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Abstract

Stars in close binaries are tidally distorted, and this has a strong effect on their pulsation modes. We compute the
mode frequencies and geometries of tidally distorted stars using perturbation theory, accounting for the effects of
the Coriolis force and the coupling between different azimuthal orders m of a multiplet induced by the tidal
distortion. For tidally coupled dipole pressure modes, the tidal coupling dominates over the Coriolis force and the
resulting pulsations are “triaxial,” with each of the three modes in a multiplet “tidally tilted,” to be aligned with one
of the three principal axes of the star. The observed amplitudes and phases of the dipole modes aligned orthogonal
to the spin axis are modulated throughout the orbit, producing doublets in the power spectrum that are spaced by
exactly twice the orbital frequency. Quadrupole modes have similar but slightly more complex behavior. This
amplitude modulation allows for mode identification, which can potentially enable detailed asteroseismic analyses
of tidally tilted pulsators. Pressure modes should exhibit this behavior in stellar binaries close enough to be tidally
synchronized, while gravity modes should remain aligned with the star's spin axis. We discuss applications to
various types of pulsating stars and the relationship between the tidal tilting of pulsations and the “single-sided”
pulsations sometimes observed in very tidally distorted stars.

Unified Astronomy Thesaurus concepts: Binary stars (154); Stellar pulsations (1625); Asteroseismology (73); Tidal

CrossMark

distortion (1697); Delta Scuti variable stars (370)

1. Introduction

Most asteroseismic calculations assume that stars are spherical,
simplifying calculations of their oscillation modes. Pulsations of
rotating stars are subject to Coriolis and centrifugal forces, which
break the spherical symmetry and define the rotation axis as the
symmetry axis of the pulsations. The majority of models thus
assume that each stellar oscillation mode has an angular pattern of
a spherical harmonic Y;,,(0, ¢), defined relative to the star's
rotation axis. Exceptions to this are the rapidly oscillating Ap stars
(D. W. Kurtz 1982), where the pulsation symmetry axis closely
aligns with the oblique magnetic axis (see D. L. Holdsworth 2021;
D. W. Kurtz
2022, Section 2.5.12, for introductions and reviews of these stars).

Stars in close binaries, however, are distorted by the tidal
force of the companion, which is symmetric about the tidal axis
(i.e., the line connecting the two stars). Many such stars are
also tidally synchronized, so that the rotation rate is equal to the
orbital frequency. In this case, centrifugal and tidal distortion
are of similar magnitude, but symmetric about orthogonal axes.
Such stars are hence triaxial ellipsoids, with their shortest
axis (the z-axis) along the rotation/orbital axis, their longest
axis along the tidal axis (the x-axis), and their intermediate axis
perpendicular to these two (the y-axis). The goal of this paper is
to compute the pulsation geometries of such triaxial stars.

Initial work investigating the pulsations of tidally distorted stars
(e.g., S. Chandrasekhar 1963; S. Chandrasekhar & N. R. Lebovitz
1963; M. Tassoul & J. L. Tassoul 1967; J. Denis 1972) largely
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focused on mode stability, often investigating the fundamental
modes of constant-density or polytropic stellar models. Subsequent
work investigated the frequency perturbations of modes due to
small tidal distortion (H. Saio 1981; L. Martens & P. Smeyers
1982; P. Smeyers & L. Martens 1983).

Perhaps the most crucial effect of tides is to change the
pulsation geometry, such that the modes are no longer spherical
harmonics with respect to the rotation axis. K. Reyniers &
P. Smeyers (2003a, 2003b) computed the pulsation geometry
of tidally distorted stars, showing that tidal distortion couples
modes of different azimuthal order m, such that the eigenmodes
are superpositions of modes of differing m (see also L. Martens
& P. Smeyers 1986). They found that modes have the tidal axis
as their symmetry axis, and so the (2¢ + 1) modes of a multiplet
with angular degree ¢ are split into (£ 4 1) different frequencies
in the rest frame of the star. However, those works did not
include the centrifugal force that disrupts the symmetry around
the tidal axis by making the stars triaxial.

J. Fuller et al. (2020) used a similar method to compute the
pulsations of heavily tidally distorted stars. They accounted for
tidal coupling between modes of different angular degree £ and
radial order n,,, which can cause a mode's surface flux
perturbations to be confined primarily to one side of the star.
However, they assumed that the modes are aligned with the
tidal axis, i.e., each mode has a single azimuthal number m that
defines the mode pattern number around the tidal axis. This
assumption is not justified when one considers the Coriolis and
centrifugal forces that break the symmetry around the tidal axis,
creating triaxially distorted stars.

If a mode produces a spherical harmonic pattern aligned with
the tidal axis rather than the rotation axis, its amplitude and
phase will be observed to vary over the course of the orbit.
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Such a “tidally tilted” pulsation is split into multiple components
in the observed power spectrum, spaced by integer multiples of
the orbital frequency. This modulation is straightforward to
predict (M. D. Reed et al. 2005; L. A. Balona 2018), causing
dipole modes to typically produce a triplet spaced by the orbital
frequency in the observed power spectrum. However, we will
demonstrate that this is not the correct geometry of tidally tilted
oscillations, altering expectations for the observed power spectra.

Observations of pulsating and tidally distorted stars have
increased enormously due to data from the Kepler and TESS
satellites. G. Handler et al. (2020) and D. W. Kurtz et al. (2020)
found tidally distorted 6 Scuti stars whose pulsations are
confined to the side of the star facing its companion.
S. A. Rappaport et al. (2021) found a 6 Scuti star with a
pulsation confined to the tidal equator. F. Kahraman Alicavus
et al. (2022) examined a 6 Scuti pulsator in a close binary with
several doublets spaced by twice the orbital frequency,
indicative of tidally tilted pulsations. R. Jayaraman et al.
(2022) found an sdB pulsator in a close binary that exhibits a
rich diversity of tidally tilted pulsations, showing that most of
these could be identified as primarily £ = 1 or £ = 2 tidally
tilted modes. The density of the low-£ modes also suggested the
presence of mixed modes, which indicated the star had recently
finished helium core burning. Other pulsating stars that appear
to exhibit tidally perturbed p-modes include KPD 193042752
(M. D. Reed et al. 2011), U Gru (D. M. Bowman et al. 2019;
C. Johnston et al. 2023), KIC 4142768 (L. A. Balona 2018),
and KIC 9851944 (Z. Jennings et al. 2024). Tidally perturbed
g-modes have also been observed in several stars (T. Van Reeth
et al. 2022, 2023).

Most recently, V. Zhang et al. (2024) found a § Scuti
pulsator with many tidally tilted £ = 1 modes. Each such mode
forms a nearly-equal-amplitude doublet in the power spectrum
spaced by two times the orbital frequency. Importantly, they
showed that the observed pulsation amplitude and phase
modulation could not arise from spherical harmonics aligned
with the tidal axis. Instead, they showed that the data could be
explained by “triaxial” pulsations, each symmetric about one of
the star's three ellipsoidal axes, and they presented a theoretical
calculation demonstrating why this is expected in tidally
distorted stars. R. Jayaraman et al. (2024) also found a ¢ Scuti
pulsator with a large number of predominantly triaxial modes.

In this work, we expand upon the simple calculation of
V. Zhang et al. (2024), to compute the mode frequencies and
mode geometry of a tidally distorted star, including the effects
of tidal distortion, centrifugal distortion, and the Coriolis force.
We show that the pulsations of triaxial stars are themselves
triaxial, as proposed by V. Zhang et al. (2024). For the three
¢ = 1 modes of a given radial order, the modes are each aligned
with one of the three principal axes of the triaxial star, creating
three unique mode frequencies in the frame of the star. In the
observer's frame, however, the changing viewing angle during
the orbit causes the observed amplitudes and phases to vary,
causing each mode to appear as a doublet or singlet in the
power spectrum. We perform the same calculations for the
star's five quadrupole (¢/ = 2) pulsations, finding the angular
pattern and frequency perturbation for each. We provide simple
formulae to accurately estimate the tidal frequency perturba-
tions in Section 3, we apply our method to 6 Scuti pulsators in
Section 4, and we discuss when we expect to observe triaxial
and tidally tilted pulsations in Section 5.

Fuller et al.

2. Tidal Coupling

Our goal is to compute the pulsation mode geometry for a
tidally distorted star using linear perturbation theory. Our
analysis is similar to that of J. Fuller et al. (2020), but they
assumed the modes have a symmetry axis along the tidal axis
(the line connecting the two stars). In this work, we self-
consistently compute the pulsation geometry, but we only
consider perturbations to isolated multiplets. In other words, for
a mode multiplet with angular order ¢ and radial order n,,, we
compute the coupling between the different azimuthal numbers
m within the multiplet, but we do not account for the coupling
with different angular orders £ or radial orders 7,,.

