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ABSTRACT 

Present work involves minimization of the weight of a three-phase, glass and carbon 

nanotubes (CNT) reinforced angle-ply laminate, subject to a fundamental frequency 

constraint. Design variables include the optimal (nonuniform) distributions of the fibers and 

the CNTs across the laminate thickness, the stacking sequence, ply angles and ply 

thicknesses. In order to assess the effect of different design variables on weight 

minimization, a sequence of five different optimization problems is solved with an 

increasing number of design variables. The present approach has the advantage of 

comparing and assessing the effectiveness of different sets of design variables on the 

design efficiency and identifying the ones which are more effective in minimizing the weight. 

Design efficiency is defined as the ratio of the weight of the optimal laminate to the weight 

of a plate which is not reinforced, but subject to the same frequency constraint. It is 

observed that fiber and CNT reinforcements are used most effectively if placed close to or 

in the outer layers. It is also observed that CNT reinforcement affects the optimal values of 

the ply angles due to the fact that the directional properties of the fibers become less 

pronounced as the matrix is reinforced by CNTs. 

 
Keywords: Minimum weight design, Nanocomposites, CNT reinforcement, Frequency 

constraint, Multiscale composite 

 

1. Introduction 

 
      Lightweight structures are of major importance in several fields of engineering such as 

aerospace, marine and automotive engineering. This led to an increased use of composites 

in many engineering applications due to their high stiffness and high strength to weight 

ratios. Development of nanocomposites improved the weight advantage of composite 

materials further by employing nano-scale reinforcements in the design of composite 

components. This was mainly due to the discovery of carbon nanotubes (CNTs) with 
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exceptional properties in 1991 leading to two-phase nanocomposites in the form of CNT 

reinforced polymer matrices as noted in [1, 2] and in review articles [3, 4]. The effect of 

CNTs for improving the properties of polymer composites has been studied extensively and 

reported in the review articles [5, 6]. 

      Recent studies on components involving two-phase CNT reinforced composites include 

papers on bending [7, 8], buckling [9, 10] and vibration [9-12]. One drawback of two-phase 

components involves the mostly random distribution of CNTs in a polymer matrix as noted 

in [13, 14]. As a result of this, i.e., the random distribution of CNTs in the matrix, two-phase 

nanocomposites lack directional properties. However, in many applications, directional 

stiffness and strength properties are important design issues. Further developments in 

material science and manufacturing processes led to three-phase multiscale 

nanocomposites by also introducing fibers as reinforcing components in addition to CNTs 

as pointed out in [15].  

      Presently, nanocomposites comprising fiber/CNT/polymer combination are being used 

in the design of several components as outlined in the review article [16]. As such, these 

composites, having macro, micro and nanoscale elements, can be considered ideal 

materials in weight sensitive applications as they combine the light weight advantage of 

CNTs with the directional properties of fibers. Due to the reinforcing effect of CNTs, three-

phase nanocomposites are lighter than fiber reinforced composites for the same level of 

stiffness. In addition to their natural light weight advantage, three-phase composites can 

be further optimized for minimum weight subject to a certain set of design constraints. The 

weight content of CNTs in each layer provides another design variable when this parameter 

is included in the optimization process. Inclusion of the fiber orientations as design 

variables in addition to the volume contents of CNTs and the fibers in each layer increases 

the complexity of the design and manufacturing processes of the composite laminates. 

However, the benefits of using fiber reinforced three-phase nanocomposites are likely to 

compensate for the negatives (which are mostly due to a more complicated manufacturing 

process) by increasing the strength and stiffness and reducing the weight of the final 

design. 

      Light weight structures tend to be slender and, as a result, susceptible to resonance in 

the presence of dynamic loads. Vibrations of three-phase nanocomposites have been 

studied in a number of cases which include viscoelastic composite beams [17], 3D 

frequency response of laminated annular plates [18], and nonlinear vibrations of cylindrical 

shells [19, 20]. 
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     For structures subject to dynamic loads, structural resonance needs to be avoided for 

their safe operation. This can be achieved by imposing frequency constraints at the design 

stage of the component. In this case, the objective is to keep the natural frequencies away 

from the resonance frequencies. In most cases of the minimum weight designs, the 

constraint is imposed on the fundamental frequency to be higher than a certain value. This 

is also the same approach for the minimum weight design case studied in the present work. 

Minimum weight designs of composite structures have been studied extensively due to 

their importance in many fields of engineering with aerospace being a prime area of 

importance for light weight designs. Weight and cost minimization of carbon and glass fiber 

hybrid laminates were studied in a number of papers [21, 22]. In [22], design variables were 

specified as the number of layers and the fiber angles and using an unconventional 

stacking sequence, minimum weight designs of composite laminates were obtained.  

      Multiscale composites are studied in [23] involving composite beams and blades. CNTs 

are assumed to be uniformly distributed and randomly oriented. It was noted that a small 

amount of CNT improved the stiffness of the beams and blades substantially with the matrix 

specified as E-glass/epoxy. Vibration, bending and buckling of CNT reinforced hybrid 

beams are studied in [24]. In [25], weight and cost minimization were investigated for a 

laminated beam made of carbon and flax fibers subject to a frequency constraint with the 

layer thicknesses, type, angle and volume contents of fibers specified as design 

parameters.  

Minimization of the weight of a functionally graded beam subject to a buckling constraint 

was the subject of the work in [26] with the material specified as aluminum and ceramic 

and taking the material distribution as the design variable. Multiobjective lightweight design 

of a functionally graded beam was given in [27] specifying the maximum frequency and the 

buckling load as the design objectives. Weight of a laminated carbon fiber composite wing 

torsion box was minimized in [28] subject to stiffness and strength constraints using a multi-

objective optimization approach. In [28], fiber orientations and the layer thicknesses were 

taken as the design variables. Optimization of three-phase plates with respect to 

frequencies was studied in [29] using Mori-Tanaka approach for micromechanical analysis 

and firefly algorithm for optimization. The effect of the nonuniform distribution of CNTs 

across laminate thickness was noted in several studies involving functionally graded 

distributions of the reinforcements [30-33]. 

      In the present study, the weight of a three-phase laminated plate is minimized subject 

to a fundamental frequency constraint taking the distribution of the fibers and the CNTs 
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nonuniform across the laminate thickness. As such, they serve as design parameters in 

addition to the stacking sequence, ply angles and the layer thicknesses. Sequential 

quadratic programming algorithm is employed to solve the formulated optimization 

problems. In order to assess the effectiveness of each design variable on minimizing the 

weight, a sequence of five optimization problems is solved with the number of design 

variables increasing from one design problem to the next. This approach indicates the 

effectiveness of each design variable as compared to the other design variables in 

minimizing the weight. 

      In a composite laminate design, fiber orientations and the stacking sequence are the 

design variables mostly used in the design process. However, distributions of the 

reinforcing materials, which are the fibers and the CNTs in the present case, across the 

thickness have gained importance recently to improve the efficiency of the optimal designs 

and to reduce the weight by using the reinforcements where they are most effective as 

noted in [34]. The effect of the distribution of CNTs on the weight has been noted in a 

number of studies involving functionally graded laminates with the CNTs distributed 

nonuniformly across the thickness. In this context, it was observed that composite material 

designs consisting of a combination of fibers and a nano material had substantially 

improved the design efficiencies in terms of weight as noted in [24, 26, 35]. Their 

effectiveness in minimizing the weight is studied in the present paper by means of solving 

five design problems of increasing complexity. 

      The paper is organized as follows: Section 2 presents the formulation for the minimum 

weight problem subject to a frequency constraint. Micromechanical equations to compute 

the material properties of three-phase materials are presented in Section 3. In Section 4, 

the formulations for the different optimization problems are presented. This includes the 

design constraints and the design variables used in each optimization problem. Section 5 

shows the verification of the current method of solution. This is followed by the numerical 

results in Section 6 which provides detailed descriptions for each optimization problem and 

highlighting the effect of carbon nanotubes to weight minimization. Section 7 concludes the 

paper and summarizes the main findings of the study.  
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2. Theoretical formulation 

      Under consideration is a simply supported rectangular laminate of dimensions 𝑎 in the 

𝑥 direction and 𝑏 in the 𝑦 direction as shown in Figure 1. The laminate has a thickness 𝐻 

and the number of layers is denoted by 𝑁 (Figure 1).  

 

Figure 1: Geometry and notations for the laminated plate. 

 

The equation governing the free vibrations of the laminate is given in [36] as 

 

𝐷11

𝜕4𝑤0

𝜕𝑥4
+ 2(𝐷12 + 2𝐷66)

𝜕4𝑤0

𝜕𝑥2𝜕𝑦2
+ 𝐷22

𝜕4𝑤0 

𝜕𝑦4
+ 𝐼0

𝜕2𝑤0

𝜕𝑡2
= 0            (1) 

where  

𝐼0 = ∑ 𝜌0
(𝑘)(𝑧𝑘+1 − 𝑧𝑘)                                                       (2)

𝑁

𝑘=1

 

is the mass per unit area with the thickness direction 𝑧 shown in Figure 1. The stiffness 

terms 𝐷𝑖𝑗 are given by: 

𝐷𝑖𝑗 =
1

3
∑ �̅�𝑖𝑗

(𝑘)(𝑧𝑘+1
3 − 𝑧𝑘

3)                                                        (3)

𝑁

𝑘=1

 

The expressions for the transformed stiffness terms  �̅�𝑖𝑗(𝜃) are given by [36]: 

 

𝑄11 = 𝑄11 𝑐𝑜𝑠4 𝜃 + 2(𝑄12 + 2𝑄66) 𝑠𝑖𝑛2 𝜃 𝑐𝑜𝑠2 𝜃 + 𝑄22 𝑠𝑖𝑛4 𝜃 

𝑄12 = (𝑄11 + 𝑄22 − 4𝑄66) 𝑠𝑖𝑛2 𝜃 𝑐𝑜𝑠2 𝜃 + 𝑄12(𝑠𝑖𝑛4 𝜃 + 𝑐𝑜𝑠4 𝜃) 

𝑄22 = 𝑄11 𝑠𝑖𝑛4 𝜃 + 2(𝑄12 + 2𝑄66) 𝑠𝑖𝑛2 𝜃 𝑐𝑜𝑠2 𝜃 + 𝑄22 𝑐𝑜𝑠4 𝜃 

𝑄66 = (𝑄11 + 𝑄22 − 2𝑄12 − 2𝑄66) 𝑠𝑖𝑛2 𝜃 𝑐𝑜𝑠2 𝜃 + 𝑄66(𝑠𝑖𝑛4 𝜃 + 𝑐𝑜𝑠4 𝜃) 

 (4) 

The stiffness  𝑄𝑖𝑗 for each layer is expressed as 

α 
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𝑄11 =
𝐸11

1 − 𝜈12𝜈21
      𝑄12 =

𝜈12𝐸22

1 − 𝜈12𝜈21
 𝑄22 =

𝐸22

1 − 𝜈12𝜈21
    𝑄66 = 𝐺12            (5) 

In the present study, the influence of bending-twisting coupling terms 𝐷16 and 𝐷26 is 

neglected. The error of neglecting these terms becomes negligible when 𝛾 ≤ 0.2 and 𝛿 ≤

0.2 where 𝛾 = 𝐷16(𝐷11
3 𝐷22)−1/4, 𝛿 = 𝐷26(𝐷11𝐷22

3 )−1/4 as noted in a number of studies [37-

39].  

