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Abstract—Blade vibration testing is crucial for understand-
ing the dynamic behavior of rotating machinery. This paper
presents a theoretical analysis and experimental validation of
electromagnetic excitation for blade vibration testing in static
conditions. The study focuses on investigating the effect of elec-
tromagnets on static blades to establish a theoretical foundation.
The Timoshenko beam theory is utilized to analyze the vibration
parameters, including amplitude and frequency, while consider-
ing associated uncertainties. The theoretical analysis is comple-
mented by numerical modeling using the nite element method
and experimental measurements employing Laser Doppler Vi-
brometry (LDV). The results demonstrate the effectiveness of
electromagnetic excitation in generating controlled vibrations in
static blades. These ndings provide valuable insights and serve
as a basis for subsequent investigations into the behavior of blades
during rotation. The mathematical model’s frequency estimation
error was approximately 4% compared to numerical results,
and the numerical amplitude results differed by 6.4% from
the experimental measurements. These contributions enhance the
understanding and design of blade vibration monitoring systems
in rotating machinery and provide valuable information on the
blade’s dynamic parameters for the calibration of blade tip
timing systems.

Index Terms—Aero-compressor blade, Magnetic excitation,
static blade, vibration parameters.

I. INTRODUCTION

IN turbomachines, blade vibrations predominantly arise due
to demanding operational factors such as aerodynamic

forces, pressure and speed uctuations, resonances, mechani-
cal imbalances and coupling, blade deterioration, operational
conditions and regimes, etc [1], [2]. Excessive vibrations
reduce the operating service life of the blades by affecting
their structural dynamics and stiffness [3]. If blade vibration
is not properly controlled, monitored, and limited, blade break-
off can occur resulting in severe damage to the turbomachine
with huge economic losses [4]–[7].

Over the years, numerous methods have been developed for
measuring blade vibrations under rotation, broadly categorized
into two groups: contact methods using strain gauges and
non-contact methods based on optical measurements (Laser
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Doppler Velocimetry ”LDV”) or precise time measurements
of blade passages under stator sensors, the so-called Blade
Tip Timing (BTT) method [8]. Blade tip timing systems are
becoming increasingly involved in operational blade vibration
monitoring. The BTT concept relies on determining the arrival
time of the blades using non-contact probes.

In Blade Tip Timing (BTT) systems, there are technical
limitations that restrict the number of probes that can be used.
Consequently, the signals we obtain are undersampled. Re-
constructing vibration from the measured signals may involve
ambiguity, necessitating prior assumptions or knowledge about
the frequencies and amplitudes determined by blade dynamics.
This knowledge is also essential when aiming to minimize
measurement errors and determine the optimal probe positions
[9]–[11].

The blade vibration can be either synchronous or asyn-
chronous, which is determined by the frequency of the force
exerted on the blade. Some of the current experimental equip-
ment for testing and optimizing BTT systems provides an
enhanced excitation system and operates with both types of
vibrations [12]–[14]. The excitation systems used in current
technical practice are mostly based on the force effects of an
air jet or an electromagnetic eld. In this article, we will deal
with the electromagnetic excitation systems. Since the blade
is ferromagnetic, the magnetic pulling force is decisive for the
excitation of its vibrations.

Despite extensive research in the eld of blade vibration
analysis, most existing studies predominantly focus on either
non-destructive testing methods or the dynamics of rotating
blades [15]–[17]. While non-destructive testing methods pro-
vide valuable insights into material integrity and structural
health, they do not specically address the dynamic behavior
of blades under controlled excitation [18]–[23]. Similarly,
research on rotating blade dynamics often emphasizes op-
erational conditions without isolating the inuence of elec-
tromagnetic excitation in static scenarios. Thus Our study
uniquely contributes to the eld by providing a comprehen-
sive theoretical and experimental analysis of blade vibrations
induced by electromagnetic excitation in static conditions. This
foundational work is essential for subsequent investigations
into the behavior of blades during rotation, offering a new
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perspective on blade dynamics that has not been extensively
covered in prior research.