In this paper, we will assume that the pulsating star is in a
circular orbit and that its spin is synchronized and aligned with
the companion. We decompose the tidal potential into terms
with spherical harmonic dependence Y; ,,, (6, ¢), and we only
consider the dominant £, = 2 component of the tidal distortion,
since the £, = 3 component is smaller by a factor of R/a, where
R is the stellar radius and a is the semimajor axis. This
approximation will not be appropriate for stars nearly filling
their Roche lobes, where ¢,>3 components should be
included.

Following the framework outlined in F. Dahlen & J. Tromp
(1999) and J. Fuller (2014), stellar oscillation modes are
described by solutions to the generalized eigenvalue problem

o v] _ [v o
[v 2W]z’”[o T]Z’ M

¢
[

and £ is a mode’s displacement vector corresponding to
eigenfrequency w. The matrix elements V), 7, VV are operators
defining the potential energy, kinetic energy, and Coriolis
force, respectively. For the two modes indexed by « and (3, the
corresponding matrix elements are

Ty = [dVo€, - &. 3)

where

Wos = [dvog;, - (i x &)

= —mQ(Smﬂmdfdrprz(gi +2£,€,)
= =m0y m;Cas )

where ¢, and &, are the horizontal and radial components of the
mode's displacement vector, and the integral in Equation (4) is
equal to C,. The second line of Equation (4) indicates that
modes only couple with the same value of m, due to the
axisymmetric nature of the Coriolis force.

The expression for V3 is given by Equation (7.36) of F. Dahlen
& J. Tromp (1999). These operators are real and symmetric, such
that 7,5 = T3, and likewise for V,,3 and W,,5. Without rotation or
tidal perturbations, Equation (1) reduces to V¢, = w2 7€, for a
mode of index a with eigenfrequency w,, with the orthonormality
requirement 7,3 = 6,3 In other words, we use the normalization
convention fdrprz(ﬁf + (€ + 1)§i) =1

Our next step is to include the Coriolis force as a
perturbation, such that W,3 < wT,3 We will solve for the
new eigenfrequencies w + dw for small perturbations |fw| < w.
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Then the bottom row of Equation (1) yields
bw >~ Waa. )

This is the usual expression for the frequency perturbation
induced by the Coriolis force. Since the Coriolis force only
couples modes of the same m, modes of a rotating star are
spherical harmonics of a unique value of m.

We next add the effects of tidal perturbations, which perturb
the operators 7 — 7+ 67 and V — V + §V. Keeping only
zeroth-order and first-order terms, the bottom row of
Equation (1) can be written as

(W2T+ 6V — W2 6T + 2w W)€ ~ WPTE. (6)

We shall see that the operators 67 and §) couple spherical
harmonics of different m, so the eigenvectors of this system
will no longer be individual spherical harmonics but some
superposition of spherical harmonics with different m.

To account for this coupling, we expand the eigenvectors &
in terms of spherical harmonics of different m, such that

€= ank, (N

Here, a,, is the relative amplitude of each m component to the

eigenfunction, and our goal is to compute the values of a,, for
each eigenmode. We insert this expansion into Equation (6),
multiply each side by £, and integrate over the volume of the
star to obtain

Z(wiémm’ + 6Va’,mm

2
Zw E am(Smm“
m

W 67& mm' + 2We Vva,mm’)am
)]

In the following sections, we will solve this equation for
coupled dipole modes and quadrupole modes. Since we are
only considering coupling within a mode multiplet, we drop
the « subscripts on the matrix elements 67, um', OV mm
and 6W,, .

The values of the coupling coefficients in the above
equations are computed following J. Fuller et al. (2020), who
build on F. Dahlen & J. Tromp (1999). The kinetic energy
perturbation due to aspherical distortion has the form

k2
oo = X" [ Sespr’IT = 1 9T hdr, 9)

where g is the ellipticity and 7 is its radial derivative:

3
_ Olne :3_47rpr . (10)
Olnr m(r)

We must sum over each source S of distortion, i.e., each
component of the tidal potential and centrifugal distortion. We
are only considering / = 2 components of the tidal and
centrifugal distortion, so this distortion is always quadrupolar
in shape. The T and T terms depend on the mode eigenfunction
&, and are provided in J. Fuller et al. (2020).

The XZ’Z’;"’"/ coefficient is a geometric factor accounting for
the angular overlap between the two coupled modes and
quadrupolar asphericity. We are considering coupling induced
by a distortion of the angular pattern (£, m,) between two

Fuller et al.

modes of the index ¢ and pattern numbers m and m’. Its value is

X[I’Zmrm — (2(’,+1) fdQ Y[me,m,Y[’ !

11
& L\t ¢ ¢ (an
-m m; m"J\O 0 0
and the terms in large parenthesis are Wigner-3j symbols.
The potential energy coupling terms are

R
2
mmm’ 2.2
6me’ = § X[Zl” f 3€r dr

x (pctlV — i + DV + plV, — 1 + 3)V,D),

(—1)" @t + 1)(

(12)

where ¢, is the adiabatic sound speed. Again, the V,, and V,
terms depend on &, and are provided in J. Fuller et al. (2020).

To account for all sources of asphericity, we begin with the
tidal distortion, whose dominant components Uy, from the
¢, = 2 component of the tidal potential U are

U[r = Z U[zmz =

37 T GM,r?
= |- =B+ W]+ |-V —.
( 10[2 2 2] 5 20) o

Here, M. is the mass of the companion star and « is the orbital
semimajor axis.

For each tidal component, we can compute the effective
ellipticity €g, as follows. The ellipticity is defined in F. Dahlen
& J. Tromp (1999) via the associated radial displacement:

Ur— 4+ Uy + Up
(13)

2 47
= e |y 14
s 35 % 1 (s (14)

For tidal or centrifugal distortion due to a potential U, the
radial displacement is fr,s = —U,;m/g, Where g = GM/ r,
when the Cowling approximation is used to simplify the

calculation. The effective ellipticity for the [, = 2, m, = 0
component is thus

2 1M, r
Ze=——_ 15
3 2 M ad (1)
For this component, we thus find
ST = —X’"O’”'KR— pr*[T — (n + 3)T]
020 B o (16)

mOm’
= EXEZZ € Tint.

The second line defines the dimensionless tidal distortion

M. (RY?
= C— ]
€ M(a), a7

with Tj,, equal to the integral in the first line. Similarly,

1 /
Vo = Exz;’?’“ € Vints (18)

where Vi, is the integral in Equation (12), with (2/3)e replaced
by (r/R)’.

Note that the axisymmetric nature of the m, = 0 component
of the tidal potential means that X("z’?m/ is nonzero only for
m = m/, i.e., it induces self-coupling that perturbs the mode
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frequencies, but it does not couple different values of m
together.

In contrast, the m, = =2 components of the tidal potential do
induce such coupling. Following the same procedure, its form
is

1 3 m+2m'’
ST = ——.| =X Tt 19
2,/ 5 Xeze ™ € Tim (19)

and similarly for 6V,,, . The factor of —/3/2 comes from the
different coefficient in front of the m, = +2 components of the
tidal potential in Equation (13). This couples m = 1 modes with

m = —1 modes, producing off-diagonal terms in the matrices
discussed below that are crucial for changing the mode
geometry.

The centrifugal distortion due to the star's rotation also
introduces an ¢, = 2, m, = 0 distortion that adds to that
produced by the tidal force. We can determine its form by
writing the centrifugal potential:

yUen — _lQZRZ
2

| [4x e (20)
= |2/ vy — —Var ¥ |22
[3 5 20 3 0 00] r

Since we assume the pulsating star is tidally synchronized,
such that Q% = GM + M) /a3, we have

2M + M,

U‘:zlz ==
3 M,

Ui, o @1
Hence, the centrifugal form of 67 and 6V is the same as that of
the ¢, = 2, m; = 0 component of the tidal potential, but with an
amplitude different by a factor of (2/3)(M + M.)/M..

Finally, the {, = m, = 0 component of the centrifugal
distortion also induces self-coupling that perturbs the mode
eigenfrequencies. Following F. Dahlen & J. Tromp (1999), the
perturbation element is

292 R
5%:7+—w+yﬁwﬁ+%mﬂwm

In the following sections, we combine each of these effects
to provide the explicit forms of the matrix equations that must
be solved to obtain the new mode frequencies and eigenfunc-
tions in the presence of tidal distortion.

2.1. Dipole Modes

For dipole modes, the coupled mode eigensystem of
Equation (8) can be written in matrix form:

wi+§w27171 0 60&)%1] a_;
0 w2 + bwd, 0 l ao l
dwi 0 W}, + bwiy . (23

a
=w?| ao
ap

where &ufnm/ are perturbations produced by the combination of
the tidal, centrifugal, and Coriolis force, as described above.
The a,, values are the relative contributions of the Y,
components to the new tidally modified eigenfunctions.

Fuller et al.