For the simply supported boundary conditions, the solution of the governing equation (1) 

can be expressed as 

𝑤0(𝑥, 𝑦) = 𝐶𝑚𝑛 𝑠𝑖𝑛
𝑚𝜋𝑥

𝑎
 𝑠𝑖𝑛

𝑛𝜋𝑦

𝑏
                                                       (6) 

corresponding to the mode numbers 𝑚 and 𝑛. The fundamental frequency 𝜔11 is given by 

[36]: 

𝜔11
2 =

𝜋4

𝐼0𝑏4
[𝐷11𝑟4 + 2(𝐷12 + 2𝐷66)𝑟2 + 𝐷22]                              (7) 

where 𝑟 is the aspect ratio defined as 𝑟 = 𝑏/𝑎.  

 
3. Effective material properties using micromechanics equations 

  3.1. Two-phase CNT reinforced matrix composite 

 

      For two-phase CNT reinforced matrix, the elastic constants can be determined using 

the micromechanical equations. The index 𝐶𝑁𝑇𝑀 is used to denote the effective elastic 

properties of the two-phase CNT reinforced matrix. To indicate the material properties of 

the CNT and the matrix, the indices 𝐶𝑁𝑇 and 𝑀 are used. Young’s modulus of the CNT 

reinforced matrix is given by [23]:  

𝐸𝐶𝑁𝑇𝑀 =
𝐸𝑀

8
[5 (

1 + 2𝛽𝑑𝑑𝑉𝐶𝑁𝑇

1 − 𝛽𝑑𝑑𝑉𝐶𝑁𝑇
) + 3 (

1 + 2(𝑙𝐶𝑁𝑇/𝑑𝐶𝑁𝑇)𝛽𝑑𝑙𝑉𝐶𝑁𝑇

1 − 𝛽𝑑𝑙𝑉𝐶𝑁𝑇
)]                     (8) 

 
where subscripts CNT and M correspond to the CNT reinforced matrix and the unreinforced 

matrix, respectively. The coefficients which appear in equation (8) are given by  

( ) ( )

( ) ( )

4

2

CNT M CNT CNT

dd

CNT M CNT CNT

E E d t

E E d t


−
=

+
          (9) 
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( ) ( )

( ) ( )

4

2

CNT M CNT CNT

dl

CNT M CNT CNT

E E d t

E E l t


−
=

+
      (10) 

In Eqs. (9) and (10),  𝑙𝐶𝑁𝑇 , 𝑑𝐶𝑁𝑇 and  𝑡𝐶𝑁𝑇 denote the length, diameter and the thickness 

of the carbon nanotubes, respectively. The Poisson’s ratio and the shear modulus of the 

CNT reinforced matrix are given by 

𝜈𝐶𝑁𝑇𝑀 = 𝜈𝐶𝑁𝑇 𝑉𝐶𝑁𝑇 + 𝜈𝑀 (1 − 𝑉𝐶𝑁𝑇)                                  (11) 

𝐺𝐶𝑁𝑇𝑀 =
𝐸𝐶𝑁𝑇𝑀

2(1 + 𝜈𝐶𝑁𝑇𝑀)
                                                       (12) 

The volume content of carbon nanotubes  𝑉𝐶𝑁𝑇  can be expressed in terms of the weight 

fraction, denoted by 𝑊𝐶𝑁𝑇, as follows: 

𝑉𝐶𝑁𝑇 =
𝑊𝐶𝑁𝑇

𝑊𝐶𝑁𝑇 + (𝜌𝐶𝑁𝑇/𝜌𝑀)(1 − 𝑊𝐶𝑁𝑇)
                                        (13) 

The density of CNT reinforced matrix can be calculated from: 

𝜌𝐶𝑁𝑇𝑀 = 𝜌𝐶𝑁𝑇 𝑉𝐶𝑁𝑇 + 𝜌𝑀 (1 − 𝑉𝐶𝑁𝑇)              (14) 

3.2. Three-phase fiber/CNT reinforced matrix composite 

 
The elastic moduli and density of each ply for the three-phase laminate (Carbon 

fiber/CNT/matrix) are computed from the equations given in [23, 40] as 

 
𝐸11 = 𝐸𝐹11𝑉𝐹 + 𝐸𝐶𝑁𝑇𝑀 (1 − 𝑉𝐹)                                         (15) 

 

𝐸22 = (
𝑉𝐹

𝐸𝐹22
+

1 − 𝑉𝐹

𝐸𝐶𝑁𝑇𝑀
− 𝑉𝐹(1 − 𝑉𝐹)

𝜈𝐹
2 (𝐸𝐶𝑁𝑇𝑀/𝐸𝐹22) + 𝜈𝐶𝑁𝑇𝑀

2 (𝐸𝐹22/𝐸𝐶𝑁𝑇𝑀) − 2𝜈𝐹 𝜈𝐶𝑁𝑇𝑀

𝑉𝐹 𝐸𝐹22 + (1 − 𝑉𝐹)𝐸𝐶𝑁𝑇𝑀
)

−1

  (16) 

 

𝐺12 = (
𝑉𝐹

𝐺𝐹
+

1 − 𝑉𝐹

𝐺𝐶𝑁𝑇𝑀
)

−1

                                                         (17) 

𝜈12 = 𝜈𝐹12𝑉𝐹 + 𝜈𝐶𝑁𝑇𝑀 (1 − 𝑉𝐹)                          (18) 

Density 𝜌 of the three-phase ply is given by 

𝜌 = 𝜌𝐹 𝑉𝐹 + 𝜌𝐶𝑁𝑇 𝑉𝐶𝑁𝑇 + 𝜌𝑀 (1 − 𝑉𝐹 − 𝑉𝐶𝑁𝑇)                (19) 
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4. Formulations of minimum weight problems 

 
      In the present work, the design objective is to minimize the weight of a simply supported 

(SS) laminated plate subject to a fundamental frequency constraint. For optimization, the 

sequential quadratic programming algorithm (SQP) available in MATLAB is implemented. 

The SQP algorithm is used for nonlinear constrained optimization problems and has been 

used in a number of studies involving the optimal design of composites [41-43]. For the 

problems that the fiber angles are considered as design variables (result Sections 6.5 and 

6.6), discrete fiber angles are tested using parametric iterations. In each iteration, the SQP 

algorithm is called to determine the optimal response, considering the discrete-parametric 

fiber angles as well as the remaining design variables (CTN/fiber content and thickness). 

     In particular, five optimization problems are formulated with the number of design 

variables increasing with each design problem.  The design variables are fiber volume 

fractions (𝑉𝐹𝑘) and CNT weight fractions (𝑊𝐶𝑁𝑇𝑘) of layers, fiber orientation angles (𝜃𝑘), and 

ply thickness ratios  ℎ𝑘/𝐻 with 𝑘 = 1, 2, … , 𝑁. The formulations of the optimization problems 

are given next. 

 
4.1 Problem 1: Two-phase laminate with non-uniform (optimal) distribution of fibers (Design 

variables: 𝑉𝐹𝑘 across the thickness, no CNT reinforcement) 

 
      First optimization problem involves the optimization of a fiber reinforced laminate with 

uniform layer thicknesses and non-uniform (optimal) distribution of fibers across the 

thickness and with no CNT content. The total volume of fibers (𝑉𝑜𝑙𝐹𝑘) in the 𝑘𝑡ℎ layer is 

given by  𝑉𝑜𝑙𝐹𝑘 = 𝑎𝑏ℎ𝑉𝐹𝑘 where ℎ = 𝐻/𝑁  and  𝑉𝐹𝑘  is the  fiber volume content of the 𝑘𝑡ℎ 

layer. The total volume of fibers in a laminate with 𝑁 layers is given by  

𝑉𝑜𝑙𝐹𝑇𝑜𝑡𝑎𝑙 = ∑ 𝑉𝑜𝑙𝐹𝑘 =

𝑁

𝑘=1

𝑎𝑏ℎ ∑ 𝑉𝐹𝑘

𝑁

𝑘=1

                                               (20) 

The maximum volume of non-uniformly distributed fibers is given by 𝑉𝑜𝑙𝐹𝑚𝑎𝑥 = 𝑎𝑏𝐻𝑉𝐹𝑚𝑎𝑥 

where 𝑉𝐹𝑚𝑎𝑥  is the maximum volume fraction of fibers in each layer, that is: 

𝑉𝐹𝑘 ≤ 𝑉𝐹𝑚𝑎𝑥  for 𝑘 = 1, 2, … , 𝑁                                            (21) 

      As the design objective is the minimization of the weight, the optimal solution will use 

the minimum amount of fibers. For a laminate with 𝑁 layers and fiber volume fraction 𝑉𝐹𝑘 
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of each layer as the design variable, the minimum weight problem subject to a frequency 

constraint ΩO can be stated as follows:  

 
min 𝑊𝐿(𝑉𝐹𝑘)  wrt 𝑉𝐹𝑘                                         (22) 

where 𝑊𝐿 is the weight of the laminate and is given by 

𝑊𝐿(𝑉𝐹𝑘) = ∑(𝑊𝐹𝑘 + 𝑊𝑀𝑘) =

𝑁

𝑘=1

𝑎𝑏ℎ ∑[𝜌𝐹 𝑉𝐹𝑘 + 𝜌𝑀 (1 − 𝑉𝐹𝑘)]                    (23)

𝑁

𝑘=1

 

subject to        
𝜔11

𝜔𝐼𝑃
≥ ΩO                                                         (24) 

0 ≤ 𝑉𝐹𝑘 ≤ 𝑉𝐹𝑚𝑎𝑥   for 𝑘 = 1, 2, … , 𝑁      (25) 

where 𝑊𝐹𝑘 and 𝑊𝑀𝑘 are the weights of the fibers and the matrix of the 𝑘𝑡ℎ layer, and 𝜌𝐹 

and 𝜌𝑀 are the densities of the fibers and the matrix, respectively.  The minimization is 

carried out with respect to the fiber contents of layers, i.e., 𝑉𝐹𝑘 . Equation (23) defines the 

objective function with the fiber content 𝑉𝐹𝑘 being the design parameter for the 𝑘𝑡ℎ layer. 