The article presents a theoretical analysis of the vibration of
steam turbine blades veried numerically and experimentally.
In this work, we model the blade geometry considering it to
be twisted and untwisted, and then study its dynamics under
magnetic excitation by an electromagnet. Our proposed solu-
tion contains a basic algorithm for solving the mathematical
model and determining the blade dynamics. At the end of the
research process, the results are compared with those obtained
using ANSYS, as well as with the results of experimental
measurements obtained using LDV.

The article structure is as follows: In Section II, we de-
scribe the system and present the equivalent mathematical
model, resulting in determining the natural frequencies of the
blade modeled as a cantilever beam. The numerical analysis
performed using the fourth-order Runge-Kutta in combination
with the nite difference method to study the dynamics of the
excited blade. Section III deals with the validation process of
the mathematical analysis using FEM applied through ANSYS
and by the LDV experimental measurements; the results are
analyzed and discussed here. The nal section provides an
overall summary and conclusions of the study.

II. ELECTROMAGNETIC FORCE MODELING FOR
CANTILEVERED BLADE VIBRATION

The system under investigation is an electro-mechanical
system shown in Fig. 1 (a). The mechanical component is a
exible ferromagnetic blade made of steel. An electromagnet
is considered the electrical portion of the system. The elec-
tromagnet consists of a coil and a wound wire connected to
a power unit to control the supplied electric current. If the
electromagnet is not saturated, the electric current supplied by
the power source ows across the coil, generating a magnetic
eld B, which is constant if the electric current is constant and
time-varying if the electric current is time-varying. Thus, the
created magnetic eld induces a magnetic force Fm, which
acts on the ferromagnetic blades. The form of the power
source signal supplying the electromagnet develops a magnetic
force of the same shape. When an electromagnet is powered
with alternating current, the resulting alternating magnetic eld
induces periodic attraction and release of a nearby magnetic
blade due to changes in magnetic polarity (Fig. 1 (b)), resulting
in blade vibration.

A. Model for the electromagnetic force FE(w, t)

The electromagnet shown in Fig. 1, is placed in front of the
blade and develops a magnetic force when it is powered. The
magnetic force generated by an electromagnet of N turns,
magnetic induction B, cross-section A and powered by a
current Ie is given by Eq. (1):

FE(w, t) =
B2(w, t)A

2µ0
 (1)

Applying Hopkinson’s law which gives the relationship be-
tween the reluctance of the magnetic circuit, the ux and the
number of turns N through the magneto-motive force, we have:

FE = NIe = RΦ, (2)

Fig. 1. (a): Blade-Electromagnet system, (b): Simplied schematic presen-
tation of the system (c): Top view of the blade-electromagnet system with
directions of movement indicated (d): detailed view n xing the blade from
the root using the bench vice (cantilever blade).

where Ie is the electric current, R denotes the total reluctance
of the medium through which the magnetic ux Φ passes.
Thus, the magnetic force applied to the blade is given by the
equation:

FE(w, t) =
(NIe(t))

2

2µ0A

1

R2(w(x))
, (3)

With the total reluctance given with:

R(w(x)) =
lm

µmA
+

h
′ − w

µ0A
+

lb
µbA

, (4)

lm, lb and h
′ −w represent the effective length traveled by the

magnetic ux in the electromagnet, blade and air, respectively,
w is the lateral vibration of the blade.
µm = µrmµ0 and µb = µbmµ0 are the magnetic permeability
of the material component of the electromagnet and the blade,
respectively, where µ0 represents the magnetic permeability in
vacuum.

FE(w, t) =
µ0N

2A

2

( lb
µrb

) + ( lm
µrm

) + h′ − w
2 × I2e  (5)

In addition, we assume that the magnetic permeability of the
blade and the ferromagnetic material are too large compared
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to the magnetic permeability of the air gap (µrb >> µ0 and
µrb >> µ0). This implies ( lb

µrb
) << (h

′ −w) and ( lm
µrm

) <<

(h
′ − w). Thus, Eq. (5) can be rewritten as in [19]:

FE(w(t), x) =
µ0N

2A

2ϵ2 (h′ − w)
2 × Ie(t)

2, (6)

where ϵ is a correction coefcient due to the assumption of
the authors in [25]. In the following passages and for the sake
of simplicity, we consider ϵ = 1. N is the number of turns
of the coil, h