The values of 6w, are the perturbative terms in
Equation (8), with 6T,,,, from Equation (16), 6V}, from
Equation (18), and W, being the integral in Equation (4).
Explicitly, we find

&02,1,1 = —%5(1 + %%)(th - w(zl Ti'm)
+ 6Veen + 2Qwo Wine. (24)

The factor 1 + 2(M + M,)/3M., arises from adding both the

tidal and centrifugal distortion (via Equation (21)), and the
factor 6V.., of Equation (22) comes from the spherical
component of the centrifugal force. The expression for éw
is identical, apart from the sign of the last Coriolis term. We use
the fact that X! = —1/5. Similarly, using X3° = 2/5, we
have

2 c
6“)%)0 = %5(1 + g%)(vim - W(zy Tint)

+ 6 Veen- (25)
And, finally, using —\/g X5 = 3/5, we have
6y = 82 1 = (Vo — 2 T, 6)

Solving the eigensystem of Equation (23) yields the three
mode frequencies w” and eigenfunctions @ of the perturbed
mode triplet. Since the m = 0 mode remains uncoupled to the
m = £1 components, its eigenfunction remains unchanged. It
is symmetric about the z-axis, i.e., the spin/orbital axis, and we
will refer to this as the Y;o, mode. The perturbed eigenfre-
quency is

(S 2
MFJ¢+M&:%+§@. 27)

Wa

The m = +1 modes are coupled by the tidal distortion,
forming a 2 X 2 matrix equation, which can be easily solved. In
the limit of weak tidal coupling, such that the off-diagonal
terms are small, ie., dwi | < |6wi — dw?|_| = [4Qw, C,l,
we simply obtain modes with perturbed frequencies and
eigenvectors a = [1, 0] and a = [0, 1] corresponding to the

usual m = 1 and m = —1 spherical harmonics.
In the limit of strong tidal coupling, such that éw? | >
|6w?, — 6w?,_,|, the new mode eigenfrequencies become
1
¢:¢+5@ﬁ4+mmimh, (28)

with corresponding eigenvectors

aL = [ll]. (29)

These frequencies are slightly different from those in V. Zhang
et al. (2024) and R. Jayaraman et al. (2024), since we have kept
the tidal perturbation terms from the diagonal elements.

Hence, the new mode eigenfunctions are equal super-
positions of Y;; and Y;_;, with angular flux perturbation
patterns

OF: o< [Yi1(0, @) £ ¥i—1(0, )le ™. (30)
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Y10, mode

Y10y mode

Relative Flux Perturbation
Relative Flux Perturbation

Y10, mode

Relative Flux Perturbation

Figure 1. Angular pattern of £ = 1 triaxial pulsations in a tidally distorted star,
viewed at the orbital inclination i = 45°, with the companion shown as a gray circle.
The color indicates the relative amplitude of the surface flux perturbation (i.e.,
temperature perturbation) for the three £ = 1 pulsations: the Y;o, mode aligned with
the tidal axis (top left), the Y7, mode aligned with the spin axis (bottom left), and the
Y10, mode perpendicular to both of these (top right). All modes are standing modes,
so these patterns oscillate back and forth rather than propagating around the star.
Movies showing these pulsations can be found here online: https://drive.google.
com/drive/folders/1IwqleGn2IJPTbLWX8mddoLwL-2Hz24pH?usp=sharing.

Some algebra shows that the spatial/time dependencies of
these two modes are

OF, o sinfsin ¢ sin(w,t)
. (31)
x ysin(w;t)

and

OF_ o< sinf cos ¢ cos(w_t)

o xcos(w_t). (32)
Here, x and y are Cartesian coordinates relative to the center of
the star, and we have defined the x-axis to lie along the tidal
axis. These results correct a mistake in V. Zhang et al. (2024),
in which the w_ and w, solutions are switched with each other.
Note also that the m = 0 mode has

0Fy o< Yio(0, ¢)cos(wot)
o cos 8 cos(wpt) (33)
o zcos(wopt).

Figure 1 displays the spatial dependence of the three tidally
coupled modes. Equations (31) and (32) show that strongly
coupled m = £1 modes will create two new eigenmodes, both
with the largest displacements in the orbital plane. The + mode
has an eigenfunction peaked at ¢ = +m/2. It has the same
eigenfunction as a Y, spherical harmonic, except aligned with
the y-axis instead of the z-axis, so we refer to it as the Y,
mode. The — mode has an eigenfunction peaked at ¢ = 0 and
¢ =T, i.e., it is aligned with the x-axis, so we refer to it as the
Y10» mode. Neither mode propagates around the equator like
uncoupled m = 41 modes. Instead, both modes are standing
modes, aligned with the x- and y-axes. The m = 0 mode is a
standing mode aligned with the z-axis. Hence, tidally coupled
¢ = 1 modes are triaxial, because each is aligned with one of

Fuller et al.

£=1modes, [=45"

Y10x

T _ — I

Flux Variation

Y10y

Flux Variation

— chz

OF

Flux Variation

I
_l..,‘|..,:l..‘gl.‘;.l.‘\.ljx.‘l..‘\l..‘E
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Number of orbits

Figure 2. Observed brightness variation produced by tidally tilted dipole
modes, when viewed at orbital inclination i = 45°, showing the Y}, mode (top
panel), Yo, mode (middle panel), and Yo, mode (bottom panel). This plot
shows the / = 1 p-modes of radial order n,,, = 4 for the model ¢ Scuti pulsator
in Section 4. The amplitudes of the Yo, and Yo, modes are modulated twice
per orbit, but the Yo, modes have constant amplitude.

the three major axes of the star, which is a triaxial ellipsoid due
to its tidal and centrifugal distortion.

2.1.1. Dipole Mode Visibility and Amplitude Modulation

The geometry of the triaxial pulsations determines the
amplitude and phase modulation of the modes over the course
of the orbit. Because the mode pattern is fixed relative to the
tidal axis, it can vary relative to an external observer.

We compute the pulsation light curves in the same manner as
J. Fuller et al. (2020). For each mode, one could also simply
sum up the contribution of the different m components. For
dipole modes, we show the resulting light curves (Figure 2),
amplitude and phase modulation (Figure 3), and observed
amplitude spectrum (Figure 4). These plots show numerical
solutions to Equation (23), without making the approximations
discussed above. They are made using the n,,, = 4 mode of our
0Scuti model from Section 4, at an orbital period of
P, = 1 day and companion mass of 1.3 M.

The Y0, mode is aligned with the tidal axis and produces the
largest flux modulations when the tidal axis is closest to the line
of sight, i.e., orbital phases 0 and 0.5. The Y;(, mode is very
similar, but shifted in orbital phase, such that its maximal
amplitudes are at orbital phases 0.25 and 0.75. The Y;(, mode
exhibits no modulation, because the z-axis (i.e., the orbital /spin
axis) does not vary its angle with respect to the line of sight.

The amplitude of the Yo, and Yo, modes peaks twice per
orbit, and the pulsation phase jumps by 0.5 cycles each time the
amplitude crosses zero. In an amplitude spectrum, both modes
produce two peaks, each with nearly equal amplitude and
spaced by exactly twice the orbital frequency. In contrast, the
Y10, mode only produces a single peak in the power spectrum.
Consequently, a dipole mode triplet produces five total peaks in
a power spectrum, in contrast to the three peaks produced
by modes aligned with the spin axis. Of course, not all modes
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Figure 4. Power spectrum of the tidally tilted dipole modes from Figures 2 and
3. The Yo, and Yo, modes produce equal-amplitude doublets spaced by
exactly two times the orbital frequency, while the Y7o, mode produces a singlet.

may be excited to detectable amplitudes, complicating mode
identification efforts. Additionally, the tidal frequency splitting
can be greater than the large frequency spacing (see Figure 13),
making it more difficult to confidently identify £ = 1 multiplets.

It is important to note that triaxial £ = 1 modes produce
different amplitude and phase variability than £ = 1 modes
aligned with the tidal axis. The triaxial modes we predict are
always standing modes. In contrast, / = 1 and m = +1 modes
aligned with the tidal axis would be traveling modes around the

tidal axis. This typically produces triplets in a power spectrum
(see Figure 10 of R. Jayaraman et al. 2024), which are not
observed for most of the modes in that work or in V. Zhang
et al. (2024).

2.1.2. Accounting for the Coriolis Force

Above, we present results in the limit of strong tidal
coupling, such that wi | < [6w? — 6w? | || = [4Quw, C,l. If
we repeat the same exercise but keep terms of first order in the
Coriolis force, we obtain eigenfrequencies of

20)2 2 ~2
o R By S & |+ EeaCe
2 wWi—1
(34)
and corresponding eigenvectors
|4 ZszaCa
ap >~ dwi_y (35)
+1

The corresponding flux variations have a spatial and time
dependence

|+ Zsza C,

Wi—1

OF, lYn(ﬁ P) £ [ )Y11(9, ¢>)}e"’“’*’- (36)

This can be rearranged to obtain

20w, Ca
. (37)

OF, x ysin(wyt) — cos(¢p — wyt)
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and

20w, C,

2
Wi-1

OF_ o x cos(w_t) — cos(¢ + w_t). (38)

Hence, the effect of a subdominant Coriolis force is that both
the Yo, and Y}, modes obtain a small circulating component.
In a power spectrum, each mode will still produce a doublet,
but the amplitude of the peaks will be slightly different, with a
ratio of 1 — 2Quw, C,/éwi_,.