The design constraint in equation (24) refers to the frequency constraint defined as the 

ratio 
𝜔11

𝜔𝐼𝑃
 of the fundamental frequencies 𝜔11 and 𝜔𝐼𝑃 where 𝜔𝐼𝑃 is the frequency of the 

isotropic plate of the same thickness as the minimum weight laminate made of the matrix 

material only, that is, without any reinforcement. The constraint (24) indicates that the ratio  

𝜔11

𝜔𝐼𝑃
 should be equal to or higher than the frequency constraint ΩO. The constraint (25) limits 

the fiber content 𝑉𝐹𝑘 of each layer. 

      To provide a quantitative measure of the weight minimization and to evaluate the 

effectiveness of the optimal solutions, a design efficiency factor 𝜂 is introduced. This factor 

is defined as the ratio of the weight 𝑊𝐿 of the optimized laminate and the weight 𝑊0 of the 

reference plate and is given by 

𝜂 =
𝑊𝐿(𝑉𝐹𝑘)

𝑊0(𝐻0)
=

𝑎𝑏ℎ ∑ [𝜌𝐹  𝑉𝐹𝑘 + 𝜌𝑀 (1 − 𝑉𝐹𝑘)]𝑁
𝑘=1

𝑎𝑏𝐻0𝜌𝑀
                           (26) 

The reference plate is defined as an isotropic plate of the same material as the matrix and 

with its thickness 𝐻0 defined in terms of the fundamental frequency of the plate. The 

fundamental frequency for a simply supported isotropic plate is given by 

𝜔𝐼𝑃 = [(
𝜋

𝑎
)

2

+ (
𝜋

𝑏
)

2

] (
𝐷

𝜌𝑀𝐻0
)

1/2

                                             (27) 
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where 𝐷 is the flexural rigidity which is determined from equation (28) as  

𝐷 = 𝜔𝐼𝑃
2 𝜌𝑀𝐻0  [(

𝜋

𝑎
)

2

+ (
𝜋

𝑏
)

2

]
−2

                                             (28) 

Noting that 

𝐷 =
𝐸𝑀 𝐻0

3

12(1 − 𝜈𝑀
2 )

                                                                 (29) 

the thickness 𝐻0 of the isotropic plate can be determined from Eqs. (28) and (29) as 

𝐻0 = 𝜔𝐼𝑃 (
12 𝜌𝑀(1 − 𝜈𝑀

2 )

𝐸𝑀
)

1/2

[(
𝜋

𝑎
)

2

+ (
𝜋

𝑏
)

2

]
−1

                             (30) 

where 𝜔𝐼𝑃 is equal to the fundamental frequency of the optimal laminate. In equation (29), 

𝐸𝑀 and 𝜈𝑀 are the Young’s modulus and the Poisson’s ratio of the matrix. Definition of the 

design efficiency factor 𝜂 given by equation (26) indicates that for minimum weight 

laminates,  𝜂 < 1 since the isotropic plate with the same frequency as the optimal laminate 

will be thicker and consequently, heavier. As such, the design efficiency factor indicates 

how light the optimal design is, as compared to an unreinforced plate with the same 

fundamental frequency. A lower value of 𝜂 indicates a more efficient design. It is noted that 

the efficiency factor 𝜂 given by equation (26) is basically the non-dimensional weight of the 

optimized laminate. It seems that the design efficiency factor as formulated above has not 

been used in publications involving laminates designed for minimum weight. 

 

4.2 Problem 2: Three-phase laminate with non-uniform (optimal) distribution of fibers and 

uniform distribution of CNTs (Design variable: 𝑉𝐹𝑘) 

 
      In the second optimization problem, the effect of uniformly distributed CNT 

reinforcement of the matrix on the minimum weight design is investigated with the fibers 

distributed optimally across the thickness. As such the material is three-phase involving 

CNT/fiber combination. However, CNT reinforcement is distributed uniformly across the 

thickness. The optimization problem for the laminate reinforced with uniformly distributed 

CNTs can be stated as follows:  

min 𝑊𝐿(𝑉𝐹𝑘, 𝑉𝐶𝑁𝑇𝑘)  wrt  𝑉𝐹𝑘                                                       (31) 

where 𝑉𝐶𝑁𝑇𝑘 is the volume content of CNTs and 

𝑊𝐿(𝑉𝐹𝑘, 𝑉𝐶𝑁𝑇𝑘) = ∑(𝑊𝐹𝑘 + 𝑊𝐶𝑁𝑇𝑘 + 𝑊𝑀𝑘) =

𝑁

𝑘=1
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= 𝑎𝑏ℎ ∑[𝜌𝐹 𝑉𝐹𝑘 + 𝜌𝐶𝑁𝑇 𝑉𝐶𝑁𝑇𝑘 + 𝜌𝑀 (1 − 𝑉𝐹𝑘 − 𝑉𝐶𝑁𝑇𝑘)]                         (32)

𝑁

𝑘=1

 

subject to the design constraints (24) and (25) and it is noted that 𝑉𝐶𝑁𝑇𝑘 = constant for 𝑘 =

1,2, … , 𝑁. For the present problem, the design efficiency factor 𝜂, as defined by equation 

(26), can be expressed as 

𝜂 =
𝑊𝐿(𝑉𝐹𝑘, 𝑉𝐶𝑁𝑇𝑘)

𝑊0(𝐻0)
=

𝑎𝑏ℎ ∑ [𝜌𝐹 𝑉𝐹𝑘 + 𝜌𝐶𝑁𝑇  𝑉𝐶𝑁𝑇𝑘 + 𝜌𝑀 (1 − 𝑉𝐹𝑘 − 𝑉𝐶𝑁𝑇𝑘)]𝑁
𝑘=1

𝑎𝑏𝐻0𝜌𝑀
        (33) 

 
4.3 Problem 3: Three-phase laminate with non-uniform (optimal) distributions of fibers and 

CNTs (Design variables: 𝑉𝐹𝑘 and 𝑉𝐶𝑁𝑇𝑘) 

 
      In the third optimization problem, the effect of optimal distribution of CNTs as well as 

the optimal distribution of fibers across the thickness are investigated, that is, CNT 

reinforcement and fibers are distributed non-uniformly (and optimally) across the thickness 

with the objective of minimizing the weight. The optimization problem with both CNT and 

fiber distributions as the design parameters can be stated as follows:  

 

min 𝑊𝐿(𝑉𝐹𝑘, 𝑉𝐶𝑁𝑇𝑘)  wrt  𝑉𝐹𝑘  and  𝑉𝐶𝑁𝑇𝑘                         (34) 

where 

𝑊𝐿(𝑉𝐹𝑘, 𝑊𝐶𝑁𝑇𝑘) = ∑(𝑊𝐹𝑘 + 𝑊𝐶𝑁𝑇𝑘 + 𝑊𝑀𝑘) =

𝑁

𝑘=1

 

= 𝑎𝑏ℎ ∑ [𝜌𝐹 𝑉𝐹𝑘 + 𝜌𝐶𝑁𝑇 𝑉𝐶𝑁𝑇𝑘 + 𝜌𝑀 (1 − 𝑉𝐹𝑘 − 𝑉𝐶𝑁𝑇𝑘)]𝑁
𝑘=1               (35) 

 

subject to the design constraints (24) and (25) and constraints on CNT contents of the 

layers, specified as 

0 ≤ 𝑉𝐶𝑁𝑇𝑘 ≤ 𝑉𝐶𝑁𝑇𝑚𝑎𝑥 for 𝑘 = 1, 2, … , 𝑁                                (36) 

 ∑ 𝑊𝐶𝑁𝑇𝑘 ≤ 𝑊𝐶𝑁𝑇
𝑁
𝑘=1                                         (37) 

where  𝑉𝐶𝑁𝑇𝑚𝑎𝑥 is the maximum volume content of CNTs for the 𝑘𝑡ℎ layer and 𝑊𝐶𝑁𝑇  is the 

maximum allowable weight of CNTs. Inequality (36) defines the constraint on CNT volume 

content per layer, denoted by 𝑉𝐶𝑁𝑇𝑚𝑎𝑥, and the inequality (37) defines the constraint on the 

total CNT weight content 𝑊𝐶𝑁𝑇. In the present study, the weight of the CNT per layer  

𝑊𝐶𝑁𝑇𝑚𝑎𝑥 is specified as 1% or 2% per layer. Inequality (37) limits the overall CNT weight. 