′
= 2h+ g(x) is the total length crossed by the

magnetic ux, and h is the constant upper air-gap between the
blade and the electromagnet the equilibrium. I is the current
enabling the magnetization of the material. g(x) is the gap
between the bottom of the blade and the electromagnet. In
fact, Fig. 1 shows that the two poles of the electromagnet
have different shapes. The lower surface is pointed (green line
in Fig. 1), so the gap between the blade and the electromagnet
is determined by the following equation:

e(y) = my + b, (7)

where x and u are the coordinates of random point on the
blade in the system of axes considered here (y, x) as in Fig. 1
(c), m is the slope of the line, and b a constant. Considering
our systems’s coordinates, the upper point of the line is given
by A(yA, xA), the lowest point is given by B(yB , xB). For
this particular analysis, yA = h cm, xA = 75 cm, yB =
h + 14 cm, xB = 0 cm, and the constant gap h = 02 cm.
Thus, we obtain the following parameters of m = −535 and
b = 857 of the red line (presented on the picture of the blade
attached to Fig. 2 plot) . Accordingly, Eq. (7) can be written
in its discrete form as follows:

e(yi) = −535yi + 857 = xi(cm) (8)

The coordinates xi are dened such that the blade is divided
into n pieces represented by their position: xi = (i − 1)n,
with i = 1,    , n. The Eq. (7) implies that the air-gap between
the electromagnet and the blade is not constant. In fact, for
0 ≤ xi ≤ xA the gap varies according to the equation:

g(xi) =
xi − b

m
, (9)

This gap is constant for x > 75×10−2(m) . This discontinuity
in the air gap due to the blade vibration implies that the
distribution of the magnetic force along the blade is not
uniform. In addition, the electrical current Ie can be constant
or time-varying. For a constant value of the electrical current,
the magnetic eld generated is constant; if the electrical
current is high enough and in the absence of any force applied
to the blade, the blade is attracted by the electromagnet and
will remain at that position until the electric current is switched
off. In the case time-varying current, there is a variation of
the magnetic ux due to the variation of the magnetic eld.
This can be represented by the case where the current takes
the form of a sine function: Ie(t) = Imaxcos(2πfmt), with
Imax and fm, the maximum amplitude and the frequency of
the current respectively. When the blade is close enough to
the electromagnet, the variation of ux induces eddy currents,
creating a new magnetic eld opposite to the one generated

by the electromagnet. This induced magnetic eld modies
the current and it modies also the inductive reactance of the
electromagnet coil. The Inductive reactance is represented by
XL=2πfmL (Ω), with L (H) being the inductance of the coil
of the electromagnets. As a side effect, the eddy currents circu-
lating across the blade (conductor with a resistance R) produce
heat loss on the conductor, whose temperature increases. This
effect (Eddy currents) is controlled by a stabilizer, which
ensures that the coil’s inductive reactance remains constant. In
the absence of such a controller, the dynamics of the induced
current ib in the coil of the electromagnet would be given by
the following equation:

Lb
∂ib
∂t

+Rib = Blb
∂w

∂t
(10)

where Lb, lb and R are the inductance, length, and resistance
of the coil of the electromagnet, B is the magnetic eld created
by the current ib(t) and w(t) is the transverse displacement of
the blade. This current ib in the case of a permanent supply
of the electromagnet by a current Imax can be measured
following the principle detailed in [15] if the blade in motion
due to an external force. This case can be seen when the
blade is rotating, since the rotation of the blade generates
a centrifugal force proportional to the square of the blade
rotation speed.

Fig. 2. Simplied normalized magnetic eld prole along the blade edge
facing the electromagnet - The blade edge was highlighted in red.

The electric current supplying the electromagnet is assumed to
be alternating current; thus, the corresponding attractive force
developed given by Eq. (11) is alternating, and oscillating at
twice the frequency compared to the current frequency.

F (w, t) = FEmax
cos2(2πfmt) (11)

where fm is the frequency of the AC current (Ie(t) =
Imax cos(2πfmt)), FE(w) is the amplitude of the magnetic
force dened by:

FEmax
(w(t), x) =

µ0N
2AI2max

2(2h+ g(x)− w(t))2
(12)

where Imax is the amplitude of the current supplying the
electromagnet. The magnetic force applied to the blade is
found to be non-uniform. The experimental determination
of the magnetic eld created by the electromagnet can be
achieved by inserting a magnetometer at several points near
the blade edge. The measured magnetic eld along the blade
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tip has a non-uniform distribution or prole as shown in Fig. 2.
The experimental results of the magnetic eld are consistent
with the amplitude of the magnetic force given in Eq.(12).