2.2. Quadrupole Modes

We next apply our calculation to the five quadrupole
oscillation modes of a multiplet. Since the tidal force only has
m = 0 and m = 2 components, the even m and odd m modes
(i.e., those symmetric and antisymmetric across the equator)
will be uncoupled to one another.

The /=2, m = —1, and m = 1 modes will be coupled in a very
similar fashion to the £ = 1 modes discussed above. They form a
matrix equation very similar to Equation (23), except that the
values of the matrix elements are slightly different due to different
Wigner-3j symbols arising from the angular overlap integrals.
Once again, in the limit that dwi_| > |6w?,_; — éwi|, we have

wi=w? £ 6t (39)

with corresponding eigenvectors @ = [0, 1, 0, £1, 0], where the
vector @ now gives the amplitudes of the components [Y, ,,
Ya 1, Yao, Y21, Yool

The corresponding eigenfunctions are equal superpositions
of Y»; and Y,_;, with angular flux perturbation patterns

OF; o< [Ya1(0, ¢) £ Yo 1(0, ¢)le ™. (40)

Some algebra shows that the spatial/time dependencies of
these two modes are

OF, o sinf cos @ sin ¢ cos(w,t)

yz cos(w,t) “1

K

and

OF_ o sinf cosf cos ¢ sin(w_t) 42)
ox  xzcos(w_t).

Both of these modes are standing modes, similar to the £ = 1
modes. These modes have a similar pattern to normal ¢ = 2,
m = 1 modes (see Figure 5), except that they are standing
modes that do not propagate around the z-axis. We refer to
them as the Y,;_ and Y,;, modes, respectively. The only
difference between the two eigenfunctions is their phase: the
former has maxima/minima along the x-axis, while the latter
has maxima/minima along the y-axis.

Next, we examine the m = 2, m = 0, and m = —2
modes, which form a coupled triplet. The eigensystem for these
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Figure 5. The same as Figure 1 but now for the five / = 2 pulsations of a
triaxial pulsator. These are the Y>;_ mode (top left), the Y,;, mode (top right),
the Y, mode (middle left), the Y,,, mode (middle right), and the Y,,, mode
(bottom left). Once again, all modes are standing modes. Movies showing these
pulsations can be found online: https://drive.google.com/drive/folders/
1IwqleGn2IJPTbLWX8mddoLwL-2Hz24pH ?usp=sharing.

modes is

w?, + (5(4}2,2,2 6(4)2,20 O

a3
Swd 5 W+ bwiy bwd, aop
a
2 2 2 2
O (SWzO Wa + (5&)22
ap
~w?ldo |, 43)

Note that all the off-diagonal tidal coupling terms are equal
to each other. However, in this case, we cannot assume that
bway > |6w3, — dwiol, since all of these terms are comparable
to one another. Explicit evaluation of these terms gives

1 2M+ M,
dwio = —e| 1+ Z—— (Vi — Wi Tin), 44
007( 3M(‘)(t t) (44)
6‘*’%2 = 5“’%—2 = _%5(1 + %M)(th - wiTim),
(45)
> .13 2
dwry V3 € (Vine — wiTine)s (46)

where we have neglected the Coriolis and centrifugal terms,
because they are small for p-modes. We thus see that
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(bwdy — bwhy)/bwly ~ 22/3 [1 + 2(M + M,)/3M,], which
is always larger than 1 and can be very large when M, < M.
Consequently, we focus on the case where (Swd, —
bw3y)/wsy > 1, i.e., the off-diagonal terms are small relative
to the difference between the diagonal terms, but we still
assume the Coriolis perturbation terms are small relative to the
tidal ones. Solving the matrix Equation (43) in this limit yields
three eigenvalues and eigenvectors. The first solution has

W~ W+ bwd, 47)
and eigenvector a = [1, 0, 0, 0, —1]. The spatial dependence is
OF oc [~ Tna(0, ¢) + Yo 2(0, ¢)]e ™", (48)

Some algebra shows that this reduces to

S6F oc sin® @ sin ¢ cos ¢ sin(wot)

o xy sin(wot). “9)

This mode has an £ = m = 2 pattern that is wrapped around the
z-axis, with maxima/minima offset from the tidal axis by an
angle of /4, and it is a standing mode that does not propagate
around the z-axis. We refer to it as the Y,,_ mode.

The second solution also has the frequency

W~ w2+ fwl, (50)
and eigenvector @ ~ [1, 0, 0, 0, 1]. The spatial dependence is
OF o [Y(0, ¢) + Ya_2(0, )Je ™", (5D

which reduces to

6F oc sin?@(cos? ¢ — sin? ¢)cos(wot)

o (x2 — y?)cos(wot). °2)

This mode also has an £ = m = 2 pattern that is wrapped
around the z-axis, now with maxima along the tidal axis, and it is
a standing mode that does not propagate around the z-axis. We
refer to it as the Y5, , mode. The only difference between the Y5,
and Y5, eigenfunctions is their phase relative to the x and y-axes.

The third solution has

w? ~ W+ Swdy (53)

and eigenvector @ ~ [0, 0, 1, 0, 0]. Hence, this mode is
essentially the normal m = 0 mode, so we refer to it as the Y,
mode.

2.2.1. Quadrupole Mode Visibility and Amplitude Modulation

Figures 6-8 show the light curves, amplitude/phase
modulation, and power spectra associated with triaxial £ = 2
modes. They show numerical solutions for the tidally coupled
modes for the § Scuti model from Section 4 but now for the
¢ =2 and n,, = 8 p-modes. The Y>;_ and Y, modes display
similar behavior to the Yo, and Yo, modes discussed above,
with their amplitude modulated twice per orbit with phase
jumps of 0.5 cycles. Similarly, their power spectra have two
peaks spaced by twice the orbital frequency. This means that it
will be difficult to observationally distinguish between the Y;;
and Yo, modes or between the Y5, and Yo, modes.

The Y,,_ and Y,,, modes have their amplitude modulated
four times per orbit, with four jumps in phase by 0.5.
Consequently, their power spectra are two amplitude peaks
separated by exactly four times the orbital frequency. They
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Figure 6. The same as Figure 2 but now for the five different triaxial £ = 2
pulsation modes. These modes correspond to radial order n,, = 8 for the model
of Section 4. For £ = 2 modes, departures from the idealized triaxial modes
computed in Section 2.2 are more apparent.

differ only in phase: the Y, mode has zero amplitude at the
epochs of conjunction (e.g., at eclipses), while the Y,,, mode
has its maximum amplitude at conjunctions.

Finally, the Y,,, mode behaves the same way as a normal Y5
mode. It exhibits no phase or amplitude modulation and
produces a single peak in the power spectrum, the same as the
Y10, modes and radial modes. Therefore, mode identification
for these modes is difficult, perhaps requiring forward
modeling—i.e., by matching observed and model frequencies
for these modes. Eclipse mapping could be used to distinguish
between different types of modes.

Our analytic results for quadrupole modes use approxima-
tions not strictly valid in systems with order-unity mass ratios
(see Section 2.2). As can be seen from the numerical results in
Figures 6-8, the Y,, , Y., and Y,o, eigenfunctions are
slightly mixed with each other, complicating the amplitude
modulation and power spectra. This introduces substantial
amplitude variation to the Y, mode and produces side lobes to
its central peak in the amplitude spectrum. Similarly, the the
Y5>, Y5, modes may obtain a central peak in their amplitude
spectra and asymmetric amplitudes of their primary peaks
spaced by four times the orbital frequency. Such asymmetric
peaks are also observed in roAp stars, due to competition
between rotation and magnetic effects (D. W. Kurtz &
H. Shibahashi 1986), whereas here it is a competition between
rotation and tidal effects.
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Figure 8. The same as Figure 4 but for the / = 2 pulsation modes shown in
Figures 6 and 7. The Y, , Y., and Y,p, modes can form triplets with
asymmetric amplitudes, somewhat different from the idealized modes of
Section 2.2.