The design efficiency factor 𝜂 for this case is given by equation (33). 
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4.4 Problem 4: Three-phase laminate with non-uniform (optimal) distributions of fibers and 

CNTs and optimal fiber orientations (Design variables: 𝑉𝐹𝑘, 𝑉𝐶𝑁𝑇𝑘 and 𝜃𝑘) 

 
      Next, the fiber orientations are included as design parameters in addition to the 

distributions CNTs and fibers across the laminate thickness. As such CNTs and fibers are 

distributed optimally across the thickness with the layers having optimal fiber angles. The 

optimization problem with three design parameters can be stated as follows:  

min  𝑊𝐿(𝑉𝐹𝑘, 𝑊𝐶𝑁𝑇𝑘 , 𝜃𝑘)   wrt  𝑉𝐹𝑘, 𝑉𝐶𝑁𝑇𝑘 and 𝜃𝑘                        (38) 

where 𝑊𝐿(𝑉𝐹𝑘, 𝑊𝐶𝑁𝑇𝑘 , 𝜃𝑘) is given by equation (35). The minimization is subject to the 

design constraints (24), (25), (36) and (37) and  

−90° ≤ 𝜃𝑘 ≤ 90°                                             (39) 

The design efficiency factor 𝜂 for this case is given by equation (33). Importance of this 

optimal design problem comes from the fact that reinforcing the matrix with CNTs is likely 

to affect the optimal fiber orientations and this effect has to be observed and quantified. 

This is due to the fact that the stiffness of the CNT reinforced matrix increases and this, in 

turn, affects the optimal values of the fiber orientations. 

 

4.5 Problem 5: Three-phase laminate with non-uniform (optimal) distributions of fibers and 

CNTs and non-uniform layer thicknesses (Design variables: 𝑉𝐹𝑘, 𝑊𝐶𝑁𝑇𝑘, 𝜃𝑘 and ℎ𝑘) 

 

      In the final optimization problem, layer thicknesses ℎ𝑘 are included as design 

parameters. As such, distributions of CNTs and fibers, fiber angles and layer thicknesses 

now become design parameters. In the present case, the volume of fibers in each layer is 

given by 𝑉𝑜𝑙𝐹𝑘 = 𝑎𝑏ℎ𝑘𝑉𝐹𝑘. The total volume of fibers is given by 

𝑉𝑜𝑙𝐹𝑇𝑜𝑡𝑎𝑙 = ∑ 𝑉𝑜𝑙𝐹𝑘

𝑁

𝑘=1

= 𝑎𝑏 ∑ ℎ𝑘𝑉𝐹𝑘

𝑁

𝑘=1

                                          (40) 

Similarly, the weight content of CNT in each layer is given by 𝑊𝑒𝑖𝑔ℎ𝑡𝐶𝑁𝑇𝑘 = 𝑎𝑏ℎ𝑘𝑊𝐶𝑁𝑇𝑘 

and the total weight content of CNT is given by  

𝑊𝐶𝑁𝑇𝑇𝑜𝑡𝑎𝑙 = 𝑎𝑏 ∑ ℎ𝑘𝑊𝐶𝑁𝑇𝑘                                                 (41)

𝑁

𝑘=1
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The optimization problem now includes fiber and CNT volume fractions, fiber angles 𝜃𝑘, 

and the layer thicknesses ℎ𝑘 and it can be stated as:  

min  𝑊𝐿 (𝑉𝐹𝑘, 𝑊𝐶𝑁𝑇𝑘 , 𝜃𝑘 , ℎ𝑘)  wrt  𝑉𝐹𝑘, 𝑉𝐶𝑁𝑇𝑘, 𝜃𝑘 and ℎ𝑘                   (42) 

where  𝑊𝐿(𝑉𝐹𝑘, 𝑊𝐶𝑁𝑇𝑘, 𝜃𝑘 , ℎ𝑘)  is given by  
 

𝑊𝐿(𝑉𝐹𝑘 , 𝑊𝐶𝑁𝑇𝑘, 𝜃𝑘 , ℎ𝑘) = ∑(𝑊𝐹𝑘 + 𝑊𝐶𝑁𝑇𝑘 + 𝑊𝑀𝑘) =

𝑁

𝑘=1

 

= 𝑎𝑏 ∑[𝜌𝐹 𝑉𝐹𝑘ℎ𝑘 + 𝜌𝐶𝑁𝑇 𝑉𝐶𝑁𝑇𝑘ℎ𝑘 + 𝜌𝑀ℎ𝑘(1 − 𝑉𝐹𝑘 − 𝑉𝐶𝑁𝑇𝑘)]

𝑁

𝑘=1

                (43) 

 
The minimization is subject to the design constraints (24), (25), (36), (37), (39) and 

1

𝐻
∑ ℎ𝑘𝑊𝐶𝑁𝑇𝑘 ≤

𝑁

𝑘=1

𝑊𝐶𝑁𝑇𝑚𝑎𝑥                                                (44) 

∑ ℎ𝑘 ≤

𝑁

𝑘=1

𝐻                                                                  (45) 

The design efficiency factor  𝜂  for this case is given by: 

𝜂 =
𝑊𝐿(𝑉𝐹𝑘, 𝑊𝐶𝑁𝑇𝑘, 𝜃𝑘 , ℎ𝑘)

𝑊0(𝐻0)
= 

=
𝑎𝑏 ∑ [𝜌𝐹 ℎ𝑘𝑉𝐹𝑘 + 𝜌𝐶𝑁𝑇 ℎ𝑘𝑉𝐶𝑁𝑇𝑘 + 𝜌𝑀 ℎ𝑘(1 − 𝑉𝐹𝑘 − 𝑉𝐶𝑁𝑇𝑘)]𝑁

𝑘=1

𝑎𝑏𝐻0𝜌𝑀
                       (46) 

 

5. Verification  

In this section, the verification of the analytical method of solution, as well as the 

optimization results, are presented. For this purpose, results from published literature are 

compared with the results obtained by the method of solution used in the present study 

which is implemented using MATLAB programming code. These results are also compared 

to the numerical results obtained by using the commercial finite element software ANSYS. 

For the presented simulations, the material properties are specified as 𝐸11 = 60.7 GPa,   

𝐸22 = 24.8 GPa, 𝐺12 = 12.0 GPa and 𝜈12 = 0.23 for E-glass/epoxy square laminates studied 

in [44, 45]. A non-dimensional frequency given by 𝜛 = 𝜔11𝛼2√𝜌ℎ/𝐷0  where 

𝐷0 =
𝐸11 𝐻0

3

12(1 − 𝜈12
2 )

                                                                  (47) 
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has been used for frequencies calculated by using ANSYS. Four-node shell elements have 

been used in the commercial software ANSYS based on the first-order shear deformation 

theory. The comparison of results shown in Table 1 indicates that results obtained by the 

present approach, ANSYS and references [44, 45] differ by a fraction of percentage.  

 

Table 1: Comparison of numerical results for a 3-layered SSSS square laminate with 
thickness  𝐻 = 0.001 𝑚, aspect ratio 𝑏/𝑎 = 1.  

Stacking sequence Methods Non-dimensional frequency 𝜔11 

[0°/0°/0°] 

Present Method 15.115 

ANSYS 14.863 

Ref [44] 15.171 

Ref [45] 15.190 

 

[-15°/15°/15°] 

Present Method 15.491 

ANSYS 15.294 

Ref [44] 15.369 

Ref [45] 15.430 

 

[-30°/30°/30°] 

Present Method 16.215 

ANSYS 15.902 

Ref [44] 15.583 

Ref [45] 15.900 

 

[-45°/45°/45°] 

Present Method 16.566 

ANSYS 16.249 

Ref [44] 16.082 

Ref [45] 16.140 

 

     Next, verification of the results for three-phase CNT and glass fiber reinforced laminates 

is studied by comparing the results with the output obtained from ANSYS. The material 

properties for the CNTs, glass fibers and epoxy matrix are listed in Table 2 which are taken 

from Refs. [23, 40, 46]. For the CNTs, the following dimensions are used: 𝑙𝐶𝑁𝑇 = 25 μm, 

𝑑𝐶𝑁𝑇 = 1.4 nm, 𝑡𝐶𝑁𝑇 = 0.34 nm. It is noted that the same material properties are used in the 

numerical results sections of the present article.  
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Table 2: Material properties. 

Material 𝐸 (GPa) 𝐺 (GPa) 𝜈 Density (kg/m3) 

((kg/m3) 
Carbon nanotubes 640 𝐸/(2(1 + 𝜈)) 0.27 1350 

Matrix 3.5 𝐸/(2(1 + 𝜈)) 0.35 1200 

Glass fibers 72.4 𝐸/(2(1 + 𝜈)) 0.20 2400 

 

Results of this comparison are satisfactory as shown in Table 3, indicating that the 

formulation and the method of solution adopted in the present work is suitable for further 

analysis to be used in the present weight minimization problem. 

 

Table 3: Comparison of numerical results with commercial software for a 3-ply CNT/Fiber 
reinforced laminate with  𝐻 = 0.001 𝑚, 𝑏/𝑎 = 1. 

Material Content Stacking Sequence Non-dimensional frequency 𝜔11 

  Present Study Commercial Software 

𝑉𝐹 = 0.3 

𝑊𝐶𝑁𝑇 = 0.01 

[0°/0°/0°] 13.760 13.172 

[-15°/15°/15°] 14.385 13.791 

[-30°/30°/30°] 15.559 14.727 

[-45°/45°/45°] 16.114 15.294 

 

𝑉𝐹 = 0.3 

𝑊𝐶𝑁𝑇 = 0.05 

[0°/0°/0°] 16.535 16.426 

[-15°/15°/15°] 16.860 16.782 

[-30°/30°/30°] 17.492 17.359 

[-45°/45°/45°] 17.800 17.678 

 

𝑉𝐹 = 0.6 

𝑊𝐶𝑁𝑇 = 0.01 

[0°/0°/0°] 13.411 13.250 

[-15°/15°/15°] 14.085 14.177 

[-30°/30°/30°] 15.346 15.423 

[-45°/45°/45°] 15.938 15.996 

 
     Furthermore, the optimization algorithm which is implemented in the present study is 

also verified. In this respect, several simulations were conducted using ANSYS for an 8-

layered laminate. A uniform CNT distribution and varying fiber volume contents are 

considered in these simulations. For each simulation, the non-dimensional weight as well 

as the non-dimensional frequency are determined. Then, the proposed optimization 

scheme outlined in Section 4 is employed to obtain the minimum weight results.  
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      Figure 2 and Table 4 show the results in terms of the non-dimensional weight 𝜂 =

𝑊𝐿(𝑉𝐹𝑘,𝑉𝐶𝑁𝑇𝑘)

𝑊0(𝐻0)
 given by equation (33) versus the non-dimensional frequency ΩO =

𝜔11

𝜔𝐼𝑃
  given 

by equation (24). The results are obtained from the software simulations and the present 

optimization code. It is observed in Figure 2 that in the finite element simulations using 

ANSYS, as the non-dimensional frequency increases towards the limit 1.689, the non-

dimensional weight gradually reduces to the value 0.65. When the proposed optimization 

analysis is conducted for the model with one design variable, that is, the fiber content and 

using the same limit 1.689 for the frequency constraint, a similar optimal minimum weight 

(0.642) is obtained as compared to the ANSYS simulations shown with an orange dot in 

Figure 2. Table 4 confirms these results with the ANSYS and present results for the 

minimum weight laminate being very close. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

Figure 2: Verification of the weight minimization solution. 

