i.e. if Ψ = Ψ∨P, SY Ψ = SY Ψ∨P for all Y ), satisfies a Leibniz
rule over Clifford products:

SY ( Ω ∨Ψ) = ∇Y Ω ∨Ψ+Ω ∨ SY Ψ for all Ω ∈ ΓC3,1(V, ğ)M, Ψ ∈ ΓILPM

and is compatible with the chosen spinor adjoint:

Y (Φ,Ψ) = (SY Φ,Ψ) + (Φ, SY Ψ).

In general, these last two conditions do not completely fix SY for any given P,W, J . However,
for our purpose here, we shall choose J = ξ∗ in which case the definition

SY : ΓILPM −→ ΓILPM
Ψ 7−→ SY Ψ = ∇Y Ψ ∨ P + (iY λ)Ψ

(54)

uniquely defines SY when the 1-form λ satisfies:

(iY λ) ∨W =
1

2
P ∨∇YW ∨ PJ .

If follows that SY also depends upon P,W and J ≡ ξ∗. For other choices of involution, the
reader may consult [5, 23, 24].

In Minkowski spacetime there exists a global chart with dimensionless coordinates
{x0, x1, x2, x3} and a globally defined ∇-parallel ğ-orthonormal cobasis of 1-forms {ea = dxa}
(a = 0, 1, 2, 3) satisfying ∇ea = 0. This implies that the idempotent projectors (51) are all ∇-
parallel. Using (49) and (50) the spinor covariant derivative (54) can, in this case, be expressed
in terms of ΣY as:

SY Ψ = ∇Y Ψ+Ψ ∨ ΣY for any Ψ ∈ ΓILPjM (j = 1, 2, 3, 4).
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In this ∇-parallel cobasis, all connection 1-forms vanish: ωa
b = 0 for all a, b = 0, 1, 2, 3, and

hence SY Ψ = ∇Y Ψ for all Y ∈ ΓTM. Therefore, the projectors Pj are S-parallel with respect
to the involution J = ξ∗: SY Pj = 0 for all Y ∈ ΓTM. However, in a non-∇-parallel cobasis
ωa

b ̸= 0 for some a, b and one may exploit (54) for some alternative choice of P,W or J . For
example, if one selects a local cylindrically polar chart with dimensionless coordinates {t, ρ, ϕ, z}
in which a local ğ-orthonormal cobasis is:

e0 = dt, e1 = dρ, e2 = ρ dϕ, e3 = dz,

one finds an adapted projector set {P̂i} (i = 1, 2, 3, 4) in this chart in which not all projectors
are ∇, and hence S, parallel with respect to J = ξ∗:

P̂1 ≡ 1

4
(1− e2) ∨ (1 + ie1 ∨ e3)

P̂2 ≡ 1

4
(1 + e2) ∨ (1 + ie1 ∨ e3)

P̂3 ≡ 1

4
(1− e2) ∨ (1− ie1 ∨ e3)

P̂4 ≡ 1

4
(1 + e2) ∨ (1− ie1 ∨ e3).

However, one may find an alternative adapted projector set {Pi} (i = 1, 2, 3, 4) in which all
projectors are ∇ and S-parallel with respect to J = ξ∗:

P1 ≡ 1

4
(1 + ie0) ∨ (1 + ie1 ∨ e2)

P2 ≡ 1

4
(1 + ie0) ∨ (1− ie1 ∨ e2)

P3 ≡ 1

4
(1− ie0) ∨ (1− ie1 ∨ e2)

P4 ≡ 1

4
(1− ie0) ∨ (1 + ie1 ∨ e2).

(55)

If {ea} and {Xb} are naturally dual bases (not necessarily ğ-orthonormal) we define, in general,
the Dirac differential operator on spinor sections in ΓILPM:

/S ≡ ea ∨ SXa

and for all Ψ = Ψ ∨ P ∈ ΓILPM we call

/SΨ = m0Ψ, m0 ≥ 0 (56)

a classical generalised Dirac equation for an electromagnetically neutral spinor field Ψ with
dimensionless mass parameter m0. Dirac’s discovery (1928) of the electron-positron matrix field
equation was based on a U(1)-coupling to the real Maxwell potential 1-form A on spacetime. In
the context of fields in ΓILPM this employs the complex U(1) spinor covariant derivative:

S′
Y Ψ = SY Ψ+ i q A(Y )Ψ

and his wave equation is a matrix representation of the Clifford bundle equation:

/SΨ+ i q eaA(Xa)Ψ−meΨ = 0 for all Ψ ∈ ΓILPM, q,me ∈ R+. (57)
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In the quantum interpretation of this equation in Minkowski spacetime, stationary time-periodic
amplitudes are promoted to operators in a Fock space that create and annihilate “fundamental”
electron or positron particles in states with properties obtained from a classical analysis of sep-
arable solutions to (57). Since the recent discovery of massive neutrinos, there is little room left
for the physical interpretation of solutions to (56) with m0 = 0 in the Standard Model of funda-
mental particle physics. Notwithstanding this observation we assert that the same pre-potential
complex pulse solution α that generates Maxwell, Bopp-Landé-Podolsky and linearised vacuum
Einstein solutions does indeed generate exact classical non-stationary, non-separable solutions
to the massless electrically neutral Dirac equation (56) in Minkowski spacetime.

To illustrate this assertion we first choose the minimal left ideal generated by the idempotent
P1. By analogy with (21), we next introduce a complex 2-form Πν,χ and construct the 1-form:

Aν,χ = ⋆d(αΠν,χ )

with ν ∈ {1, 2}, χ ∈ {−1, 0, 1},
Π1,±1 = d(x± iy) ∧ dt = e±iϕ (dρ± iρ dϕ) ∧ dt,

Π1,0 = dz ∧ dt,

Π2,χ = ⋆Π1,χ

(58)

and define the 2-form:

F ν,χ = dAν,χ. (59)

In a dimensionless Minkowski chart {t, x, y, z} with ğ-orthonormal cobasis {e0 = dt, e1 = dx, e2 =
dy, e3 = dz} consider first the chirality-zero Π1,0 = dz ∧ dt ≡ dz ∨ dt. The associated complex
2-form for this choice of Πν,χ is then:

F 1,0 = dA1,0 = d ⋆ d(αdz ∧ dt )

=
∂2α

∂t ∂x
e0 ∨ e2 − ∂2α

∂t ∂y
e0 ∨ e3 + ∂2α

∂x∂z
e1 ∨ e2 − ∂2α

∂x∂y
e1 ∨ e3 −

(
∂2α

∂y2
+
∂2α

∂z2

)
e2 ∨ e3

for any complex 0-form α ∈ ΓΛ0M. A direct computation now verifies that if α is the complex
pulse solution (19) satisfying

□α = δdα =
∂2α

∂t2
− ∂2α

∂x2
− ∂2α

∂y2
− ∂2α

∂z2
= 0

then the spinor field Ψ1,0 = Ψ1,0 ∨ P1 ≡ F 1,0 ∨ P1 ∈ ΓILPM satisfies the massless spinor field
equation:

/SΨ1,0 = 0. (60)

Similarly, in the cylindrical polar chart we write Φ1,0 ≡= F 1,0 ∨ P1 = Φ1,0 ∨ P1 ∈ ΓILP1M
and also find

/SΦ1,0 = 0. (61)

This follows since Φ1,0 and Ψ1,0 are (differentiable) spinor fields equivalent under the action of
elements of the Clifford group that relate the generators of the ideals in different coordinate
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charts. To appreciate the inner consistency of the above definitions and the significance of these
results, we have for any spinor field Ξ:

/S Ξ ≡ ea ∨ SXaΞ.

Then for any primitive idempotent P and 2-form FFF , with Ξ = FFF ∨ P:

ea ∨ SXa(FFF ∨ P) = ea ∨ (SXaFFF ∨ P +FFF ∨ SXaP)

= ea ∨∇XaFFF ∨ P + ea ∨FFF ∨ SXaP

= ea ∧∇XaFFF ∨ P + iẽa∇XaFFF ∨ P + ea ∨FFF ∨ SXaP

using the spinor Leibniz rule and (44). Thus

/S(FFF ∨ P) = dFFF ∨ P− δFFF ∨ P + ea ∨FFF ∨ SXaP. (62)