2.2.2. Origin of the Phase Jumps

In terms of their azimuth (¢) and time dependence, we can
rewrite Equations (41), (42), (49), and (52) as

Y14 o< sin ¢ cos(w.t), (54)
Ya1_ o cos ¢ cos(w_t), (55)
Yor: o €08 2¢ cos(wot), (56)
Yoo o sin2¢ cos(wot). (57)

In these forms, it is apparent that the observer sees a pure
sinusoidal frequency multiplied by a sinusoid of phase ¢ (in the
case of Y,;1) or 2¢ (in the case of Y»,.). The observer's view
passes through these azimuths as the orbit revolves. For each
zero-crossing of the sinusoid with ¢, the phase of the pulsation
is reversed—twice or four times per orbit for the ¢ and 2¢
terms, respectively. It is exactly these phase reversals that lead
to the splitting of the modes (by =v,p or +2v,y) in the
observer's frame in which the binary is orbiting (and the
pulsating star is rotating). Analogous phase shifts (two per
orbit) are seen by the observer for the Yo, and Yo, modes. If
these modes were traveling waves (i.e., ordinary Yy, or Y| _;
modes), as opposed to the standing waves they actually are,
there would be no phase jumps observed around the orbit and
no splitting of the modes.

3. Tidal Coupling Approximation

The analysis above is thorough but does not illuminate the
most important terms in the tidal coupling calculation. Here, we
provide simple and accurate expressions for the tidal coupling
coefficients (the values of (5wfnm/ in Equation (23)) for £ = 1 p-
modes and g-modes in the asymptotic limit.
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3.1. p-modes

We begin with the value of 7,,,, in Equation (9). For p-
modes, the dominant terms are those containing the radial
displacement &, and its radial derivatives. We thus find

rrR2
STy = —X 2 f e + 3)Edr. (58)
0
The tidal distortion is largest in the outer part of the star where
the density is small, so that n ~ 3. Using Equation (15), we
have

/M R3 R 7'3 2
Tyt = —3Xp™ 225 j; prizs&r.

Performing the same exercise for §V, the dominant terms for
p-modes are

(59)

2
Eeprch

df 2 (dg )2
x| =21 =1 + (n+ D= |dr.
[ ( dr ) X ) dr
For p-modes, (d€ /dr)* ~ (wz/csz)ﬁf. Using the same
approximations above, we have

1 R
6me’ = X[’;:’y’lrm 0

(60)

w M R R0
Vo = Xpi™ — 2 =i, [7 prios€rdr
M a 0 R
) (61)
—u?
o~ 3 6T

Denoting the integral (which has dimensionless units for our
choice of normalization) as P, we have

3
Vs — 28T, = g Mo K2 p (62)
For the low-order p-modes of our ¢ Scuti model discussed
below, we find P ~ 0.5, with little dependence on radial order,
but this value may change somewhat for stars with different
structures.
Summing over each source of ellipticity (tidal distortion and

centrifugal distortion), and using X\ = —1/5, X3 = 2/5,

\/E X35! = —3/5, we find the perturbed matrix elements to be
2

~ AM R 2
6&}3’"’1/ = gvﬁwa P
4 2M+ M)
1 A 0 3
4M + M)
X 0 2 + - 0
3 0 1 - 2M + M)

3M,
(63)

For high-order p-modes, the additional centrifugal and Coriolis
terms are negligible relative to these for stars in close binaries.

The m = 0 mode is uncoupled from the others and forms the
Y10, mode. From Equation (63), we can see that its frequency
perturbation will be

bw, 4 M R
Wa SM a®

P(l + M) (64)

3M,

10
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Note that the Yo, mode always has a positive frequency
perturbation, because the tidal/centrifugal ellipticity always short-
ens the height of the star along the z-axis, so it takes less time for
pressure waves to propagate through the star in the z-direction.

The m = +1 modes are coupled to each other, and from
Equation (63) their frequency changes are

3
5wizchR_p_1+M + 3. (65)
Wa, SMad

3M,
The negative root is the Yo, mode, where we find

plas

The Yo, mode always has a negative frequency perturbation,
because the tidal/centrifugal ellipticity always increases the
length of the star along the x-axis, so it takes more time for
pressure waves to propagate through the star in this direction.
The positive root is the Y}, mode, where we find

bwy ~ 2M. R

5M a?

M ] ) (66)

Wa 3M.

6Wy ~ EML R_3

we 5M

P[z M+ M) ] 67

3M,

This frequency perturbation can be positive or negative,
depending on the mass ratio, because of the competing effects
of tidal and centrifugal distortion in determining the length of
the star in the y-direction.

We can see that the tidal frequency perturbation is comparable
to the dimensionless tidal distortion € = (M,/M)(R/a)’, for mass
ratios of order unity. Note that for vanishing companion masses
(M. — 0), the second term in brackets dominates, which is the
term arising from the centrifugal force. In this limit, the star is
nearly axisymmetric about the rotation axis, and the Y, and Yo,
modes have almost the same frequency. In the opposite limit,
where M. > M (but with larger a, such that € is unchanged), the
centrifugal term becomes negligible, and the star's distortion is
nearly axisymmetric about the tidal axis. In this limit, the Y}, and
Y10, modes have the same frequency. For mass ratios of order
unity, as we expect in most stellar binaries, the three modes have
similar frequency perturbations, and their splitting is not typically
symmetric. We demonstrate that the approximations of
Equations (64)—(67) are very good in Section 4. Stars in close
binaries with large values of ¢ will be asymmetric across the y—z
plane due to the £, = 3 components of the tidal potential, which
are not included in our calculations and will also induce frequency
perturbations.

3.2. g-modes

For g-modes, the dominant terms in the tidal coupling
integrals are those containing the horizontal displacement ¢ .
Using the same procedure as above, we find

1 M. R R

57;nm’ ~ X"
2 !
27 M &P

3
prz%(n +3)Cdr. (68)

Since g-modes are mostly confined to the near-core regions of
main-sequence stars, we cannot use  ~ 3 as we did above, but
our models typically have 7 of order unity in the g-mode
cavity.
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For 6V, the dominant terms for £ = 1 g-modes add up to

‘M, R® (R

5me, ~ X mmm
o
M a3

3
prsz%(Zn +5&dr, (69

where L = 2¢2/r? is the squared Lamb frequency. Since g-
modes typically have w? < L2, then 6§V >> 6T, and we can
ignore the kinetic energy terms. Hence, the tidal component of
the perturbed matrix elements for g-modes is

‘M, R?
Vi — WE STy = X e M = g, (70)
where G is the integral in Equation (69).
Similar to p-modes, the tidal coupling matrix is thus
2 o IMR
&umm/ T s5M A g
2M + M)
4M+M)
2M+M,)
(71

In Section 5, we show that these terms are typically smaller
than the Coriolis terms for g-modes in main-sequence stars, so
we do not usually expect g-modes to be tidally tilted.

4. Application to 6 Scuti Pulsators

In this section, we apply the theory developed above to
pulsations of 6 Scuti pulsators in close binaries, which comprise
the majority of the tidally tilted pulsators observed thus far.
However, it could apply equally well to other types of p-mode
pulsators, such as 3 Cephei or sdBV stars.

We begin by constructing a stellar model using the MESA
stellar evolution code (B. Paxton et al. 2011, 2013, 2015,
2018, 2019). Our chosen model is similar to that of the triaxial
6 Scuti pulsator TIC 184743498 (V. Zhang et al. 2024). It has a
mass M = 1.74 M, radius R = 2.23 R, metallicity Z = 0.017,
surface temperature To;s = 7427 K, and is roughly halfway
through core hydrogen burning. We use the GYRE pulsation
code (R. H. D. Townsend & S. A. Teitler 2013) to compute the
nonadiabatic £ = 1 pulsation modes of our stellar model,
including low-order g-modes and p-modes.

For each oscillation mode, we compute the tidal overlap
integrals T;,, and Vi, defined in Equations (9) and (12), as well
as the Coriolis term W from Equation (4) and the centrifugal
perturbations 6V, from Equation (22). We next compute the
Wigner coefficients and tidal distortion required to compute
the &uim/ terms in Equation (23). In what follows, we use
a companion mass of M. = 1.3M. at orbital periods
1 day < Py, < 3 days, short enough for the system to be tidally
circularized and synchronized (D. Bashi et al. 2023) but long
enough that the star is not close to filling its Roche lobe.

We solve the matrix Equation (23) for the frequencies w and
eigenvectors a of the £ = 1 tidally tilted modes of our model.
To quantify whether the modes remain aligned with the rotation
axis, or whether they become triaxial pulsations, we define the
tidal tilting fraction for the m = £1 modes as
|

Zaw =1 — |a?, — afl, (72)
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Figure 9. The tidal tilting fraction of dipole modes in our § Scuti model at an
orbital period of Py, = 3 days, as a function of the mode radial order n,,,. The
tidal tilting fraction is defined to be unity for tidally aligned modes, while it is
zero for modes aligned with the spin axis. The color indicates the p-mode
contribution to the total mode energy. We see that p-modes tend to be tidally
tilted, while g-modes remain aligned with the star's spin axis.

where a,, is the contribution of the Y;,, spherical harmonic to
each of the new tidally tilted modes. This is defined such that
Zi: = 0 in the absence of tidal distortion and Z;, = 1 for
triaxial modes with a?, = a?.