Table 4: Comparison of numerical results obtained by ANSYS software for 8-layer 
CNT/fiber reinforced laminate with thickness 𝐻 = 0.01 𝑚, stacking sequence [45°/-

45°/45°/-45°]anti-s, 𝑊𝐶𝑁𝑇 = 0.00125, and aspect ratio 𝑏/𝑎 = 1. 

Fiber Volume Content Non-Dimensional Weight 
Non-Dimensional 

Frequency ΩO 

[0.2/0/0/0]s 0.71 1.489 

[0.25/0/0/0.2]s 0.73 1.532 

[0.25/0/0/0.1]s 0.71 1.545 
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[0.2/0.1/0/0]s 0.70 1.549 

[0.25/0/0/0]s 0.68 1.559 

[0.25/0/0.1/0]s 0.70 1.568 

[0.25/0/0.2/0]s 0.71 1.577 

[0.2/0.2/0/0]s 0.69 1.604 

[0.2/0.2/0.1/0]s 0.70 1.611 

[0.25/0.1/0/0]s 0.68 1.613 

[0.3/0/0/0]s 0.66 1.626 

[0.35/0/0/0.2]s 0.69 1.658 

[0.25/0.2/0/0]s 0.67 1.663 

[0.35/0/0/0.1]s 0.67 1.673 

[0.3/0.1/0/0]s 0.66 1.674 

[0.35/0/0/0]s 0.65 1.689 

 

Weight minimization result using the optimization process of the present study 

Fiber volume content Non-dimensional weight 
Non-dimensional 

frequency ΩO 

[0.3394/0/0/0]s 0.642 1.690 

 

6. Results and discussions 

6.1 Analysis 

First, the results are presented to assess the weight/frequency relations and observe the 

effect of fiber orientations on the weight of the laminate. The material properties presented 

in Table 2 have been adopted for these cases. The ratio 𝜔11/𝜔𝐼𝑃 is used for the non-

dimensional frequency as formulated in Section 4.1. For the non-dimensional weight, the 

ratio 𝑊𝐿/𝑊𝑜 is used where the numerator is the computed weight for the specific case and 

the denominator is the weight of the reference plate as defined in equation (26), that is, 

𝑊𝑜 = 𝑎𝑏𝐻0𝜌𝑀. 

It is noted that in Figures 3-11 of Sections 6.1-6.4, the fiber orientations are taken as 

[𝜃/−𝜃/𝜃/−𝜃/]𝑎𝑛𝑡𝑖−𝑠 to make the effect of bending-twisting coupling negligible as noted in 

[36]. It is observed in [36] that as the number of angles increases in a [+/−/+/−/]𝑎𝑛𝑡𝑖−𝑠 

pattern, 𝐷16 and 𝐷26 terms become negligible and the orthotropic solution given by equation 

(6) becomes accurate. Similarly, the angles in Tables 5-10 are in the form of 

[𝜃/−𝜃/𝜃/−𝜃]𝑎𝑛𝑡𝑖−𝑠 making the effect of 𝐷16 and 𝐷26 terms on the solution negligible.  
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For these results, as well as for the subsequent results presented in Sections 6.5 and 

6.6, terms 𝛾 and 𝛿 satisfy the conditions 𝛾 ≤ 0.2 and 𝛿 ≤ 0.2 where 𝛾 = 𝐷16(𝐷11
3 𝐷22)−1/4, 

𝛿 = 𝐷26(𝐷11𝐷22
3 )−1/4. As such, the error becomes negligible for the orthotropic solution 

given by equation (6) as discussed in [37-39]. 

     First the effect of the CNT and fiber volume contents on the weight of the laminate is 

studied. CNT weight percentages are specifed as 0%, 1% and 5% and the curves of weight 

plotted against the fiber angle are shown in Figures 3a, 3b and 3c for various aspect ratios. 

Results indicate a significant decrease in the laminate weight as CNT content increases as 

expected. For the aspect ratio 𝑏/𝑎 = 1.0, the weight becomes a minimum at 𝜃 = 45o as 

expected. Results for 𝑏/𝑎 = 1.25 , 𝑏/𝑎 = 1.5 , 𝑏/𝑎 = 1.75  and 𝑏/𝑎 = 2.0 are approximately 

𝜃 = 52o, 𝜃 = 61o, 𝜃 = 87o and 𝜃 = 90o in the case of 0% CNT reinforcement (Fig. 3a), with 

the stacking sequence given by [𝜃/−𝜃/𝜃/−𝜃]anti-s. The corresponding optimal fiber angles 

are slightly less for a CNT content of 1% (Fig. 3b). In Figure 3c, the CNT content is 

increased to 5% by weight and it is observed that the optimal fiber orientations now become 

less than the ones corresponding to CNT contents of 0% and 1% which are shown in 

Figures 3a and 3b. For the aspect ratio 𝑏/𝑎 = 1.5 and 𝑎/𝑏 = 1.75, the optimal angles are 

approximately 𝜃 = 56o and 𝜃 = 76o in the case of 5% CNT weight content. The reason for 

the changes in the optimal fiber angles for 0% and 5% CNTs cases is the fibers having less 

effect on the laminate stiffness with the addition of CNT to the matrix. As the stiffness of 

the matrix increases, directional stiffness provided by the reinforcing fibers become less 

effective leading to changes in the optimal fiber angles.  

      Another effect of the CNT reinforcement is the reduced range of the design efficiency 

factors (see equation (26)) for different fiber orientations as the CNT content increases. 

This effect can be observed from a comparison of Figures 3a, 3b and 3c. This is again due 

to the strong influence of CNT reinforcement on the weight of the laminate making the 

directional influence of the fibers less pronounced. 
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Figure 3: Design efficiency factor vs the fiber angle for a laminate with 30% fiber content 

and a) 0% CNT, b) 1% CNT, c) 5% CNT weight content. 

 

 
 

Figure 4: Non-dimensional frequency vs fiber angle for a laminate with 30% fiber content 

and a) 0% CNT, b) 1% CNT, c) 5% CNT weight content. 

 
     Frequency constraint normally plays a significant role in the optimal design of minimum 

weight problems. Figure 4 shows the curves of frequency versus fiber angle for different 

aspect ratios and CNT contents. Results show a higher frequency as the CNT content 

a) c) b) 

a) 
c) b) 
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increases from zero to 1% and 5% as expected. The optimal fiber stacking angles are 

observed to be the same as those observed in Figure 3.      

      Table 5 summarizes the analysis results presented in Figures 3 and 4. It is noted that 

as CNT weight increases from 0% to 1% and 5%, the weight 𝑊𝐿 of the laminate increases, 

but the non-dimensional weight (which is equal to the design efficiency factor given by 

equation (26)) decreases due to the increase of the weight 𝑊0, of the reference plate with 

𝑊0  increasing faster than the weight 𝑊𝐿  of the optimal laminate. 

 

Table 5: Design efficiency factors for different CNT weight contents and fiber angles. 

Aspect 
ratio 𝑏/𝑎 

𝑉𝑓 per layer 𝑊𝐶𝑁𝑇 per layer 
Fiber 
angle 

Non-
dimensional 
frequency 

Weight 
𝑊𝐿 

Reference 
weight 𝑊0 

Efficiency 
factor 

1.00 

[0.3/0.3/0.3/
0.3]s 

[0/0/0/0]s 

45 1.78 15.60 21.30 0.732 

1.25 52 1.46 19.50 26.62 0.733 

1.50 61 1.29 23.40 32.17 0.727 

1.75 87 1.22 27.30 38.62 0.707 

2.00 90 1.20 31.20 46.00 0.678 

        

1.00 

[0.3/0.3/0.3/
0.3]s 

[0.01/0.01/0.01/
0.01]s 

45 1.91 15.61 22.86 0.683 

1.25 51 1.56 19.52 28.57 0.683 

1.50 60 1.38 23.42 34.44 0.680 

1.75 83 1.30 27.32 41.06 0.665 

2.00 90 1.26 31.23 48.54 0.643 

        

1.00 

[0.3/0.3/0.3/
0.3]s 

[0.05/0.05/0.05/
0.05]s 

45 2.33 15.67 27.97 0.560 

1.25 51 1.91 19.58 34.93 0.561 

1.50 59 1.68 23.50 41.95 0.560 

1.75 76 1.56 27.42 49.33 0.559 

2.00 90 1.49 31.33 57.32 0.547 

 
Next, optimization results are presented for 8-layered laminates. The formulations for the 

minimum weight problems are given in Section 4 and the solutions for these problems are 

presented next. The effects of reinforcing the laminates with CNTs, use of three-phase 

composites and implementing optimal designs with variable fiber and CNT contents are 

highlighted. 

 

6.2. Problem 1: Two-phase laminate with non-uniform distribution of fibers (Design 

variables: 𝑉𝐹𝑘, 0% CNT reinforcement) 

 
Figure 5 shows the results for design efficiency factor vs fiber angles for different aspect 

ratios with the fiber content 𝑉𝐹𝑘 being the only design variable. It is observed that the optimal 

fiber angle is 45° for a square laminate as expected and increases to 90° as the aspect 
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ratio increases. It is noted that the design efficiency (non-dimensional weight) improves as 

the aspect ratio increases.        

      Table 6 shows the minimum weights and the fiber distributions across the thickness as 

well as the optimal fiber angles for different aspect ratios. It is noted that the optimal fiber 

angles correlate with the results given in references [39, 47, 48]. It is observed that the 

optimal designs have a higher percentage of fiber content in the outer layers. This is due 

to the fact that the outer layers contribute more to the overall stiffness of the laminate 

compared to the inner layers as expected.   