Hence if FFF is any closed and co-closed 2-form, the first two terms on the right-hand side of (62)
vanish. Furthermore, in the adapted global ∇-parallel Cartesian chart, SXaP = 0 (a = 0, 1, 2, 3)
and one has the result (60) with Ξ ≡ Ψ1,0. The covariance of the spinor covariant derivative
under ideal transformations induced by coordinate transformations is manifest by the vanishing
of all terms on the right-hand side of (62) in the above cylindrically polar Minkowski chart with
P = P. This again yields the result (61) with Ξ ≡ Ψ1,0. However, in general not all polar
primitives P ′ may generate a solution of the form FFF ∨ P ′ for closed and co-closed FFF since not
all polar primitives P ′ satisfy SXaP ′ = 0 with J = ξ∗ for all basis elements in the span of {Xa}.
Nevertheless, among the solutions to (61) we may construct propagating, non-singular, spinor
pulse-like chiral solutions based upon the pre-potential (42):

α(t, ρ, z) =
ℓ20

ρ2 + [ a+ i(z − t) ] [ b− i(z + t) ]
(63)

and any complex 2-form Πν,χ given by (58).

In sections 3 and 4 we have indicated how to generate new vacuum propagating multi-
chiral pulse solutions to the source-free Maxwell, Bopp-Podolsky-Landé and linearised Einstein
gravitational field equations in a Minkowski spacetime background by taking suitable derivatives
of the tensor fields constructed from solutions based upon certain pre-potentials, with respect
to Killing vector fields that generate the rotation groups O(2). Although the operator LX is
well-defined for any vector field X ∈ ΓTM, it will only act as a derivation on a Clifford product
of forms if X is a (conformal) Killing vector fieldK of ğ. In that case, we have for the Levi-Civita
covariant derivative ∇ the identity:

LKΩ = ∇KΩ+

[
1

4
dK̃,Ω

]
for all Ω ∈ ΓC3,1(V, ğ)M

in terms of the Clifford commutator (48). If K1,K2 are any (conformal) Killing vector fields
with Lie bracket [K1,K2] ≡ LK1K2 one has the identity:

[LK1 ,LK2 ] = L[K1,K2]

acting on tensor fields. This motivates the definition of a spinor Lie derivative operator L̂K

acting on any spinor field Ψ ∈ ΓILPM where K is any (conformal) Killing vector field on M:

L̂KΨ ≡ SKΨ+
1

4
dK̃ ∨Ψ,
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since the right-hand side stays within the ideal generated by P and in terms of Clifford
commutators: [

L̂K1 , L̂K2

]
= L̂[K1,K2]

for all (conformal) Killing vector fields K1,K2.

As noted above, the chiral properties of tensor fields constructed from the pre-potential α
and chiral 2-form Πν,χ are defined with respect to the Killing vector field ∂/∂ϕ and the tensor
operators ∇∂/∂ϕ or L∂/∂ϕ. The spinor fields Ψ

1,0 and Φ1,0 above are defined in terms of projector
idempotents adapted to either the Cartesian or cylindrical polar chart in Minkowski spacetime.
These projector sets are special since they are both associated with the differential operator
L∂/∂ϕ as well as /S (when □α = 0):

L∂/∂ϕPi = L∂/∂ϕPi = L∂/∂ϕP̂i = 0 (i = 1, 2, 3, 4).

This then implies that any spinor solution generated by a primitive P of the form:

Ξν,χ = F ν,χ ∨ P (64)

with L∂/∂ϕP = 0 satisfies

/S Ξν,χ = 0. (65)

It is notable that using projectors adapted to different coordinate systems the spinor Lie deriva-
tive plays no role in this construction.