B. Blade geometry and parameters

In the below expression of the frequency obtained from the
Timoshenko model [24]:

fk =
λ2
k

2πL2


EI

ρS
(13)

where fk is the angular natural frequency of the blade in
Hz, the parameter k denotes the mode of vibration and
the mode parameter λk, E is the young Modulus, L is the
Blade length and ρ is the material density. the blade cross-
section S and the second moment of area I are assumed
constant, which is an adequate assumption for a uniform blade.
Turbine blades, in general, are twisted with airfoil proles.
The blade used in this study was extracted from the bladed
disc assembly of the Viper 522 used by the authors of this
article in the BATISTA project. The blade is characterized
by its specic dimensions and material properties, which are
detailed in the paper on section II-C (under Eq. (16)). The
chosen geometry is representative of typical steam turbine
blades and shown in Fig. 3 (a). Numerical simulation was used
to ensure the propreties of the particular blade. For simplicity
in this theoretical analysis, a visual comparison of the blade
prole with the existing ones obtained from [25] shows that
the current prole has originated probably from the R.A.F 6
(see Fig. 3 (b)) and modied. This means that the maximum
thickness 10 % at 30 % chord and the maximum camber is
46 % at 30% chord [25].

Fig. 3. (a) BATISTA blade with top view -(b) R.A.F 6 airfoil prole from
data obtained in [25].

Thus, dening Yu(x) and Yl(x) as the upper and lower
curves of the blade cross-section respectively, we can math-
ematically dene the following geometrical characteristics of
the blade: The area S(x), the maximal thickness ξ and the
maximal camber cmax of the blade cross-section given by
Eq. (14) and Eq. (15), respectively.

S =

 C

0

(Yu(x)− Yl(x))dx

ξ = max(Yu(x)− Yl(x))× c

cmax = max((Yu(x) + Yl(x))2)× c

(14)

Thus, the area and the second moment of area of the airfoil
cross-section about the bending axis can be given by the
following expressions:

S ≃ KScξ

I ≃ KIcξ(ξ
2 + c2max),

(15)

KS and KI are parameters depending on the area and the
moment of inertia of the airfoil cross-section respectively.
Their values are almost the same for the common airfoils as
reported by [26]: KS = 06 and KI = 0036. The blade
considered in this work has as chord c = 0, 0414 m. Thus, we
obtain the following approximations of the blade geometrical
properties: I=1078× 10−12 m4 and S=4730× 10−6 m2.

C. Numerical Analysis of Electromagnetic-Induced Vibration

We used the Fourier transform of the blade tip displacement
to dynamically analyze our system by plotting the displace-
ment history. This allows the blade tip vibration frequency to
be identied. We used the phase portrait combined with the
Poincare map, where the phase portrait gives the trajectory
of the blade in the phase plane and the Poincare map marks
in the phase plane the position of the blade at each dened
time period. The governing motion equations of the excited
blade derived from the Timoshenko model are numerically
solved using the fourth-order Runge-Kutta method coupled to
the centered difference methods as given by the expression
below. The time step dτ = 1 × 10−7 and the spatial step
∆x=1n, where n is the number of points chosen along the
blade. tj = j × dτ represents the discretized time.

(wi,j+1−2wi,j+wi,j−1)
dτ2

+


EI(wi+2,j+2wi−2,j−4(wi+1,j+wi−1,j)+6wi,j)
ρS∆x4



−ρI

1 + E

κG



(wi+1,j+1−2wi+1,j+wi+1,j−1)

S∆x4dτ2

− 2(wi,j+1−2wi,j+wi,j−1)
S∆x4dτ2

+
(wi−1,j+1−2wi−1,j+wi−1,j−1)

S∆x4dτ2



+ ρI
κGS

(wi,j+2+2wi,j−2−4(wi,j+1+wi,j−1)+6wi,j)
dτ2

= 1
ρS


Fi cos

2 (2πfmtj) +
EI
κSG


∂2F (x,t)