 

 
Figure 5: Design efficiency factor vs fiber orientation for two-phase laminates for different 
aspect ratios 𝑏/𝑎 with thickness 𝐻 = 0.01 𝑚, 0 ≤ 𝑉𝑓 ≤ 0.6, frequency constraint  𝜔11/𝜔𝐼𝑃 ≥

𝛺𝑂 where 𝛺𝑂 = 1.3.  
 

Table 6: Optimal fiber volumes 𝑉𝑓𝑘 and the fiber orientations for two-phase laminates with 

thickness 𝐻 = 0.01 𝑚, 𝑉𝑓𝑘 ≤ 0.6, frequency constraint 𝛺𝑂 = 1.3.   

Aspect ratio 
𝑏/𝑎 

Optimal 𝑉𝑓 per 

layer 

Optimal fiber 
angle 

Weight 𝑊𝐿 
Reference 
weight 𝑊0 

Design efficiency 
factor 

1.00 [0.12/0/0/0]s 45 12.37 15.60 0.793 

1.25 [0.28/0/0/0]s 52 16.06 23.78 0.676 

1.50 [0.43/0/0/0]s 61 19.92 32.40 0.615 

1.75 [0.51/0/0/0]s 87 26.68 41.16 0.575 

2.00 [0.48/0/0/0]s 90 27.25 49.92 0.546 
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6.3. Problem 2: Three-phase laminate with non-uniform distribution of fibers and uniform 

distribution of CNTs (Design variable: 𝑉𝐹𝑘) 

 
     Next, the effect of uniformly distributed CNT reinforcement on the minimum weight 

design of the laminate is investigated. Figure 6 shows the curves of the design efficiency 

factor versus the fiber orientation for various aspect ratios and for CNT weight contents of 

1% and 2%. Comparing Figures 6a and 6b, it is observed that the efficiency factor, 

representing the non-dimensional weight, decreases as a result of the increase in CNT 

content from 1% (Figure 6a) to 2% (Figure 6b). It is noted that for an aspect ratio of 1 and 

CNT weight content of 2%, frequency constraint is automatically satisfied (Fig. 6b). 

 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 6: Design efficiency factor vs fiber orientation for three-phase laminates with 
thickness 𝐻 = 0.01 𝑚, 0 ≤ 𝑉𝑓𝑘 ≤ 0.6, frequency constraint 𝛺𝑂 = 1.3 for different aspect 

ratios, a) 1% CNT, b) 2% CNT weight. 
 

     The addition of CNTs improves the stiffness of the laminate leading to lower weights for 

the optimal laminate (i.e., lower design efficiency factors which is the ratio of the weight of 

the optimally designed laminate and the laminate with the matrix material only which is the 

unreinforced polymer (see equation (33)). Table 7 shows the detailed results for the three-

phase laminate with 1% CNT content distributed uniformly across the thickness. By 

comparing the results between Table 6 (0% CNT content) and Table 7 (1% CNT content), 

it is observed that addition of CNT has reduced the volume content of fibers needed to 
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satisfy the frequency constraint which, in turn, reduced the weight of the laminate. This 

result clearly illustrates the positive effect of using three-phase laminates to minimize 

weight, and in particular, using CNTs for reinforcing the matrix material. 

 
Table 7: Optimal fiber volumes 𝑉𝑓𝑘 and the fiber orientations for three-phase laminates with 

thickness 𝐻 = 0.01 𝑚, 𝑉𝑓𝑘 ≤ 0.6, frequency constraint 𝛺𝑂 = 1.3  and 𝑊𝐶𝑁𝑇 = 1%  distributed 

uniformly across the thickness. 

Aspect 
ratio 
𝑏/𝑎 

Optimal 𝑉𝑓 per 

layer 
𝑊𝐶𝑁𝑇 per layer 

Optimal 
fiber 
angle 

Weight 
𝑊𝐿 

Reference 
weight 𝑊0 

Design 
efficiency 

factor 

1.00 [0.15/0/0/0]s [0.01/0.01/0.01/0.01]s 45 12.06 15.60 0.773 

1.25 [0.17/0/0/0]s [0.01/0.01/0.01/0.01]s 51 15.65 23.78 0.658 

1.50 [0.31/0/0/0]s [0.01/0.01/0.01/0.01]s 60 19.42 32.40 0.599 

1.75 [0.4/0/0/0]s [0.01/0.01/0.01/0.01]s 83 23.15 41.16 0.562 

2.00 [0.45/0/0/0]s [0.01/0.01/0.01/0.01]s 90 26.73 49.92 0.535 

 

Corresponding results for laminates with 2% CNT content are given in Table 8. It is noted 

that increase in the CNT content leads to a further improvement of the design efficiency, 

i.e., lighter weight, as a comparison of Tables 7 and 8 shows, that is, the weight of the 

laminate is reduced further with increased CNT content as expected. For 𝑏/𝑎 = 1, the 

frequency constraint is automatically satisfied when CNT content per layer is 0.02.  

 
Table 8: Optimal fiber volumes 𝑉𝑓𝑘 and the fiber orientations for three-phase laminates with 

laminate thickness 𝐻 = 0.01 𝑚, 0 ≤ 𝑉𝑓𝑘 ≤ 0.6, frequency constraint 𝛺𝑂 = 1.3  and   𝑊𝐶𝑁𝑇 =

2%.  

Aspect 
ratio 𝑏/

𝑎 

Optimal 𝑉𝑓𝑘 

per layer 
𝑊𝐶𝑁𝑇 per layer 

Optimal 
fiber 
angle 

Weight 
𝑊𝐿 

Reference 
weight 𝑊0 

Design 
efficiency 

factor 

1.25 [0.06/0/0/0]s [0.02/0.02/0.02/0.02]s 51 15.24 23.78 0.640 

1.50 [0.20/0/0/0]s [0.02/0.02/0.02/0.02]s 60 18.93 32.40 0.584 

1.75 [0.30/0/0/0]s [0.02/0.02/0.02/0.02]s 80 22.62 41.16 0.550 

2.00 [0.36/0/0/0]s [0.02/0.02/0.02/0.02]s 90 26.20 49.92 0.525 

 
 
6.4. Problem 3: Three-phase laminate with non-uniform distribution of fibers and CNTs 

(Design variables: 𝑉𝑓𝑘 and 𝑊𝐶𝑁𝑇𝑘) 

 
Next, the minimum weight problem is solved using two design variables, namely, the fiber 

volume contents and the CNT weight contents which are non-uniformly distributed across 
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the thickness and should be determined optimally for each layer. As such, the minimum 

weight of the three-phase laminate is studied for a range of frequency constraints taking 

the fiber content and the CNT weight as the design variables. Figure 7 indicates that for 

low values of the frequencies up to the value of 1.65, fiber reinforcement is not needed and 

the minimum weight design is obtained by CNT reinforcement only with the frequency 

constraint satisfied. For higher frequency constraints (𝛺𝑂 ≥ 1.65), the optimal design leads 

to non-zero fiber reinforcement in the surface layers with the maximum CNT weight of 5% 

also used in the surface layers.  

 

 

Figure 7. a) Fiber and b) CNT reinforcement per layer versus the non-dimensional 

frequency with thickness 𝐻 = 0.01 m, 0 ≤ 𝑉𝑓𝑘 ≤ 0.6, 0 ≤ 𝑊𝐶𝑁𝑇𝑘 ≤ 0.05, fiber angle = 45o, 

aspect ratio 𝑏/𝑎 = 1. 

 
     To gain further insight into the effect of higher frequency constraints on design efficiency 

and the weight of the optimally designed laminate, three diagrams are presented in Figure 

8. Figure 8a shows that the design efficiency factor (that is, non-dimensional weight 𝜂 given 

by equation (38)) vs frequency, Figure 8b the weight of the optimally designed minimum 

weight laminate vs frequency, and Figure 8c the weight of the reference plate vs frequency. 

Figure 8a indicates that the design efficency decreases with increasing frequency as the 

amount of the fiber and CNT reinforcements increases. Figure 8b shows an increase of the 

a) 

b) 
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actual weight of the optimal laminate with increasing frequency. Figure 8c shows the 

increase in the weight of the reference plate given by 𝑊0(𝐻0) = 𝑎𝑏𝐻0𝜌𝑀 with increasing 

frequency. Note that the expression for 𝐻0 is given by equation (30). These results are 

expected since the higher frequencies require increased reinforcement for the optimal 

laminate and a higher thickness in the reference plate. It is also noted that the decrease in 

the efficiency factor (Figure 8a) indicates that the increase in the weight of the reference 

plate dominates the increase in the weight of the optimal laminate. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 8: Graphs showing a) the non-dimensional weight of an 8-layered square laminate 
with 𝐻 = 0.01 𝑚, 𝑉𝑓𝑘 ≤ 0.6 , 𝑊𝐶𝑁𝑇𝑘 ≤ 0.05, fiber angle = 45o, 𝑏/𝑎 = 1, b) the weight of the 

laminate, c) the weight of the reference plate versus the non-dimensional frequency.  

      

In Figure 9, the effect of the stacking sequence on the weight of the optimal laminate is 

studied subject to the frequency constraint ΩO ≥ 1.5  with design variable specified as CNT 

content. The fiber content and fiber angles are specified the same for all layers to 

specifically assess the effect of the CNT reinforcement only on the minimum weight. Fiber 

c) 

b) 

D
e

s
ig

n
 e

ff
ic

ie
n
c
y
 f
a

c
to

r 
M

in
im

u
m

 w
e

ig
h

t 

W
e

ig
h
t 

o
f 

is
o
tr

o
p

ic
 

re
fe

re
n
c
e

 p
la

te
 

W
e

ig
h
t 

o
f 

is
o
tr

o
p
ic

 

re
fe

re
n
c
e

 p
la

te
 

M
in

im
u

m
 w

e
ig

h
t 

D
e

s
ig

n
 e

ff
ic

ie
n
c
y
 

fa
c
to

r 

a) 



26 
 
 

content varies along the 𝑥 axis for each diagram with the provision that the fiber content 

applies to all the layers. In Figures 9a to 9d, fiber angles are 0o, 15o, 30o, and 45o, 

respectively. In Figure 9, X indicates the fiber content and Y the design efficiency factor 

(non-dimensional weight) given by equation (38). Figure 9 shows that, for zero fiber 

reinforcement, the non-dimensional minimum weight is the same in all cases. Increasing 

the fiber content and the fiber angle (Figure 9a to Figure 9d) results in the decrease of the 

weight.  