Figure 9 shows the tidal tilting fraction as a function of the
mode radial order n,, at an orbital period P, = 3 days. The
radial order n,,, < 0 for predominantly g-modes and n,,, > 0 for
predominantly p-modes. We can see that g-modes with
nye < —2 are almost fully aligned with the rotation axis
(Zgiie = 0), while p-modes with n,, >4 are almost fully tidally
tilted (Z;; =~ 1). The modes in between are mixed modes that
have some p-mode character in the envelope and some g-mode
character in the core. For these modes, the tidal tilting fraction
can have intermediate values. This means such modes have
significant (but not equal) contributions from both m = —1 and
m = 1 components. They would produce doublets of unequal
amplitude split by twice the orbital frequency in a power
spectrum. We find very similar results at somewhat shorter or
longer periods, except that the tidal tilting fraction for the
n,e ~ 0 modes becomes slightly larger or smaller, respectively.

The color of the points in Figure 9 is the p-mode fraction of
the modes, which we define as

21¢ 12

pril& 1o dr
Piac = fT (73)

f prol&Fdr

Similarly, the g-mode fraction is
¢ 12
[pr¥g Pdr

frac — W = 1 = Dfrac- (74)

Modes that are p-dominated tend to be tidally tilted, while g-
dominated modes are rotationally aligned. However, low-order
p-modes can still be rotationally aligned, depending on the
amplitude of the tidal distortion, which is smaller for longer-
period binaries. Our models predict that high-order p-modes are
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Figure 10. The combined tidal and rotational frequency perturbation (measured
in the star's rotating frame) to modes in our ¢ Scuti model at an orbital period of
P,, = 1 day (top panel) and P, = 3 days (bottom panel). The mode radial
order ny,, is on the y-axis. The blue lines indicate the expected frequency
splitting due to the Coriolis force, while the green lines indicate the expected
frequency splitting due to tides (Equations (64)-(67)). The g-modes are
perturbed primarily by the Coriolis force, while the p-modes are perturbed
primarily by the tidal distortion.

more likely to be tidally tilted than low-order p-modes (see
Section 5.1), which can be tested with future observations.

The mode frequency perturbations also demonstrate the
sensitivity of p-modes to tidal distortion. Figure 10 shows the
frequency perturbations of modes relative to that of a
nonrotating and non-tidally-distorted star, for different radial
orders n,,. The blue lines indicate the approximate frequency
splitting to be expected due to the Coriolis force:

—mSQC,
m

e+
~ 0 for p—modes,

bw =

Q  for g—modes (75)

where C,, is the Ledoux constant (Equation (4)). The green lines
indicate the approximate splitting to be expected for
p-modes due purely to tidal distortion (Equations (64)—(67)).
Note that while the tidal splitting can be small for g-modes, and
the rotational splitting can be small for p-modes, they are nonzero.
This allows us to distinguish between rotational splitting (which
produces frequencies split by nearly the orbital/spin frequency)
and tidal amplitude modulation (which produces peaks split by
exact integer multiples of the orbital frequency).

It is clear that high-order p-modes have frequency perturbations
dominated by tidal distortion, whereas high-order g-modes have
frequency perturbations dominated by the Coriolis force, at both
P., = 1day and P,; = 3days. Note that the tidal frequency
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Frequency splitting in observer's frame
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Figure 11. Combined tidal and rotational frequency perturbations for modes of
our ¢ Scuti model, but now measured in the observer's frame. The triangle
symbols indicate the contributions from different m values to each mode,
whose color is arbitrary. The g-modes form singlets, with different m
components spaced by roughly half the orbital frequency, similar to single
stars. The Y;o, modes are singlets with only an m = 0 component, but the Yo,
and Yy, modes have m = &1 components, forming doublets split by exactly
twice the orbital frequency. The p-modes perturbed to lower frequencies are
Y0, mode doublets, while those perturbed to higher frequencies are Y;,, mode
singlets, and the Yo, mode doublets are nearly unperturbed.

perturbation is nearly a constant fraction of the unperturbed
frequency, meaning that the frequency perturbation is larger for
higher-frequency p-modes. The tidal frequency perturbation can be
smaller than the rotation rate for low-order p-modes at
Py, = 3 days, despite the fact that those p-modes are nearly fully
tidally tilted. At P, = 1 day, the tidal frequency perturbation to p-
modes tends to be much larger than the rotational splitting of g-
modes, especially for high-frequency p-modes.

Figure 11 shows the corresponding observed mode frequencies
of our stellar model. Here, the m = 31 modes produce a doublet
in the observed frequencies due to tidal tilting, and the size of the
symbol indicates the relative amplitude of each component of the
doublet. Each g-mode appears as a singlet, because they are not
tidally tilted, so each radial order of dipole modes produces
triplets, just as in normal pulsators. In contrast, the Yo, and Yy, p-
modes appear as equal-amplitude doublets split by twice the
orbital frequency. Including the singlets produced by Y;o, modes,
each radial order of dipole p-modes thus produces five peaks in
the power spectrum. As shown above, the Y;o, modes are shifted
to lower frequencies, while the Yo, modes are shifted to higher
frequencies, and the Yo, modes are in between. The splitting by
two times the orbital frequency can be larger or smaller than the
tidal frequency perturbation, meaning that the Yo, mode and Y,
mode doublets and Y;,, mode singlets may overlap in frequency
space and will not typically produce neatly organized quintuplets.
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Figure 12. Echelle diagram for the dipole modes of our ¢ Scuti model, as a
function of the frequency modulus relative to the orbital frequency. The symbol
size and color are the same as in Figure 11. Each tidally tilted Yo, and Yo,
mode forms a vertically aligned doublet, separated by twice the orbital
frequency, which is surrounded by an ellipse for clarity. The Y;,, modes form
singlets. Note that the doublets are always formed by m = —1 and m = 1
components, while the Y}y, modes are pure m = 0 modes. Finding doublets on
these Echelle diagrams can be used to identify tidally tilted pulsators, but there
will usually be contamination from singlets due to Y}, modes or radial modes.

To find and properly interpret tidally tilted pulsations, it may
be most useful to make Echelle diagrams modulo the orbital
frequency. Figure 12 shows the predicted Echelle diagram of
our §Scuti model. Tidally tilted modes show up as equal-
amplitude vertically aligned doublets. Spin-aligned g-modes or
Y10, modes appear as singlets. Because the orbital frequency
has no relation to the star's large frequency spacing, Av, the
frequency moduli in Figure 12 are scattered with no apparent
pattern. This is qualitatively consistent with the patterns seen in
the triaxial pulsators studied by V. Zhang et al. (2024) and
R. Jayaraman et al. (2024).

One may wonder whether the star's large frequency spacing,
Av, can be determined using an Echelle diagram in tidally
tilted pulsators, in the same manner as it can be determined for
single and slowly rotating stars. Figure 13 shows the Echelle
diagram of our model using the star's asymptotic nonrotating
value of Av. At longer orbital periods (P, = 3 days), the tidal
frequency perturbations remain small relative to Av, so p-
modes still show up as a vertical ridge in the Echelle diagram,
although it has been broadened by two times the orbital
frequency due to tidal tilting. At short periods (P, = 1 day),
the tidal frequency perturbations become comparable to or
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Figure 13. Echelle diagram for our 6 Scuti model, as a function of the
frequency modulus relative to the large frequency spacing Av of a single
nonrotating star. At P, = 3days (bottom panel), the tidal frequency
perturbations are small enough that the p-modes remain confined to a vertical
ridge in the Echelle diagram (surrounded by an ellipse for clarity), although this
ridge is broadened by the splitting of the Yo, and Yo, modes by twice the
orbital frequency. At P,, = 1 day (top panel), the tidal frequency perturbations
are comparable to Av, such that the modes are scattered across a wide range of
frequency moduli.

larger than Aw, causing the modes to have a wide range of
frequency moduli, so that Av will be difficult to measure.

5. Discussion
5.1. When Will Modes Be Tidally Tilted?
5.1.1. p-modes

It is important to understand when modes will be triaxial
pulsations that are tidally tilted and when they will remain
aligned with the rotation axis. As discussed in Section 2.1, dipole
modes will be in the tidally tilted limit when the off-diagonal
tidal coupling elements éw? | are larger than the difference
between the on-diagonal frequency shifts, |6w?; — 6w?, _,|. For
p-modes, this occurs when

3
%74 R—3w§ P 2 4w, QWi (76)
a
This gives fractional radii larger than
1/3
R (5M 0 W) -
a 3M.w, P



THE ASTROPHYSICAL JOURNAL, 979:80 (17pp), 2025 January 20

in order to be tidally tilted. In our 6 Scuti model, we find
P ~ 0.5, and the Ledoux constant is C,; = Wy, ~ 0.005 for
high-frequency p-modes, without much dependence on radial
order.