∂t2


i,j

−


∂2F (x,t)
∂x2


i,j




(16)

The numerical simulation of Eq.(16) was carried out con-
sidering the following parameters: L (length of the blade)=
0118 m; ρ (volume density)= 7700 Kgm−3; S (blade cross-
section)= 473 × 10−6 m2; I (second moment of area about
the x axis)= 10, 78 × 10−12 m4; E (Young modulus)= 210
GPa, n= 50 elements, and the initial gap h = 2 × 10−3 m.
The blade’s natural frequencies shown in Fig. 4 were obtained
numerically by resolving Eq. (16) without excitation. The
initial conditions were determined assuming a light bending
of the blade so that the initial displacement of an element i
can be expressed as follows:

wi,0 = − Pxi

κSG
+

Pxi
3

18EI
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with P=10−5 Pa representing the pressure exerted on the blade
due to its inertia.
Fig. 4 (a) represents the blade displacement with respect to

Fig. 4. (a) Time evolution of the blade’s lateral deection under initial
conditions -No excitation, (b): Lateral deection frequency spectrum, and (c):
Phase portrait (in blue) and Poincare map (in red).

the initial conditions and the blade characteristics. We noted
that the blade vibrates with many peaks, which implies that we
can not dene the dynamics of the blade by a single period.
This result is conrmed by the power spectrum (b), the phase
portrait (blue), and the Poincare map (red). The number of red
dots denes the number of frequencies present in the dynamics
of the blade. The most signicant rst four frequencies are:
ω0
1 = 351 Hz, ω0

2 = 1154 Hz, ω0
3 = 3335 Hz and ω0

4 = 6168
Hz. In the subsequent results, the system is assumed to be
excited by a magnetic force generated when the alternating
electric current with a frequency ω is owing through the coils.
The rest of the parameters remain unchanged. Thus, in Fig. 5
and 6, different behavior of the blade is observed by only
modifying the frequency of excitation and preserving the same
amplitude. Fig. 5 shows the blade deection as a function of
time (a) for the electromagnet powered by a current frequency
ω = 46 Hz.

Fig. 5 presents many peaks, with the maximal amplitude of
about 115 µm. The observed peaks reect that the blade is
not vibrating only with a single frequency. This observation is
conrmed by the representation of the frequencies of vibration
of the blade given in Fig. 5 (b). Two frequencies can be ob-
served with the highest amplitude, meaning those frequencies
are the most contributing to the dynamics of the blade, which
are ω = 92 Hz and ω = 351 Hz. It is worth mentioning
that ω = 351 Hz corresponds to the frequency of the rst
mode of vibration of the blade, and ω = 92 Hz is induced
by the excitation force of the same frequency. A blade when
excited vibrates with innite frequencies due to the harmonic
nature of the alternating force used for the excitation. Fig. 5
(c) represents the phase portrait (blue) and the Poincare (red).
The phase portrait reects the behaviors of the blade, which
can be taken at the rst observation as chaotic behavior. The

Fig. 5. (a): Time evolution of blade’s lateral deection due to the magnetic
force generated by the electromagnet supplied by a current with frequency
ω = 46Hz, (b): Lateral deection frequency spectrum, and (c): Phase portrait
(in blue) and Poincare map (in red). The rest of the parameters of the system
as indicated above.

Poincare map claries the type of the blade dynamics included
in this case, the behavior is quasi-periodic, highlighted by the
red ring. The quasi-periodicity could have been predicted by
looking at the amplitude as a function of the frequency, which
shows that the predominant vibration frequency of the blade
vibrates quasi with the same amplitude.

Fig. 6. (a): Time evolution of blade’s lateral deection due to the magnetic
force generated by the electromagnet supplied by a current with frequency
ω = 164 Hz, (b): Lateral deection frequency spectrum and (c): Phase
portrait (in blue) and Poincare map (in red). The rest of the parameters of the
system as indicated above.

The same behavior of the blade was observed in Fig. 6
shows the case, where the frequency of excitation of the blade
is now set to ω = 164 Hz. The time evolution of the lateral
deection in this case shows a quasi-periodic behavior of the
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blade dominated by the excitation frequency. This observation
is conrmed by the phase portrait (in blue) and the Poincare
map (in red), which forms a ring characteristic of quasi-
periodic oscillations.