 

 

Figure 9: Design efficiency factor vs fiber volume content for 8-layered square laminate 
with thickness 𝐻 = 0.01 𝑚, 𝑊𝐶𝑁𝑇𝑘 ≤ 0.05, 𝑏/𝑎 = 1 and 𝛺𝑂 ≥ 1.5 for a) 0o, b) 15o, c) 30o and 
d) 45o fiber angles for all layers. 
 

     Next the effect of optimal CNT distribution is investigated with the fibers distributed 

uniformly. Table 9 shows the results of the optimization using only the CNT content of each 

layer as the design variable. Four stacking sequencies are adopted, using 0o, 15o, 30o and 

45o fiber angles. Results indicate that as the uniformly distributed fiber content increases, 
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CNT content decreases in each layer to satisfy the frequency constraint. This results in an 

increase in the laminate weight. Thus, higher fiber content and lower CNT content result in 

increased weight, indicating that CNT has a greater effect on the weight minimization as 

compared to fibers. However, it is noted that lower CNT content leads to lower cost due to 

CNTs being more expensive than glass fibers. Regarding the fiber angle, Table 9 and 

Figure 10 verify the results shown in Figures 3 and 6 which show that the minimum weight 

is achieved at a fiber angle of 45° for a square plate.  

 

Table 9: Optimal CNT contents and uniform fiber distributions for three-phase laminates 
with thickness 𝐻 = 0.01 𝑚, 𝑊𝐶𝑁𝑇𝑘 ≤ 0.05, frequency constraint 𝛺𝑂 = 1.5, 𝑏/𝑎 = 1. 

𝑉𝑓 per layer 𝑊𝐶𝑁𝑇 per layer 
Fiber 
angle 

Weight 
𝑊𝐿 

Reference 
weight 𝑊0 

Design efficiency 
factor 

[0/0/0/0]s [0.032/0/0/0]s 0 12.01 18.00 0.667 

[0.18/0.18/0.18/0.18]s [0.014/0/0/0]s 0 14.17 18.00 0.787 

[0.35/0.35/0.35/0.35]s [0.0002/0/0/0]s 0 16.20 18.00 0.900 

      

[0/0/0/0]s [0.032/0/0/0]s 15 12.01 18.00 0.667 

[0.13/0.13/0.13/0.13]s [0.015/0/0/0]s 15 13.57 18.00 0.754 

[0.26/0.26/0.26/0.26]s [0.0009/0/0/0]s 15 15.12 18.00 0.840 

      

[0/0/0/0]s [0.032/0/0/0]s 30 12.01 18.00 0.667 

[0.1/0.1/0.1/0.1]s [0.013/0/0/0]s 30 13.21 18.00 0.734 

[0.17/0.17/0.17/0.17]s [0.0013/0/0/0]s 30 14.04 18.00 0.780 

      

[0/0/0/0]s [0.032/0/0/0]s 45 12.01 18.00 0.667 

[0.08/0.08/0.08/0.08]s [0.015/0/0/0]s 45 12.97 18.00 0.720 

[0.15/0.15/0.15/0.15]s [0.0004/0/0/0]s 45 13.80 18.00 0.767 

 

     Next, the optimal design of the three-phase hybrid composite laminate is performed 

using two design variables, namely, optimal fiber and CNT contents of layers with the fiber 

angles kept constant. Figure 10 shows the optimal solutions for symmetric angle-ply and 

cross-ply laminates subject to the frequency constraint of 𝛺𝑂 = 1.75 for two-phase and 

three-phase laminates. It is observed that the laminate weight is significantly reduced in 

the case of three-phase laminates as compared to two-phase laminates, again indicating 
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the weight advantage of three-phase designs and, in particular, including CNT content of 

layers as design variables. 

 

Figure 10: Design efficiency factor versus stacking sequences for two-phase and three-
phase laminates with thickness 𝐻 = 0.01 𝑚,  𝑉𝑓𝑘 ≤ 0.6, 𝑊𝐶𝑁𝑇𝑘 ≤ 0.05,  𝑊𝐶𝑁𝑇𝑚𝑎𝑥 = 1.25, 

𝛺𝑂 = 1.75, 𝑏/𝑎 = 1. 

     Results for two-phase and three-phase laminates are shown in Table 10. As expected, 

reinforcement contents are higher in the outer layers and the weight is lower (i.e., lower 

design efficiency factor) for [45/-45/45-45]anti-s laminate which is the optimal one for an aspect 

ratio of 𝑏/𝑎 = 1. Furthermore, the design efficiency factors of the three-phase laminates 

are improved by 17.6% for cross-ply laminate and 7.5% for [45/-45/45-45]anti-s laminate 

compared to two-phase laminates with fiber reinforcement only. 

 

Table 10: Design efficiency factors of two-phase and three-phase square laminates with 8-
layers and with 𝐻 = 0.01 𝑚, 𝑉𝑓𝑘 ≤ 0.6, 𝑊𝐶𝑁𝑇𝑘 ≤ 0.05, 𝑊𝐶𝑁𝑇𝑚𝑎𝑥 = 1.25%, 𝛺𝑂 = 1.75 for 

cross-ply and angle-ply laminates with 𝑏/𝑎 = 1. 

Two-phase laminate ( Fiber/Matrix): Design variable = Fiber content per layer 

Stacking sequence 𝑉𝑓  per layer 
𝑊𝐶𝑁𝑇 per 

layer 
Weight 

𝑊𝐿 
Reference 
weight 𝑊0 

Design efficiency 
factor 

[90/0/90/90]anti-s [0.6/0.39/0/0]s [0/0/0/0]𝒔 14.98 21.00 0.713 

[45/-45/45-45]anti-s [0.4/0/0/0]s [0/0/0/0]𝒔 13.19 21.00 0.628 

 
 

[90/0/90/0]anti-s [45/-45/45/-45]anti-s 
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Three-phase laminate ( Fiber/CNT/Matrix ): Design variables = Fiber and CNT contents per layer 

Stacking sequence 𝑉𝑓 per layer 
𝑊𝐶𝑁𝑇 per 

layer 

Weight 
𝑊𝐿 

Reference 
weight 𝑊0 

Design efficiency 
factor 

[90/0/90/0]anti-s [0.1/0/0/0]s [0.05/0/0/0]s 12.33 21.00 0.587 

[45/-45/45-45]anti-s [0.06/0/0/0]s [0.05/0/0/0]s 12.21 21.00 0.581 

 

     Next, the effect of the CNT content on the weight of a square laminate is investigated. 

Figure 11 shows the contour plot of the non-dimensional weight (design efficiency factor) 

against the total CNT content and the fiber angle with optimal distributions of the fibers and 

CNTs across the thickness. At 0% CNT content (two-phase laminate), the dependence of 

the weight on the fiber angles is very high as the fiber angle changes from 0 to 90 degrees 

indicating that, in the absence of CNT reinforcement, fiber orientation is an effective design 

parameter. As the CNT content increases, the effect of the fiber angle on the weight 

gradually decreases and, at a CNT content of 1.25 %, this effect becomes practically 

negligible. Thus, increasing the total CNT content leads to a decrease in the influence of 

the fiber angles on the minimum weight. This effect was also observed in Figure 3. 

 

Figure 11: Contour plot for a minimum weight three-phase square laminate showing the 
design efficiency factor versus the total CNT content and the fiber angle with 𝐻 = 0.01 𝑚, 
𝑉𝑓𝑘 ≤ 0.6, 𝑊𝐶𝑁𝑇𝑘 ≤ 0.05, 𝛺𝑂 = 1.75, 𝑏/𝑎 = 1. 
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6.5. Problem 4: Three-phase laminate with uniform layer thicknesses and non-uniform 

distribution of reinforcements (Design variables: 𝑉𝑓𝑘, 𝑊𝐶𝑁𝑇𝑘, fiber angles 𝜃𝑘)   

 
     Next, a third design variable, namely, the fiber angle is introduced into the weight 

minimization problem as design parameter in addition to the optimal fiber and CNT 

distributions across the thickness. In the previous problems (Problems 1 to 3), fiber angles 

were assigned to each layer and only the effect of the optimal distributions of the 

reinforcements on laminate weight was investigated. In the present problem, laminates are 

designed for optimal stacking sequences in addition to having optimal fiber and CNT 

distributions.   

      First, the effect of the increase in the frequency constraint on the minimum weight is 

investigated with the results shown in Table 11. It is observed that, for frequency constraints 

ΩO = 1.25, 1.3 and 1.5, the optimal fiber contents are zero in all the layers and the frequency 

constraints are satisfied with the increasing CNT reinforcements only for a minimum weight 

design. As the frequency constraint increases further, CNT reinforcement only is no longer 

sufficient to satisfy the frequency constraint. Consequently, the fiber contents of layers also 

increase with higher frequency constraints with the surface layers having higher fiber 

contents as expected. Design efficiency factor decreases as the frequency constraint 

increases indicating that the weight of the optimal laminate improves as compared to an 

isotropic plate subject to the same frequency constraint.   

 

Table 11: Minimum weight designs of three-phase square laminate with fiber angles and, 
fiber and CNT contents as design variables with 𝐻 = 0.01 𝑚, 𝑉𝑓𝑘 ≤ 0.6, 𝑊𝐶𝑁𝑇𝑘 ≤ 0.05, 

𝑊𝐶𝑁𝑇𝑚𝑎𝑥 = 1.25%, −90° ≤ 𝜃𝑘 ≤ +90°, 𝑏/𝑎 = 1.0. 