If the star is tidally synchronized, then Q = \/G(M + M.)/a>.
In this case, we find that p-modes will be tidally tilted for any
orbital periods Py < 100days, given M = M. = 1.5M,,
R = 1.5 R, and radial orders n,,, = 10. However, real binaries of
this type are only observed to be tidally circularized and
synchronized at periods less than P, < 3 days (D. Bashi et al.
2023), meaning that our model predicts p-modes to be tidally
tilted for any 6 Scuti pulsator in a tidally synchronized binary.

If tidal tilting is not observed for tidally synchronized
pulsators, it would indicate a shortcoming of our model,
although it is not obvious what physical effect would prevent
tidal tilting from occurring. The presence of a few modes
without orbital modulation would not be sufficient to rule out
tidal tilting, since such modes could be radial modes, Y,
modes or Y,o, modes. Low-order p-modes are also not expected
to be tidally tilted to the same degree as high-order modes.
Future work should closely examine whether tidal tilting is
occurring in close binaries and determine the fraction of
pulsators in close binaries that show tidally tilted modes.

For binaries at periods longer than P, ~ 3 days, we must
consider noncircular and nonsynchronized rotation. If the star is
not tidally synchronized, then Equation (77) can be rearranged
to find that tidal tilting occurs when

2 3 1/2
Po<|__ R Mh P (g
5 G+ Mo M fo Won

where f,, and f; are the linear pulsation frequency and rotation

frequency, respectively. Using the same stellar parameters as
above and f, = 40day ', f,y = lday ', we find that tidal
tilting happens at periods

-1
Jo Jrot
40 day '\ 1 day ')

Hence, we expect the p-modes in typical ¢ Scuti stars to be
tidally tilted in binaries with periods of less than several days,
but this number depends on both the mode frequency and the
star's rotation frequency, as well as the stellar masses and radii.

R S 6 days (79)

5.1.2. g-modes

Tidal tilting could occur in g-mode pulsators such as
~vDoradus or SPB stars. Performing the same analysis for g-
modes, we expect tidal tilting to occur when

3R
SMad

For { = 1 g-modes, the Ledoux constant is C,;, = Wi, =~
1/¢6¢ + 1) ~ 1/2. However, we caution that our perturbation
theory breaks down for g-modes with w,, < 22, and g-modes are
strongly altered by the Coriolis force into Hough modes (e.g.,
L. Bildsten et al. 1996; U. Lee & H. Saio 1997). Since the Coriolis
force is large in this regime, whereas the tidal distortion is always
fairly small, we expect high-order g-modes (n,, < —3) to be
aligned with the spin axis of the star.

For the lowest-frequency g-modes applicable to our
perturbation theory with w, ~ 2f2, assuming a tidally

G 2 4w QWin. (80)
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synchronized star, Equation (80) can be rearranged to obtain
the requirement for tidal tilting:

g>20M+MCG_M

= PR

3 (81)

However, we find that low-frequency g-modes typically have
G ~ 0.1GM /R? in our § Scuti model, so Equation (81) is never
satisfied. Therefore, we do not expect g-modes to be tidally
tilted in close binaries.

A possible exception could occur in white dwarfs, where the
g-modes are trapped near the surface of the star, where tidal
effects are larger. This could increase the value of G and
potentially allow for tidal tilting. This should be examined in
future work.

5.2. Tidal Tilting versus Tidal Trapping

As mentioned above, tidal coupling also couples modes of
different ¢, which is not accounted for in our isolated multiplet
perturbation theory. Since the ¢, = 2 component of the tidal
distortion is largest, coupling between modes differing by
A?¢ = 2 will be important. In particular, coupling between £ = 0
and £/ = 2 may significantly affect the geometries of these
modes. Coupling tends to be strongest for modes of the same
radial order, and for £ = 0 and £ = 2 p-modes in the asymptotic
limit, p-modes of the same radial order differ in frequency by
Av — év =~ Av, where év is the small frequency spacing
between £ = 0 and ¢ = 2 p-modes. Once the tidal perturbation
to the mode frequency becomes comparable to Av, such
coupling will be strong and will need to be accounted for. In
our 6 Scuti model, this happens at orbital periods of roughly
Pow < 2 days (see Figure 13).

The same thing will happen for coupling between £ = 1 and
¢ = 3 modes. We do not expect this to affect observations of
¢ = 1 modes too much, because any {/ = 3 component they
obtain will be difficult to observe because of geometric
cancellation (W. Dziembowski 1977). However, an ¢ = 3
mode that gains an £ = 1 component could be strongly altered,
because this component may dominate its observed brightness
fluctuation. Similarly, £ = 4 modes mixing with £ = 2 modes
may also be strongly altered, making them more visible in the
star's power spectrum.

For stronger tidal distortion, the ¢, = 3 component of the
tidal distortion becomes more important, enabling coupling
between modes differing by A¢ = 3 and A¢ = 1. In this case,
the star's eigenfunctions will be asymmetric across the y—z
plane, such that pulsations can be strongly trapped on either
side of the star (i.e., the side facing toward or away from the
companion). This leads to the “tidal trapping” or “single-sided
pulsator” phenomenon seen in several systems (e.g., G. Hand-
ler et al. 2020; D. W. Kurtz et al. 2020). The likely signatures
of strong tidal distortion and of coupling between modes of
different ¢ is a more complex frequency spectrum than we
predict. Examples include doublets with peaks of different
amplitude or with a central frequency component and modes
that produce more than three peaks in the power spectrum.

In general, tidal coupling could lead to the complex behavior
of the tidally perturbed pulsations, and the effects of strong
tidal distortion, centrifugal distortion, and the Coriolis force
should all be taken into account. However, the simple case
analyzed in this paper shows how pulsations can naturally align
with the x-, y-, and z-axes of the star. More thorough
calculations incorporating the effects listed above, and using
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larger networks of coupled modes, will be needed for a full
understanding of the pulsations of tidally distorted stars.

5.3. Reanalysis of Previous Work

Prior work on tidally tilted pulsators inferred mode
geometries that should be revisited based on our results here.
HD 74423 (G. Handler et al. 2020) and CO Cam (D. W. Kurtz
et al. 2020) exhibit tidally trapped pulsations that are likely
partially Yo, modes, but must also contain other components
(e.g., radial modes and Y,,, modes) in order to be tidally
trapped. S. A. Rappaport et al. (2021) and J. Fuller et al. (2020)
identified the tidally tilted pulsation in TIC 63328020 as an
m = £1 mode propagating around the tidal axis. However, it
now appears more likely that this mode is predominantly a Y,
mode, which nearly reproduces the observed amplitude and
phase modulation. Similarly, F. Kahraman Alicavus et al.
(2022) identified several nearly-equal-amplitude doublets
indicative of triaxial pulsations, with their inference of m = 0
modes being consistent with the Y;,, modes we predict, while
we interpret their claim of tidally tilted |m| = 1 modes to
instead be Yo, modes. Along the same lines, the £ = |m| = 1
and ¢ = |m| = 2 modes identified in TIC 68495594 by
R. Jayaraman et al. (2022) likely contain primarily Yo, and
Y5, components, respectively, though both of these must have
additional components in order to produce the observed
amplitude and phase modulation.

5.4. Tidally Perturbed g-modes

We conclude that g-modes are unlikely to be tidally tilted in
synchronized binaries because the Coriolis force will be more
important than the star's tidal distortion in affecting mode
geometry. Yet T. Van Reeth et al. (2022, 2023) have found
several stars showing g-modes whose amplitudes are strongly
modulated over the course of the orbit, such that they appear to
be tidally tilted. However, an important feature of those
pulsations is that their phase modulation is very small, in
contrast to the phase jumps of ~0.5 cycles typically observed
in systems with tidally tilted p-modes.

We believe the cause of the amplitude modulation may arise
from “tidal amplification” (see J. Fuller et al. 2020) rather than
tidal tilting. Since the structures of tidally distorted stars are no
longer spherically symmetric, properties such as the sound
speed and Brunt—Viisdld frequency depend on the tidal
latitude. This could change the outer boundary of the g-mode
cavity, such that a mode produces a larger flux perturbation on
some parts of the star than others. In this scenario, the observed
mode amplitude would vary throughout the orbit, but its phase
would hardly change, consistent with the data. Our models
would not capture this effect, because they do not account for
the gravity-darkened structure of the tidally distorted star.
Future models should attempt to account for this effect.