III. VALIDATION AND COMPARISON OF MODELS

In the previous theoretical analysis, we presented the motion
equation of the blade and the dynamics analysis, where for
the assumed approximations it was possible to numerically
extract the natural frequencies of the blade by applying the
Timoshenko cantilever beam theory. However, this mathemat-
ical approach requires making assumptions about the blade
geometry. In this section, we propose to perform numerical
analysis using ANSYS followed by experimental measurement
to record the dynamics of the cantilever blade and validate
our mathematical approach. It is worth noting that this section
considers the actual geometry of the blade without assuming
the simplication of the mathematical model in the previous
section. We used SOLIDWORKS to design and model the
blade geometry into a 3D virtual format and then ANSYS to
perform the structural analysis.

A. Finite Element Modeling and Analysis of Cantilevered
Blade Vibration

Fig. 7. The model of the blade.

The mesh used by ANSYS for this study conforms to
tetrahedron patches.The size of the element used was 2.25
mm and the number of nodes was 24341. The modal analysis,
which is the analysis to extract the natural frequencies and
mode shapes of the blade, was performed using ANSYS,
assuming that the blade was cantilevered, i.e. xed at the root
as in Fig. 1). The obtained results are shown in Fig. 8.

Fig. 8. Modal Analysis results for the 3 rst mode via ANSY S.

A further step was performed using ANSY S to simulate
the magnetic force effect on the cantilevered blade; the force
impact on the blade has the following characteristics is Fmax

= 93 N and 328 Hz, the amplitude chosen was calculated

Fig. 9. Corresponding magnet excitation force.

according to the following electromagnet characteristics: the
section S = 10371× 10−3m2, the number of turns N = 160
and the inductance L=0.0031 H ; see Fig. 9. The results that
present the vibration of the tip obtained through a transient
structural simulation by ANSY S for the mentioned excitation
are presented in Fig. 10.

B. Experimental Evaluation and Error Quantication

The experiment was performed according to the description
in Fig. 1 (a). The blade was cantilevered with a xed support
parallel to the electromagnet that offers an alternating force
Fmax approximately equal to 93 N . This value was calculated
from the electromagnet characteristics mentioned earlier and
measured experimentally using an equivalent electromagnet
using a load cell situated in the opposite side of the blade and
assuming that the force is equal on both sides of the magnet.
This force is presented in Fig. 9 and resulted from a supplied
electrical current Imax = 255 A. The measurement was carried
out by the Laser Doppler Vibrometer, which is a tool that
measures vibration [27], [28]. We used a Laser Scanning
Vibrometer Polytec PSV-500 [29]. It is worth mentioning
that the vibrometer used is equipped with a derotator and a
reference Vibrometer Polytec OFV-5000 This makes it suitable
for future studies on magnetic excitation for blades under
rotation. We positioned the scanning point at the blade’s
tip to ensure a comparable case between the numerical and
experimental results.

The displacement curve recorded during this experiment is
shown in Fig. 11 (a) , a Peak-to-Peak amplitude of 01539
mm was obtained using the LDV, whereas in Fig. 10 (a)
we presents the one obtained through ANSY S which was
equal to 016393 mm. we employed a short time interval
for a demonstration purpose while the sampling frequency is
25KHz. This sampling rate was shown to be sufcient for
sampling up to the 2nd vibration mode. The relative error
is 6.4% and it represents the calculated relative error in the
amplitudes between the experimental and numerical results
while the error in frequency estimation (1st mode of the blade)
was less than 0.5% when comparing between ANSY S and
the LDV results and about 4% if we compared to the value
estimated by the proposed mathematical approach.
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Fig. 10. Simulation results obtained by ANSY S (a): Time evolution
of blade’s lateral deection due to the magnetic force generated by the
electromagnet supplied by a current with frequency ω = 164 Hz, (b): Lateral
deection power spectrum and (c): Phase portrait.

TABLE I
A COMPARATIVE TABLE FOR THE RESULTS OBTAINED FROM NUMERICAL

ANALYSIS, ANSYS AND THE LDV.