Furthermore, by analogy with the construction of multi-chiral Maxwell solutions, it follows
that for all chiral solutions F ν,χ (59) we can construct a family of multi-chiral spinor fields
defined by:

Ξν,r±χ ≡ F ν,r±χ ∨ P =
(
Lr
K± F

ν,χ
)
∨ P for all P such that L∂/∂ϕP = 0

where K± is the complex Killing vector (25) generating translations in the transverse (x, y)-
plane. Then

1

i
L∂/∂ϕ Ξ

ν,r±χ = (r ± χ) Ξν,r±χ (r = 0, 1, 2, . . .) (66)

(i.e. the spinor Ξν,r±χ has chirality r ± χ). For projectors that also satisfy:

ea ∨ F ν,r±χ ∨ SXaP = 0 (r = 0, 1, 2, . . .) (67)

it follows from (62) that such fields are zero-mass Dirac solutions:

/S Ξν,r±χ = 0. (68)

For P belonging to {Pi} and {Pi} (i = 1, 2, 3, 4) we have therefore shown solutions to (67),
and hence (68), do exist. Amongst such solutions are those describing a 3-parameter family of
propagating, non-stationary, non-singular, pulse-like spinor fields, spatially bounded in all three
dimensions.
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In summary, if P ∈ ΓILPM is an S-parallel Clifford idempotent satisfying L∂/∂ϕP = 0 where
∂/∂ϕ is the real Minkowski Killing vector field given in (24), α any complex scalar field satisfying
□α = 0 and Πν,χ a ∇-parallel 2-form in Minkowski spacetime satisfying (58), then the spinor
field Ξν,χ ≡ F ν,χ∨P with F ν,χ ≡ dAν,χ, Aν,χ ≡ ⋆d(αΠν,χ ) will satisfy the Dirac spinor equation
(65). All such solutions have chirality χ = {−1, 0, 1}. Particular solutions with α given by (63)
generate a 3-parameter family of non-singular propagating spinor pulses with chirality χ. Fur-
thermore, in general, spinor fields Ξν,χ±r with chirality χ± r (r = 0, 1, 2, . . .) can be generated
from F ν,χ as indicated in (66) by Lie differentiation with respect to the complex Killing vector
field K± (25).

6. Concluding Remarks
In this article we have illustrated a technique for analysing a class of linear partial differen-
tial equations in terms of non-separable solutions α to the complex scalar Lorentz-covariant
Laplace equation □α = 0 and a set of complex, anti-symmetric, rank-two eigen-tensors of
a chiral operator in Minkowski spacetime. The technique has been applied to the Maxwell,
Bopp-Landé-Podolsky, linearised Einstein and massless electrically-neutral Dirac field systems
in source-free spacetime domains. Particular solution families have been constructed for each
system that exhibit axially symmetric, dispersive, propagating solutions bounded in all three
spatial dimensions of these domains.

Since neutrinos are no longer considered to be massless fundamental particles, the massless
Dirac spinor pulses derived here lie outside the Standard Model of particle physics. In princi-
ple, such chiral spinor beams could affect the time-like geodesic structure of spacetime via their
coupling to gravitation through their stress-energy-momentum tensor and hence influence the
geodesic motion of massive test particles. This is analogous to our illustration of how the chi-
ral Maxwell pulses influence the motion of electrically-charged test particles via their coupling
through the covariant Lorentz force and to the chiral gravitational pulses that initiate astrophys-
ical jets. The generation of fields with chiral characteristics is a common feature of all solutions
constructed with the use of our pre-potentials. As we have shown, these features can be used
to model phenomenology on vastly different physical scales. In particular, they may also offer
scope for exploring observable properties of pulsars and the formation of spiral galaxies, as well
as astrophysical jets.

A further direction for applications is to extend the technique to linear spinor-tensor field
equations (for example, the Rarita-Schwinger field equation for spin-3/2 particles). This may
offer phenomenological models for systems that exhibit linearised supergravity or supersymme-
try (in any spacetime dimension). In this context, we comment that both tensor and spinor field
systems arise naturally as different sections of a Clifford bundle over spacetime. Furthermore,
the even sub-algebra of the Clifford algebra admits spinor representations (Weyl spinors) and
spinor field equations that are also amenable to analysis in terms of chiral pre-potentials.

Finally we note that the chirality of classical free-space propagating solutions should not be
confused with the notion of “helicity”. In particular, the helicity of free-space photons, regarded
as the quanta associated with free-space plane waves, is restricted to ±1 and is defined in terms
of source-free Maxwell separable-mode solutions. Such modes have no longitudinal polarisation
in the direction of propagation unlike propagating free-space chiral modes. Whether it is useful
to regard any of the particular propagating chiral solutions described in this paper as a Fourier-
superposition of quantised fundamental particle (separable) modes, we shall leave to the reader.
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