Frequency 
constraint 

ΩO 
Fiber angles 

Fiber content 
by volume 

CNT content by weight  
Weight 

𝑊𝐿 
Reference 
weight 𝑊0 

Design 
efficiency 

factor 

1.25 [45/45/30/45]s [0/0/0/0]s [0.009/0.011/0.007/0.023]s 12.02 15.0 0.801 

1.3 [45/45/30/45]s [0/0/0/0]s [0.013/0/0.037/0]s 12.02 15.6 0.770 

1.5 [45/45/30/45]s [0/0/0/0]s [0.036/0/0/0.014]s 12.02 18.0 0.667 

1.75 [45/45/30/45]s [0.063/0/0/0]s [0.05/0/0/0]s 12.21 21.0 0.581 

2.0 [45/60/0/30]s [0.26/0/0/0]s [0.05/0/0/0]s 12.79 24.0 0.533 

2.2 [45/0/0/30]s [0.44/0/0/0]s [0.05/0/0/0]s 13.33 26.4 0.505 

2.4 [45/45/30/45]s [0.6/0.08/0/0]s [0.05/0/0/0]s 14.06 28.8 0.488 

2.5 [45/45/90/45]s [0.6/0.47/0/0]s [0.05/0/0/0]s 15.22 30.0 0.507 
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Table 12 shows the results for the optimal stacking sequences for different frequency 

constraints and with the fiber and CNT distributions across the thickness determined 

optimally. Weight minimization with three design variables improves the efficiency of the 

design leading to lower fiber contents which, in turn, reduces the material cost. This result 

follows from a comparison of the results for designs with three design variables (the present 

case) with one or two design variables studied in Problems 1, 2 and 3.  

 

Table 12: Optimal fiber angles and the weight for three-phase laminates with thickness 𝐻 =

0.01 𝑚, 𝑉𝑓𝑘 ≤ 0.6, 𝑊𝐶𝑁𝑇𝑘 ≤ 0.05, 𝑊𝐶𝑁𝑇𝑚𝑎𝑥 = 1.0%, −90 ≤ 𝜃𝑘 ≤ +90, and the frequency 

constraint 𝛺𝑂 = 1.75. 

Aspect 
ratio 
𝑏/𝑎 

Optimal 𝑉𝑓   

per layer 
𝑊𝐶𝑁𝑇 per layer 

Optimal fiber 
angles 𝜃𝑘 

Weight 
𝑊𝐿 

Reference 
weight 𝑊0 

Design 
efficiency 

factor 

1.00 [0/0/0/0]s [0.015/0/0.025/0]s [45/45/0/45]s 12.01 15.60 0.770 

1.25 [0.023/0/0/0]s [0.04/0/0/0]s [45/30/30/45]s 15.10 23.78 0.635 

1.50 [0.17/0/0/0]s [0.04/0/0/0]s [60/45/0/45]s 18.76 32.40 0.579 

1.75 [0.28/0/0/0]s [0.04/0/0/0]s [90/90/0/45]s 22.47 41.16 0.546 

2.00 [0.34/0/0/0]s [0.04/0/0/0]s [90/0/0/45] s 26.07 49.92 0.522 

 

6.6. Problem 5: Three-phase laminate with non-uniform layer thicknesses and non-uniform 

distribution of reinforcement materials (Design variables: 𝑉𝑓𝑘, 𝑊𝐶𝑁𝑇𝑘, fiber angles 𝜃𝑘, 

thickness ratios ℎ𝑘/𝐻) 

 
     Next, minimum weight designs for the three-phase laminate are studied with four design 

variables, namely, fiber and CNT contents, fiber angles and the layer thicknesses. As such, 

the layer thicknesses are taken as non-uniform. Layer thickness ratio is defined as the ratio 

of the thickness ℎ𝑘 of  𝑘𝑡ℎ  layer and the thickness 𝐻 of the laminate. Table 13 presents the 

results of optimization with four design variables with increasing frequency constraints. 

Zero fiber content is observed for low frequency constraints and higher CNT content 

appears in the interior layers. For higher frequency constraints, both fiber and CNT contents 

increase and higher CNT reinforcement and thickness ratios are observed in the outer 

layers. The thicker outer layers at higher frequencies are needed to provide the necessary 

stiffness to satisfy the higher frequency constraints.  

     The benefit of using non-uniform thicknesses for weight minimization is highlighted by 

comparing Tables 11 (three design variables, namely fiber and CNT content, fiber angle 
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and uniform layer thicknesses) and Table 13 (four design variables with non-uniform layer 

thicknesses). The design efficiency gradually improves with increasing frequency 

constraints in the present case with four design variables. For the first three values of the 

frequency constraints, the same design efficiency is obtained for problems with three and 

four design variables which have zero fiber content. However, for higher frequency 

constraints, the problem with four design variables (Table 13) shows an improvement in 

the design efficiency compared to the solutions with three design variables (Table 11) as 

expected. Also noted is that as the frequency constraint increases, the design efficiency 

improves, i.e., the weight of the optimal laminate decreases.   

 

Table 13: Minimum weight design for three-phase square laminate with 8-layers subject to 

4 design variables, thickness 𝐻 = 0.01 m, 𝑉𝑓𝑘 ≤ 0.6, 𝑊𝐶𝑁𝑇𝑘 ≤ 0.05, 𝑊𝐶𝑁𝑇𝑚𝑎𝑥 =

1.0%, −90° ≤ 𝜃𝑘 ≤ +90°,  0.01 ≤ ℎ𝑘/𝐻 ≤ 0.15, b/a = 1 

Freq. 

const. 

Optimal 

fiber 

angle 

Optimal 

Vf per 

layer 

WCNT per layer hk/H 
Weight 

WL 

Reference 

weight W0 

Design 

Efficiency 

factor 

1.25 
[45/30/

30/45]s 
[0/0/0/0]s 

[0.005/0.019/0.018

/0.01]s 

[0.15/0.15/

0.1/0.1]s 

12.02 15.0 
0.801 

1.30 
[45/30/

30/45]s 
[0/0/0/0]s 

[0.005/0.027/0.015

/0.003]s 

[0.15/0.15/

0.1/0.1]s 

12.02 15.6 
0.770 

1.50 
[45/30/

30/45]s 
[0/0/0/0]s [0/0.04/0/0.01]s 

[0.05/0.15/

0.15/0.15]s 

12.02 18.0 
0.667 

1.75 
[45/0/3

0/30]s 

[0.15/0/0/

0]s 
[0.05/0/0/0]s 

[0.15/0.15/

0.1/0.1]s 

12.06 21.0 
0.574 

2.00 
[45/45/

60/45]s 

[0.19/0/0/

0]s 
[0.05/0/0/0]s 

[0.15/0.15/

0.06/0.14]s 

12.58 24.0 
0.524 

2.20 
[45/90/

90/30]s 

[0.35/0/0/

0]s 
[0.05/0/0/0]s 

[0.15/0.15/

0.1/0.1]s 

13.08 26.4 
0.495 

2.40 
[45/45/

45/30]s 

[0.53/0/0/

0]s 
[0.05/0/0/0]s 

[0.15/0.12/

0.09/0.14]s 

13.61 28.8 
0.473 

2.50 
[45/45/

30/45]s 

[0.6/0.13/

0/0]s 
[0.05/0/0/0]s 

[0.15/0.13/

0.08/0.14]s 

14.21 30.0 
0.473 

 

7. Conclusions  

 
The minimum weight designs problems for multiscale CNT/fiber reinforced composite 

laminates, subject to a frequency constraint, are formulated and the results are presented 

in table and graph formats. In the optimal design problems, fiber and CNT reinforcements 



33 
 
 

are taken as design variables as well as the fiber orientations and the ply thicknesses. 

Sequential Quadratic Programming (SQP) algorithm was implemented to determine the 

optimal values of the design parameters. The method of solution was verified by comparing 

the results with the numerical results obtained by using ANSYS software package. The 

results were given for 8-layered and simply supported laminates with the five optimal design 

problems formulated and solved in order of increasing complexity. Design variables were 

defined as fiber volume contents of layers, CNT weight contents of the layers, fiber 

orientations and the thicknesses of layers.  

     The main objective of the study is to determine the minimum weight designs of two-

phase (reinforced by fibers) and the three-phase (reinforced by fibers and CNTs) composite 

laminates and to compare these two designs. In order to assess the effectiveness of 

different design parameters in minimizing the weight, a design efficiency factor was 

introduced. As noted, a sequence of five optimization problems was solved with the first 

problem involving a two-phase fiber reinforced laminate with fiber contents of layers taken 

as the design variables with no CNT reinforcement. In the subsequent problems, the 

number of design parameters was increased by including the CNT content of the layers, 

fiber orientations and the layer thicknesses into the design process one by one resulting in 

five different optimization problems. This approach was instrumental in assessing the 

effectiveness of each design variable in comparison to others in minimizing the weight. As 

expected, the introduction of the CNTs as reinforcement and the fiber orientations as 

design variables improved the design efficiency to a large extent.  

     An important result of the present study is that CNT reinforcement reduces the 

effectiveness of the optimal fiber orientations in minimizing the weight. This somewhat 

unexpected result is due to the fact that reinforcing the matrix with CNTs increases the 

stiffness of the matrix which, in turn, makes the fibers less effective in comparison to the 

overall stiffness of the CNT reinforced matrix. It was also observed in Figure 3 that the 

optimal fiber orientations have changed with the addition of CNTs to the matrix. This was 

again somewhat unexpected and was due to the increased stiffness of the CNT-reinforced 

polymer.     

     As expected, both fiber and CNT reinforcements were more effective in minimizing the 

weight if they are placed in the outer layers or close to the outer layers of the laminate due 

to the higher contribution of the outer layers to laminate stiffness. Numerical results 

indicated that by increasing the amount of CNTs in the design, the amount of fiber required 

to satisfy the frequency constraint is reduced. This, in turn, leads to a more lightweight 
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laminate. Combining these reinforcements (fiber + CNT) with stacking sequence 

optimization, as was done in Problem 4, leads to further weight savings. The last problem 

in the study (Problem 5) involved the optimization of the layer thicknesses in addition to the 

other design parameters studied in Problems 1-4. Layer thickness optimization led to 

further improvements in reducing the laminate weight and increasing the design efficiency. 

Future studies on weight minimization should be extended to buckling and bending 

problems as well as to functionally graded nanocomposites and minimum cost designs.  
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