Numerical ANSYS Error(%) LDV Error(%)
Amplitude (mm) 0.180 0.16393 9.8 0.1539 6.11
Frequency (Hz) 351 336 4.46 337.4 0.416

The Table I shows the results obtained from each model
and an overview of the relative error where the simulation
results (ANSYS) were taken as a reference. The relative error
in amplitudes is justied as per the assumptions mentioned in
Section II B. The comparison between the obtained values and
the value estimated by the proposed mathematical approach

Fig. 11. Experimental results obtained through LDV system (a): Time
evolution of blade’s lateral deection due to the magnetic force generated
by the electromagnet supplied by a current with frequency ω = 164 Hz, (b):
Lateral deection power spectrum and (c): Phase portrait.

shows a high agreement. The relative error is considered
acceptable and neglect the fact that the experimental mea-
surements are affected by an integration error in the LDV
signal processing toolbox. The prominence of the spectral
component at half the excitation frequency in the power
spectrum curves shown in Fig. 11 (b) and Fig. 10 (b) can be
attributed to the phenomenon of period-doubling , a nonlinear
effect commonly observed in resonant systems. This effect
signies a transition from a stable state to oscillatory behavior,
leading to the appearance of spectral components at integer
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fractions of the excitation frequency. In the context of our
experiment with the cantilevered structure excited at its rst
mode, the observed prominence of the spectral component at
half the excitation frequency indicates the presence of this
period-doubling phenomenon, emphasizing the signicance
of nonlinear dynamics in the system’s response. The torus-
shaped phase portrait resulting from our experimental and
simulation studies in Fig. 11 (c) and Fig. 10 (c), with the point
of measurement at the blade tip and excitation force close
to the resonance, highlights the intricate interplay between
the resonance-induced excitation and the system’s dynamics.
This complex cyclic behavior underscores the involvement of
multiple vibrational modes and emphasizes the signicance of
nonlinear energy exchanges within the system. The agreement
between the experimental and simulated results validates the
accuracy of our simulations and highlights the robustness of
our ndings. For the experimental procedure, the potential
loading effect from electromagnetic excitation was assessed
and considered negligible. We used electromagnetic excitation
to generate blade vibrations, measured by a Laser Doppler
Vibrometer (LDV) based on the Doppler effect. This non-
contact method avoids introducing additional mass or stiffness,
eliminating any mechanical loading effect that could alter the
blade’s dynamic response. The electromagnetic system was
precisely controlled to induce the required vibrations without
signicantly changing the blade’s properties. Careful calibra-
tion ensured minimal alteration of the blade’s characteristics.
The control system of the electromagnet, along with real-time
monitoring of the blade’s vibrations, allowed for consistent and
repeatable testing conditions. Please note that the integration
error can be easily minimized. However, since we did not
study the nonlinearity of the dynamic behavior of the blade, we
avoided processing this error in this work.The reason for the
error is that the LDV system measures in principle the velocity
at any arbitrary target point of the body under study, and
the automatic integration producing the blade displacement is
biased, which contributes to the discrepancy observed when
comparing the methods. In this study, the effect of damping
was not considered, since the comparison was made on the
same model with different approaches, in order to have an
overview of the blade dynamics and to have a reference for
the uncertainty evaluation.

IV. CONCLUSION

In this article, we performed a theoretical and experimental
analysis of a blade with an airfoil cross-section subjected to
a periodic magnetic force generated by an electromagnet. In
the theoretical analysis, we derived the equation describing
the motion of the excited blade while considering it as a
Timoshenko cantilever beam. The numerical analysis obtained
by resolving the blade motion equation for both cases revealed
that the blade dynamics exhibit quasi-periodic behavior, with
the rst mode of vibration and the excitation frequency be-
ing the most dominant frequencies. On the other hand, the
numerical analysis via ANSYS and the experimental results
showed good qualitative agreement in the case of an excitation
frequency of 328 Hz. Numerical analysis by directly solving

the mathematical equation of the Timoshenko blade showed
that it could vibrate with two frequencies.This work forms
the foundation for future research related to the utilization
of blade tip timing for measuring blade vibration. Thus, by
primarily analyzing the system as described, we could estimate
the potential frequencies of the blade vibration. The prior
knowledge about the vibration signal provided by this paper
could assist in optimizing and calibrating the mathematical
model for determining the positions of the probes.
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