5.5. Nonsynchronized and Eccentric Binaries

Our analysis in this paper has been simplified by the
assumption of a circular orbit with a tidally synchronized and
aligned pulsator, such that the tidal distortion is static in the
rotating frame of the star. If the star is not tidally synchronized,
or if the orbit is eccentric, then the tidal distortion will not be
static in the star's frame. It is unclear how the star's modes will
behave in this case, and whether or not they will be tidally
tilted. This should be studied in future work.
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L. A. Balona (2018) showed that the p-modes observed in
the heartbeat star KIC 4142768 have splittings by integer
multiples of the orbital frequency, possibly indicative of
amplitude modulation due to tidally tilted pulsations. However,
the relative amplitude of the modes only varies by a small
fraction in that case, whereas the triaxial pulsations shown in
Figures 2—-8 have order-unity amplitude modulation. Another
possibility is that there is nonlinear coupling between p-modes
and tidally excited g-modes that accounts for this splitting
(Z. Guo et al. 2019), which may be observed in other eccentric
p-mode pulsators (K. M. Hambleton et al. 2013; T. Borkovits
et al. 2014). There is currently no clear-cut way to distinguish
between these possibilities.

6. Conclusions

We have demonstrated that tidally distorted stars tend to
exhibit “triaxial” pulsations that are aligned with one of the
star's ellipsoidal axes. To do this, we have used linear
perturbation theory to compute the eigenfrequencies and
eigenfunctions of a tidally coupled multiplet (i.e., the 2¢ +1
different m values of a mode with angular degree ¢ and radial
order n,,). The {, = m, = 2 component of the tidal distortion
couples modes of different m, such that the eigenmodes are
superpositions of multiple spherical harmonics Y;,,. When the
tidal coupling terms are larger than the Coriolis perturbation
terms, the modes become “tidally tilted,” and each mode has a
nearly equal contribution of Y, and Y;_,,.

The three tidally tilted dipole modes become Y., Y10y, and
Y10, modes, each of which is symmetric about one of the three
principal axes of the triaxial star (i.e., the tidal axis, the rotation
axis, and the axis perpendicular to those two). The Y;q, mode
and Y, mode exhibit amplitude modulation over the course of
the orbit, caused by the changing viewing angle between the
line of sight and the tidal axis. Each mode thus creates equal-
amplitude doublets spaced by twice the orbital frequency in the
observed power spectrum. The Y;o, mode is essentially the
¢ =1, m = 0 mode, whose amplitude is not modulated over the
orbit, so it forms a singlet in the power spectrum.

The geometry of the five tidally tilted quadrupole modes
depends on the mass ratio of the binary, but in many cases, they
are similar to spherical harmonics. Two of the modes have
Y,,-like geometry, two have Y,,-like geometry, and the last
mode is the normal Y,q mode. In all cases, however, the modes
are standing modes with a pattern that does not propagate
around the z-axis. This means the observed mode amplitude
and phase vary over the course of the orbit. The Y,;. modes
create doublets spaced by two times the orbital frequency, the
Y2+ modes form doublets spaced by four times the orbital
frequency, and the Y,,, mode forms a singlet. For quadrupole
modes, the mode geometry depends on the mass ratio of the
system, and there will often be some mixing between the Y5,
modes and the Y5, modes.

We derived simple expressions for the frequency perturba-
tions produced by tidal tilting (Equations (64)—(67) for dipole
p-modes), which is approximately the mode frequency times
the tidal distortion amplitude. When these frequency perturba-
tions become comparable to the large frequency spacing, Av,
we expect tidal distortion to strongly couple modes of different
¢, not accounted for in this work (but see J. Fuller et al. 2020).
This will further distort the mode geometries, allowing for
“single-sided” pulsations confined to one side of the star, which
we expect to occur in ¢ Scuti binaries with periods less than
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Py < 2 days. Our model predicts p-modes to be tidally tilted
in tidally circularized and synchronized binaries with
Pow, < 3days and likely at longer periods up to P ~ 6 days,
depending on the mode frequency and spin rate of the star. We
demonstrate that g-modes are unlikely to be tidally tilted in
main-sequence pulsators, remaining aligned with the star's spin
axis, under most circumstances.

Although tidal tilting complicates the calculation of stellar
oscillation modes, it also causes mode amplitude variations
through the orbit that can be used to identify the mode
geometry, allowing for mode identification. The Yo, Y10y, and
Y10, dipole modes can easily be distinguished, as already
shown in V. Zhang et al. (2024) and R. Jayaraman et al. (2024).
Unfortunately, the Yo, mode may be difficult to distinguish
from radial pulsation modes or Y,o, modes, since none of them
exhibit orbital amplitude variation. Similarly, the Yo, and Y,
modes produce identical orbital variation to the quadrupolar
Y>;_ and Y, modes, so these could be difficult to distinguish.
Nonetheless, mode identification enabled by tidal tilting may
allow for detailed asteroseismic characterization of close binary
stars in a manner not possible for single stars.

Along these lines, future observational work should search
for more tidally tilted pulsators, whose clear signature is nearly-
equal-amplitude doublets spaced by twice the orbital fre-
quency. These studies should use our results to identify the
angular number ¢ and radial order n,, of the observed tidally
tilted modes, to enable asteroseismic modeling. Future
theoretical work should include tidal mode coupling between
different angular numbers ¢, which will be especially important
for the = 0 and ¢ = 2 modes. It should also include coupling
induced by the ¢, = 3 component of the tidal potential, which
can cause the modes to be tidally trapped on one side of the star
and will be most important in very tidally distorted stars.
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Appendix A
Tidal Coupling Integrals

Here, we provide the form of the kinetic and potential energy
overlap integrals from Appendix D of F. Dahlen & J. Tromp
(1999). That work was applied to the centrifugal distortion
(which has ¢, = 2, m; = 0). We rearrange their expressions,
simplifying them to the case of £ = ¢’. However, we generalize
them to apply to both the centrifugal distortion and the tidal
distortion, which has components with ¢, = 2, m;, = 0, and
m; = £2. The kinetic energy overlap has the form

6T, o X0 fo 5 gfprz[Tp — @+ DT)dr, (Al
with
T,= —Y,UV' — Y, U'V (A2)
and
T,=UU + Zy,, VV. (A3)

In these expressions, U is the radial displacement associated
with mode o and U’ is the radial displacement for mode o’
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Similarly, V is the horizontal displacement. Also,
Y, = w (Ad)
2
Zypy, = %[Z([’ + D+ +1) =4+ DI (AS)

We have already factored out the time and angular
dependence, i.e., the full displacement is & = UY,,e ™" +
VIV Ype ™

The potential energy coupling terms have the form

Vo o X1 [ Zerw(V, — G+ DV,)
+ plV, — (0 + 3)V,Ddr, (A6)

and the incompressibility is kK = ,OCS2 = I} p, where ¢, is the
sound speed, p is the pressure, and I'; is the adiabatic index.
The integrand components are

V., = —=0U/or@U'/dr + f) — OU'/orOU/0r + f)
—Y,v©EU'/or+ f)/r =Y, V'QU/Or + f)/r ’
(AT)
v, = %(—8U/8r+f)(6U’/8r+f’)
+ (-0 /0r + )0 /0r +) ’
+ Y, VU /or+ f)/r+ Y, V' (QU/or + f)/r
(A8)
V, = (roP/0r + 4nGprU + gU)f’

+ (roP'/Or + 47GprU’ + gU")f
— Y, gVU'/r — Y,,gV'U/r + 3gUU'/r + 3gU'U /r,
+ Zy, PV' /1 + Zyy P'V /7
— Ll + DPU'/r = '(¢' + DP'U/r
(A9)
V,=UO8P'/0r + U'0P/0r + 47GpUU’ + 4nGpU'U
— Y,8UV'/r — Y0,gU'V/r + Zyy VP' /1 + Zyy V'P/r.
(A10)

Here, P is the the Eulerian gravitational potential perturbation
6® = PYy,e ™, and we define f= [2U — £({ + 1)V]/r.

Appendix B
Summary of Tidally Tilted Modes

Here, we decompose triaxial modes into their spherical
harmonic components in compact matrix notation. For £ = 1
modes,

Yle 1 0 —1 Yll
Hoy|=—=1 0 1 || Yo
Yio V2 V20 ||y

These modes are appropriately normalized in the same
manner as spherical harmonics, e.g.,

Jas v =1,

where the integral is taken over a spherical surface. Note that
all of the triaxial modes are purely real or imaginary functions,

(BI)
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because they contain equal components of +m and —m
spherical harmonics.

For ¢ = 2 modes,

Hi_ 01 0 —1 0 b

Yor g Lot o 1oy

Yo l=—]10 0 0 —1|| 1

Yooy 2lto 0 0 1 o

Yao, 002 0 0][n,

For ¢ = 3 modes,

B 001 0 —1 0 o0]] %]
Y314 001 0 1 0 0] %
Ya3_ L {roo o0 o o —1)f ¥
Yi3. -7 100 0 0 0 1 Yao
Yo 010 0 0 -1 0|y,
Yo 0100 0 1 0f]ly,
Yso. [000v2 0 0 0] ¥ 5 ]

These results for the £ = 2 and ¢ = 3 modes hold only if the

off-diagonal coupling terms are small compared to the
difference between the diagonal self-coupling terms. This is,
in fact, the case as long as the mass ratio in the binary (M./M)
is somewhat less than ~ unity.
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